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A POLARIZED NEUTRON BEAM PRODUCED BY BRAGG 
REFLECTION FROM CO-FE ALLOY! 


M. A. CLARK AND J. M. Rosson? 


ABSTRACT 


A single crystal of Co-Fe alloy is being used to produce a diffracted beam of 
neutrons with a flux of 2.6X10® n/sq. cm sec over an area of 1.5 in. by 1.5 in. 
This beam contains 92+5% first-order neutrons (A = 1.37 A, E = 0.0436 ev), 
345% second- and higher-order neutrons, and 5% incoherently scattered 
neutrons. The first-order part of the beam has a polarization of 0.98+.01; the 
second-order part of the beam has.a polarization of 0.36+.03 in the same 
direction as the first-order part, and the over-all beam has a polarization of 0.92 
+.05. The neutron spins can be reversed by the magnetic resonance technique 
with flipping efficiencies of 98% for the first order and 97% for the over-all beam. 


1. INTRODUCTION 


During the last few years the availability of beams of polarized thermal 
neutrons has made possible the undertaking of many experiments relating to 
the basic properties of neutrons and to their interaction with matter.* These 
beams have been produced either by scattering from or by transmission 
through magnetic materials; in such beams the resulting polarization arises 
from the fact that the neutrons not only interact with the nuclei in the material 
but also, due to their magnetic moments, with the magnetic ion as a whole. 
This latter interaction depends on the relative orientation of the magnetic 
moments of the neutron and the ion, and consequently, if the magnetic ions 
are polarized by an external field, the scattering cross sections differ for those 
incident neutrons whose spins are parallel or antiparallel to the magnetic 
field applied to the scatterer. The theory of the magnetic scattering of neutrons 
has been rather extensively developed (Bloch 1936, 1937; Schwinger 1937; 
Halpern et al. 1939, 1941a, 19416, 1949a, 19496; Hamermesh 1942; Steinberg 
and Wick 1949; Ekstein 1949) and the practical aspect of producing a beam 
of polarized neutrons has relied on one of three processes: transmission through 
magnetized iron, total reflection from magnetized mirrors, or Bragg diffraction 
from magnetized single crystals. 

1Manuscript received September 28, 1960. 

Contribution from the Physics Division, Atomic Energy of Canada Limited. 

Issued as A.E.C.L. No. 1134. 

2Present Address: Physics Department, University of Ottawa, Ottawa. 


*See, for example, Burgy et al. 1957; Clark et al. 1958; Connor 1959; Dabbs et al. 1955); 
Nathans e¢ al. 1959; Stolovy 1960; Takei et al. 1960; and Trumpy 1957. 
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The passage of a neutron beam through polycrystalline magnetized iron 
produces a beam with an excess of neutrons having their spin direction opposite 
to the direction of the applied magnetic field. The polarization increases with 
the thickness of the iron since it relies entirely on preferential scattering out 
of the beam of those neutrons with spin parallel to the field; however, the 
intensity of the transmitted beam decreases and its relative contamination 
by fast neutrons and gamma rays increases with increase of iron thickness. 
The measurement of the polarization of the beam is difficult because it depends 
rather critically on the velocity distribution of the neutrons striking the iron 
and on the hardening of the beam by the iron. Rather careful investigations 
have been made by Hughes e¢ al. (1948) and by Stanford et al. (1954). The 
latter group obtained a beam with 32% polarization after transmission through 
4 cm of iron. One advantage of the transmission method is that the intensity 
of the beam is high (Trumpy 1957). Clark et al. (1958) using a saturated iron 
block, } in. thick, obtained a beam whose polarization was 24% but whose 
intensity had only been reduced by a factor of 4 in the transmission; by 
placing a 3.5-in. quartz filter held at room temperature ahead of the magnetized 
iron block they lowered the average temperature of the neutrons and thereby 
increased the polarization to an estimated 27% with a further intensity 
reduction of a factor of 2. The quartz greatly reduced the contamination of 
the transmitted beam by fast neutrons and gamma rays (Brockhouse 1959). 
Another useful aspect of the transmission method of producing polarized 
neutrons is its simplicity. 

The production of polarized neutrons by total reflection from a magnetized 
mirror was suggested by Halpern (1949a and b) and the use of cobalt was first 
proposed by Hamermesh (1949). Cobalt is particularly suitable in this applica- 
tion because its magnetic scattering amplitude exceeds its nuclear scattering 
amplitude and therefore only one spin state is capable of undergoing total 
reflection. Experimental achievement of a polarized beam by reflection was 
first achieved by Hughes and Burgy (1951) and was further developed by 
Burgy et al. (1957, 1958). This latter group obtained a beam 5 in. high by 
1 in. wide containing 7X10’ neutrons per second with a polarization which 
they estimated as 87+7%. 

Bragg scattering by a ferromagnetic crystal has been extensively used to 
produce polarized neutrons; most of the early work used the (220) reflection 
from magnetite (Shull 1951; Stanford ¢t al. 1954) but more recently the (111) 
reflection from face-centered cobalt-iron alloy has been shown to be more 
suitable (Nathans ef al. 1959). The theory of Halpern and Johnson (1939) 
shows that if the incident and diffracted beams lie in a plane at right angles 
to the direction of magnetization of the crystal then the cross sections for the 
two neutron spin states (identified as + for the spin parallel to, and — for 
the spin opposite to, the applied magnetic field) can be written as 


o+ = 4r(b+p)? 


and o— = 4r(b—p)? 





_— 
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where b and p are the nuclear and magnetic scattering amplitudes. Both the 
(111) and the (200) reflections of Co—Fe have p almost exactly equal to b and 
would therefore be expected to give a very high degree of polarization so long 
as extinction is not too important. We have used the (200) planes and have 
achieved a first-order polarization of about 98%. 


2. THE APPARATUS 


The primary beam from the NRU reactor is obtained from a collimator 
which looks at a rectangular area of about 14 in. wide by 5.3 in. high over 
which the thermal neutron flux has been estimated (from other measurements 
not connected with this experiment) to be about 8X10" n/sq. cm sec. The 
collimator tapers down to a final rectangular aperture of 2.5 in. wide by 1.5 in. 
high at the outer face of the main shield of the reactor. The measured thermal 
neutron flux at the center of this aperture is 1.610" n/sq. cm sec. 

The Co-Fe alloy crystal, mounted between the poles of an electromagnet, is 
located in this primary beam as shown in Fig. 1 and has been adjusted to 


|RON 
SHIELDING 
MATERIAL 


CONCRETE SHIELD 
OF REACTOR 


ED N 
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Fic. 1. The experimental apparatus used to produce a polarized neutron beam. A is the 
polarizing crystal (Co-Fe) mounted between the poles of an electromagnet and located in the 
primary beam from the NRU reactor. B is the analyzing crystal (Co—Fe) also mounted between 
the poles of an electromagnet. C is the flipping coil located in a guide magnet, and used to flip 
the neutron spins through 180°. D and E are the locations of the neutron decay experiment 
(Clark and Robson 1961) and the capture gamma-ray experiment (Vervier 1960) respectively. 
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diffract a beam of 1.37 A neutrons down the second collimator. The rest of 
the primary beam is stopped in a beam catcher which forms part of the 
composite shielding system surrounding the Co-Fe alloy crystal and the 
second collimator. The second collimator is 36 in. long and consists of two 
parts each with 1.5 in. X1.5 in. untapered apertures; it is located between the 
36 in. X6 in. poles of an electromagnet whose yoke can be seen in cross section 
in Fig. 1. Between the two parts of this second collimator a radio-frequency 
coil, 12 in. long by 4 in. in diameter has been arranged with its axis coinciding 
with the neutron beam; this coil, indicated as C in Fig. 1, can be fed with 
radio-frequency power to flip the neutron spins by Larmor precession (Stan- 
ford et al. 1954 and Dabbs et al. 1955a). The individual parts of this arrange- 
ment will now be discussed in more detail. 

Two Co-Fe alloy ingots were obtained from the Virginia Research Corpora- 
tion* and various individual crystals were cut with (200) faces.j A slice of 
another Co-Fe alloy crystal already cut with (200) faces was kindly given to 
us by Dr. Bozorth of the Bell Telephone Laboratories. Each alloy had sufficient 
iron to stabilize the crystal in the face-centered cubic form. Preliminary 
experiments were made with slices from a Virginia ingot and the final assembly 
war made from the Bell Telephone slice. Comparison experiments indicated 
that the reflecting powers of both types of crystal are similar. The final 
assembly consists of two slices of the Bell Telephone crystal each 2 in. by 

4 in. by $ in. thick with the vertical edges along the [110] direction. The two 
slices were mounted end to end to form a front (200) face 4 in. by 1} in. high 
with the [110] direction vertical. They were adjusted to be parallel by obtain- 
ing reflections from a monochromatic neutron beam from both parts and were 
clamped in this orientation between thin aluminum plates. This assembly was 
then mounted between the poles of an electromagnet whose pole faces are 
12 in. by 1} in. and are thus much larger than the crystal. 

The secondary collimator was lined with cast boron carbide to prevent small 
angle scattering of neutrons from its inner faces; such scattering would occur 
with most other forms of inner lining and may lead to depolarization. To 
maintain the neutron spins vertical during their travel through the collimator 
a vertical guide field of about 100 gauss is applied by means of the long electro- 
magnet mentioned above. This guide field is, of course, effective on the neutrons 
as they pass through the radio-frequency coil located between the two halves 
of the second collimator; the direction of the spin of the neutron can therefore 
be flipped through 180° by applying radio-frequency power at the Larmor 
frequency. The radio frequency is obtained from an amplifier driven by 
a simple LC oscillator. Provided the room temperature does not vary by 
more than a few degrees the stability of the oscillator and the magnetic field 
are adequate to maintain the first-order flipping probability within 6% of its 
optimum value of 98% for periods up to several days without adjustment. 

The flux of neutrons at the end of the second collimator has been measured 
by foil activation to be 2.6X10° n/sq. cm sec, expressed in terms of a flux 


*Virginia Research Corporation, Richmond, Virginia, U.S.A. ; c 
tFor cutting this crystal we are indebted to Prof. C. G. Shull of Massachusetts Institute of 


Technology. 
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of 2200 m/sec neutrons, and is uniform to within +5% across the face of the 

} in. by 13 in. aperture. The beam then traverses a vacuum tank in which 
the radioactive decay of polarized neutrons is being investigated (Clark and 
Robson 1961) and then enters a second guide field. In the region between the 
two guide fields the spins of the neutrons are held vertical by the leakage field 
from the magnets; experiments with a dip needle indicated that this leakage 
field was oriented within 5° of the vertical throughout the volume of interest 
in the experiment. After passing through the second guide field region the 
neutron beam is further collimated and is then used for a second experiment 
in which measurements are made of the circular polarization of the gamma 
rays resulting from neutron capture (Vervier 1960). A third guide field is 
applied in this region; the cross section of its yoke can be seen in Fig. 1. The 
beam is then further collimated and its polarization monitored by diffraction 
from a second Co-Fe alloy crystal mounted between the poles of an electro- 
magnet and shown as B in Fig. 1. This analyzing crystal was also cut in the 
(200) plane and oriented with a [110] direction vertical. The doubly diffracted 
beam is detected by a BF; proportional counter whose axis is parallel to the 
axis of the primary beam from the reactor. 


3. MEASUREMENTS OF INTENSITY AND POLARIZATION 


(a) Intensity 

Bacon (1955) has summarized the theoretical considerations by which the 
intensity of the diffracted beam can be estimated. He expresses the reflectivity 
of a crystal by means of an angle R®, called the integrated reflecting power, 
which can be visualized as a small angular range in the Bragg angle over which 
the crystal reflects a monoenergetic neutron beam perfectly. R® is clearly 
related to n, the mosaic spread of the crystal, and would normally be expected 
to be of the same order of magnitude; the relation between them, however, is 
complicated and depends on éo, the thickness of the crystal, wu, its absorption 
coefficient, 6, the Bragg angle, and Q where 


(1) OQ = VN 2ZF*x,/sin 20. 


In this expression \ is the wavelength of the neutrons, NV, is the number of 
unit cells per cubic centimeter of the crystal, and Fy; is the structure factor 
for the (hkl) reflection. Bacon gives curves relating R°/n to Qto/n sin @ for 
various values of ufo/sin 6. This latter parameter and the factor Qfo/sin @ 
can be readily calculated and the curves can then be used to predict R® for 
an assumed 7 or vice versa. For the case of the (200) plane in Co-Fe and 
6 = 22.7° the calculated relationship between R® and 7 is shown in Fig. 2. 
The reflectivity can also be expressed in terms of a length R’, which can be 
visualized as the wavelength range in an incident white beam over which 
reflection by a stationary crystal is complete. It is related to R® by 
(2) R* = R® 2d cos 6 


and is an easier quantity to use in estimating the intensity of a diffracted 


beam. 
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Fic. 2. The calculated variation of R®, the integrated reflecting power, with n, the mosaic 
spread, for Bragg diffraction from the (200) planes of a face-centered Co-Fe alloy crystal. 


If R* is known, it is a relatively straightforward procedure to calculate from 
the geometry of the experimental arrangement what the diffracted beam 
intensity should be for a given incident flux of neutrons with a Boltzmann 
distribution. We have carried out this calculation in reverse and from the 
measured incident and diffracted intensities have estimated R*. From this we 
have used equation (2) to find that, for our crystals, R® = 0.9 minute of arc. 
Figure 2 then shows that the mosaic spread, n, is 0.5 minute of arc. 

Direct measurements of the mosaic spread were attempted on a second 
Co-Fe alloy crystal using the diffracted beam from the first crystal as a source 
of monoenergetic neutrons. The second crystal was mounted on a turntable 
located in place of the analyzing crystal in Fig. 1, and standard rocking curves 
were taken for different collimation angles of the beam incident upon it and 
of the beam diffracted by it onto the boron trifluoride counter. The results 
are shown in Table I and in Fig. 3, and show that the measured rocking curve 


TABLE I 


Neutron rocking curve widths of Co—Fe alloy crystai 
under different geometric conditions 














Geometric collimation angles, (26) Observed 
—_—— - rocking 
Incident Diffracted angle (@) Curve on 
(minutes) (minutes) (minutes) Fig. 3 
8.6 16.3 13.0 A 
8.6 6 5.4 B 
3.4 Cc 


4.3 4 3. 





width can in each case be accounted for by the collimator angles. Thus these 
measurements suggest that the true crystal mosaic spread is much less than 
the smallest collimation angles used; this is therefore consistent with the results 
of the intensity measurements from which a derived value of 0.5 minute was 


obtained. 
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Fic. 3. Rocking curves for a Co—Fe alloy crystal taken with different geometrical collima- 


tion angles. The different cases are denoted by A, B, and C and are described in Table I. The 
ordinates are in arbitrary units and are not directly related for the three curves. 


One may well ask how the intensity of the diffracted beam could be increased. 

Three obvious methods suggest themselves, and are: 
(i) increasing the thickness of the crystal, 

(ii) increasing the mosaic spread of the crystal, and 

(iii) using a multiple crystal. 

Increasing the thickness is quite useless due to the high neutron absorption 
of cobalt. In fact, once n has been determined it is possible to generate a curve 
relating R® to the thickness, fo, of the crystal. Using our estimated value of 
n = 0.5 minute, the relation is shown in Fig. 4; this shows that there is very 
little point in increasing the thickness above about 0.05 cm. An experimental 
check of this was made by cutting slices of a Co-Fe alloy crystal of different 
thickness and measuring their relative integrated reflecting powers for mono- 
energetic neutrons. This was done by mounting the samples on a precision 
goniometer at the location normally occupied by the analyzing crystal; 
additional finer collimation was introduced so that the beam striking the 
samples was much smaller than their projected area. Samples of thickness 
0.05, 0.1, and 0.3 cm were tried and all gave essentially the same integrated 
reflectivity in agreement with the predictions of Fig. 4. Thus, apart from 
mechanical reasons, there is no point in using a crystal more than about 
0.05 cm thick. 

Increasing the mosaic spread could, in principle, increase R® and hence the 
intensity of the diffracted beam. It would appear from Fig. 2 that there is a 
limit at R® about 3 minutes: thus increasing the mosaic spread to 10 minutes 
of arc would result in an increase in the diffracted beam intensity of a factor 
of about 3 over the value achieved in this experiment. 

It is important to note that one must increase the mosaic spread on a 
microscopic scale and not on a macroscopic scale. Some attempts were made to 
do this but all were without success. These included bending, bending followed 
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Fic. 4. Calculated values of the integrated reflecting power as a function of crystal thick- 
ness for a Co-Fe alloy crystal with a mosaic spread of 0.5 minute of arc. 


by flattening, rolling, surface roughening, and surface electropolishing; in 
each case the reflectivity was measured both before and after annealing but 
in no case was it increased over the value for the original crystal. 

Since the maximum useful thickness of an individual crystal appears to be 
about 0.05 cm and is therefore less than the mean free absorption path of 
0.3 cm, it would appear feasible to make a composite crystal by stacking several 
thin slices oriented at angles of a few minutes of arc to each other. One might 
expect to get a small improvement but it will probably be less than a factor 
of 1.5 because of the oblique path of a neutron in and out of a crystal slice 
when it is set to reflect neutrons near the maximum of the reactor spectrum. 


(b) Polarization 

The polarization of the beam was measured for its first- and second-order 
components, with the flipping coil unexcited, by comparing the BF; counter 
rate with and without a 20-mil mild steel sheet in the beam ahead of the analyz- 
ing crystal (Stanford et al. 1954). The ratio of these counts, when corrected 
for background and for absorption by the sheet, is known as the shim ratio, S, 
and is related to P;, the polarization of the neutrons leaving the polarizing 
crystal, D, the depolarization in the guide fields, and P» the analyzing efficiency 
of the analyzer crystal by 


= bre Pep Ps, 


For this to be valid the sheet must be in a low enough field so that the domains 
are reasonably randomly oriented and thus cause large enough inhomogeneities 
in the field within the shim to depolarize the neutrons. Our shim was inserted 
at a location where the magnetic field was less than 10 gauss. _ 

The measurements on the first-order neutrons (A = 1.37 A) indicated that 
P,D Pz was 95.7+40.7%. The variation of this quantity with the magnetic 
fields on the polarizing crystal, in the guides, and on the analyzing crystal 
are shown in Fig. 5. These curves indicate that saturation of the Co-Fe 
alloy crystal is easily obtained with the apparatus in use and that increasing 
the guide field above 50 gauss has very little effect on the resultant value of 
P,D P». We have interpreted this last observation as an indication that D was 
unity within the errors of the observation since otherwise we would expect 
P,D Pz» to increase as the guide field increases. Further confirmation of this 
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Fic. 5. The product PD P» plotted as a function of the field on the polarizing crystal, 
the field on the analyzing crystal, and the guide field. The abscissae are expressed as fractions 
of the normal operating points, which are 4100 gauss in the open gap of the magnet for the 
polarizing crystal, 2800 gauss in the gap of the analyzing magnet, and 62 gauss at the beam 
position in the guide magnet. For each individual curve the other two fields were set at their 
normal operating points. 


was obtained from the fact that a very similar value of P;D P.2 was obtained 
in a separate measurement with only half the path length and thus half the 
length of guide field between polarizer and analyzer. We thus put D = 1.00 
+.01. This gives 

P,P, = 0.96+.01 


and if, based on the saturation of P,;D P, with magnetic fields on the crystals 
and on the similar nature of the polarizing and analyzing crystals, we further 
assume that P; = P2, then the polarization of the first-order component of 
the beam is 

P(1) = 0.98+.01. 


The effect of second-order neutrons on this result is estimated to be less than 
the experimental error. 

The polarization of those neutrons diffracted in second order by the polariz- 
ing crystal was measured by adjusting the analyzing crystal and BF; counter 
to diffract neutrons of 0.685 A. The analyzing crystal was then diffracting in 
its first order those neutrons which had been diffracted in second order by the 
polarizing crystal. Shim ratio measurements under these conditions gave 
P\D P, = 0.35+.03; assuming D=1 and P.2 = 0.98 this gives for the 
polarization of the second-order neutrons: 


P(2) = 0.36+.03. 
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The polarization of neutrons diffusely scattered from magnetized Co-Fe alloy 
was estimated for 1.37-A neutrons by using the shim technique with the 
polarizing crystal set to diffract first-order neutrons but with the analyzing 
crystal rocked well off its Bragg curve. The analyzer was therefore deflecting 
the 1.37-A neutrons onto the BF; counter by diffuse scattering. Measurements 
were made for various currents through the magnet on the analyzing crystal 
and indicated that S — 1 = 0.21+.06 at the normal operating current. If we 
assume that the shim ratio is related as before this would give P = 0.22+.06 
for the polarization of diffusely scattered 1.37-A neutrons. The average value 
of the diffuse polarization over the pile spectrum was then calculated from 
this estimated value at 1.37 A by using the variation of the magnetic scattering 
amplitude p(A) with the form factor F(A) at a fixed incidence angle 6 to the 
crystal lattice. The magnetic form factors measured by Nathans and Paoletti 
(1959) were used in the calculation. This gave P(3) = 0.20+.06. 

To obtain the over-all polarization of the beam it was necessary to know the 
number of second-order neutrons and the number of neutrons in the beam 
which were not Bragg reflected. The number of diffusely scattered neutrons 
was measured by rocking the polarizing crystal away from its Bragg peak and 
comparing the beam intensity measured with a fission counter mounted at 
the end of the second guide field. This indicated that the diffusely scattered 
neutrons amounted to 4.48+0.05% of the total beam. 

The number of second-order neutrons was measured by the absorption 
technique using gold as the absorber. Fission counter rates were taken both 
on and off the Bragg peak with gold and with boral absorbers and were com- 
bined to give the fraction of second-order beam as 


a2 = (345)%. 


The main source of error in this measurement is the uncertainty in the total 
cross section of gold. 

The composition of the beam has been summarized in Table II, which 
shows that the over-all polarization is .92+.05 in the unflipped condition. 








TABLE II 
Beam composition and polarization in the flipped and unflipped 
conditions 
Polarization 
a ee ————— Flipping 
Order Abundance r-f. off r-f. on probability 
First .92+ .05 .98+.01 —.94+.02 98+ .01 
Second 038+ .05 36+ .03 —.01+.04 49+ .01 
Diffuse 05+ .01 .20+ .06 0 ~0.5 


Whole beam 1 .92+.05 —.864.05 97+ .03 


4. MEASUREMENTS OF THE FLIPPING PROBABILITIES 


We define the flipping probability f; for the first-order neutrons as the 
probability that an individual neutron will have its spin direction inverted 
after passage through the r-f. flipping coil. With this definition it is easy to 
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show that the ratio of the polarization of the first-order neutrons with the 
r-f. on to their polarization with the r-f. off is 


P,(on)/ P (off) =1- 2fi. 


We apply a similar definition for f2, the flipping probability for the second- 
order neutrons. 

The flipping probabilities were measured by obtaining the ratio of the 
counting rate of the BF; counter with the r-f. on to that with the r-f. off. This 
ratio, which we will call 7;, if the analyzing crystal is set to reflect first-order 
neutrons, is related to the flipping probability by 


fi =(1-—/7”)(1+ A,)/2A,1 


where 4; = P,D P: for the first-order neutrons. Using this method the flipping 
probability was measured for the first-order neutrons as a function of the 
current through the flipping coil and is shown in Fig. 6. At each measurement 











ne eh ea 
o 4 6 8 1o@ «6k. 


Here (FRACTION OF NORMAL 
OPERATING POINT ) 


Fic. 6. The flipping probability f; for first-order neutrons plotted against the r-f. current 
through the flipping coil. Hrr is the ratio of the current to the current for the optimum flipping 
probability. 


the frequency of the r-f. was adjusted to give a minimum in 7;. The data of 
Fig. 6 confirm the sine-squared variation of flipping probability with r-f. 
current and show that at the optimum setting f; = 0.98+0.01. 

The flipping probability f. for the second-order neutrons was measured by 
setting the analyzing crystal to reflect such neutrons. With the current set to 
the optimum value for first-order flipping, the second-order flipping prob- 
ability, fo, was found to be .52+.03. We would expect that f. = 0.5 f; because 
the second-order velocity is twice the first-order velocity. We therefore prefer 
to assume that fo = .49+.01 and regard this measurement as a confirmation. 
The flipping probability f; for the diffusely scattered neutrons was assumed to 
be 0.5. 

The over-all flipping probability of the beam, f, can be related to the over-all 
polarization P in the unflipped condition by 








" 
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aiP(1) (1 — 2f1) +a2P (2) (1 — 2fe) +asP (3) (—2fs) 
Q1+42+43 


where @;, dz, and a; are the numbers of first-order, second-order, and diffusely 
scattered neutrons. Using this formula the over-all beam flipping probability 
f is 0.97+.03, where the error is mainly due to the uncertainty in the beam 
composition. The polarizations in the flipped conditions are listed in Table II. 


P(1—2f) = 


5. MEASUREMENTS AWAY FROM THE BEAM CENTER 


All the measurements of polarization and flipping probabilities discussed 
above were made with the analyzing crystal adjusted to look at the central 
part of the polarized beam. Measurements of the polarization with the r-f. off 
and of the flipping probability were repeated for first-order neutrons with the 
analyzer adjusted to look at the edge of the beam. The results were indis- 
tinguishable from those quoted above, indicating that the character of the 
beam is probably uniform over its cross section. 
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THE ELECTRON ASYMMETRY IN THE BETA DECAY OF 
POLARIZED NEUTRONS! 


M. A. CLARK AND J. M. Rosson? 


ABSTRACT 


The coefficient of the angular correlation between the electron direction and 
the neutron spin direction in the beta decay of the neutron has been measured 
using a beam of polarized neutrons. The coefficient of this correlation is —0.09 
+0.05. This implies that C4/Cy, the ratio of the axial vector to vector coupling 
constants in neutron decay, is equal to —1.20+0.12. 


INTRODUCTION 


In a recent note (Clark and Robson 1960) we described our measurements 
on the correlation between the neutron spin and the neutrino direction in the 
beta decay of the neutron and showed how this confirmed that the interaction 
was of the form (V—A) rather than (V+A). In this paper we describe our 
measurements on the correlation between the neutron spin and the electron 
direction. 

Jackson et al. (1957) have given theoretical expressions for the shape of the 
spectrum and for the angular correlations between the neutron decay products 
and the neutron spin. They show in particular that the correlation between the 
neutron spin and the electron direction should be of the form A J.p,/JE, 
where J is the spin of the neutron, p, and E, are the momentum and energy 
of the electron, and A is a constant which depends on the coupling constants 
of the interactions. 

If it is assumed that the decay proceeds by the axial vector and vector 
interactions only and that the two-component theory holds, then their expres- 
sion for 4 becomes: 


(1) A = —2x(x + 1)/(1 + 3x?) 


where x equals C,/Cy, the ratio of the axial vector and vector coupling con- 
stants. Thus a measurement of 1 can give the ratio of the coupling constants 
directly without invoking any other experimental results. Measurements of 4 
have been made by Burgy et al. (1957, 1958), whose latest value is —0.11 
+0.02 (Telegdi 1958); this corresponds to x = —1.25+.05. 


EXPERIMENTAL APPARATUS 
Polarized neutrons were obtained by Bragg diffraction from a magnetized 
crystal of Co-Fe alloy mounted in a direct beam from the NRU reactor. The 
diffracted beam contained about 3.5 X 10? neutrons per second with a polariza- 
tion of about 93%. The direction of the neutron spins could be reversed by a 
'Manuscript received September 28, 1960, 
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magnetic resonance technique without changing the steady state magnetic 
fields. A detailed description of the polarized beam is given in the preceding 
paper (Clark and Robson 1961). 

A vertical section through the apparatus used in this experiment is shown 
in Fig. 1; its location along the beam of polarized neutrons can be seen from 
Fig. 1 of the preceding paper. In Fig. 1 of this paper the neutron beam is 


— 


Fe Leap 


ALUMINUM 
OR BRASS 


Fic. 1. Vertical cross section through the experimental apparatus. (a) The beam of 
polarized neutrons, shown in cross section, should be visualized as coming up out of the paper. 
(6) High voltage focussing electrode. (c) Electron detector. (d) Proton detector. The large 
pipe at the left leads to conventional high vacuum apparatus. 





shown in cross section and is about 14 in. square. The spins are ‘down’ if 
the radio-frequency coil described in the preceding paper is not excited, and 
are ‘up’ if it is excited. The electrons from the decay of these neutrons are 
detected by a 6-in. diameter plastic scintillation counter mounted above the 
beam and clearly visible in Fig. 1. In principle the coefficient A could be 
measured by comparing the counting rate of this counter with the neutron 
spins ‘up’ to that with the spins ‘down’. However, the large background 
counting rate necessitates the use of a coincidence technique to separate out 
those events which are due to neutron decays; therefore the low energy recoil 
protons resulting from the decays are electrostatically focussed from the 
beam onto the first dynode of an electron multiplier and are used to identify 
the corresponding pulses from the electron counter. This identification is accom- 
plished by a delayed-coincidence technique in which events are counted only 
if the pulse from the electron multiplier is delayed from the scintillation- 
counter pulse by the correct transit time for a proton through the electrostatic 
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collecting field. The details of these parts of the apparatus will now be more 
fully described. 

The scintillation counter used a NE102* plastic phosphor § in. thick and 
6 in. in diameter. It was mounted without oil on a light pipe made of non-ultra- 
violet-absorbing plexiglas whose shape can be visualized from Fig. 1. The light 
pipe was in turn mounted on a DuMont 5-in. photomultiplier tube type 
6364; oil was used as an optical coupling between the light pipe and the 
photomultiplier. The dry mounting of the scintillator sheet caused an appreci- 
able amount of light to be guided by total internal reflection to the circular 
edge. Here the sloping sides of the light pipe reflected this light to the photo- 
cathode of the photomultiplier tube. This effect served to boost the light 
collection from points near the circumference of the scintillator, and hence to 
make light collection more uniform. The differential pulse height distribution 
obtained with a source of Sn!" is shown in Fig. 2 and indicates a resolution of 
about 43% for the 364-kev conversion electrons. 


364 kev 





COUNTS PER POINT (x10) 


0 20 4 6. 80 100 
PULSE HEIGHT 


Fic. 2. The differential pulse height distribution obtained from the 6-in. diameter plastic 
scintillation counter using a source of Sn™* mounted at the center of the neutron decay region. 


The proton focussing system consisted of a high voltage electrode in the 
shape of a half cylinder 3 in. in diameter and 6 in. in length which is shown in 
section (6) in Fig. 1. This electrode, made of .0004-in. aluminized mylar held at 
+10 kv, was essentially around the beam and directly opposite the 13 in. by 

} in. entrance aperture to the electron multiplier. Tests made by rolling steel 
balls on a rubber-sheet model indicated that all protons emitted by neutrons 
decaying in a 2-cm length of beam would be focussed through the entrance 
aperture onto the first dynode of the electron multiplier. 

Delayed coincidences between the proton and electron counters were 
recorded by a time sorter using a conventional ‘fast-slow’ system. The ‘fast’ 
pulses were fed directly to a time to pulse height converter which in turn fed 
a 100-channel pulse height analyzer. The analyzer was gated by the ‘slow’ 
pulses from a single channel analyzer on the electron counter and from a 


*Nuclear Enterprises Limited, Winnipeg, Manitoba. 
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discriminator on the proton counter. Thus a ‘window’ could be set to record 
electrons having energies between two given limits corresponding to the 
required part of the neutron decay spectrum, and the proton discriminator 
could reject the small pulses due to electrons and gamma rays striking the 
proton counter. An anticoincidence circuit was also included to enable the 
100-channel pulse height analyzer to reject events associated with many large 
pulses from the time to pulse height converter which corresponded to proton 
counter pulses unaccompanied by a corresponding pulse from the electron 
counter arriving within the active time of the converter. These, in random 
coincidence with randomly generated gating pulses from the slow system, would 
give a large contribution to the flat background of random events appearing 
in the time sorter spectrum unless eliminated by the anticoincidence. A block 
diagram of the coincidence system is shown in Fig. 3. Individual scalers (not 
shown in Fig. 3) were used to record the accum. ced counts from each 
detector, from a fission neutron detector mounted in the polarized neutron 
beam and from the boron trifluoride neutron counter used after the polarization 
analyzer. 

The contents of all data scalers and the 100-channel pulse height analyzer 
were read out on a 7-hole punched tape. The data were then transferred directly 
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Fic. 3. Block diagram of the ‘fast-slow’ time sorting unit. The scalers and monitor 
recorders have been omitted from the diagram for simplicity. 
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into the Chalk River datatron computer where routine summing operations 
were performed to produce results corresponding to neutron spins ‘up’ and 
‘down’. 

The sequence of the experiment was to accumulate data for 1 hour with the 
neutron spins ‘up’, read out this data onto punched tape, and then repeat for 
1 hour with the spins ‘down’. The control system for these operations was 
activated by an electric clock and after 1 hour of reactor operation it automati- 
cally went through the sequence of stopping further data accumulation, print- 
ing out all data, resetting, activating the oscillator which reversed the neutron 
spins, and restarting the count. 

The vacuum system was conventional and maintained the pressure in the 
apparatus at less than 1 X10~-® mm Hg throughout the experiment. A system 
of safety protection devices enabled the apparatus to be left unattended and 
in full operation overnight, thus permitting almost continuous accumulation 
of data. 

RESULTS 

Figure 4 shows the accumulated data for a series of runs taken wiih the 
window of the electron-counter pulse height analyzer set to accept electrons 
with energies between 200 kev and 700 kev. The bottom curve shows data 


nm 
° 


@ 
oO 


> 
o 








°o 
7 





COUNTS PER CHANNEL 
~ 
° 


@ 
oO 


> 
oO 





0. 20 40 60 80 
TIME SORTER CHANNEL 


Fic. 4. Coincidences between the proton counter and electron counter plotted as a time 
spectrum. The top curve is for neutrons whose spins are ‘up’ and the bottom curve is for 
‘down’ neutrons. The large peaks at about channel 62 are prompt coincidence peaks due to 
scattering events in the vacuum chamber and the wider peaks around channel 42 are due to 
neutron decay events. One channel of the time sorter corresponds to about 9 musec and events 
in which the proton counter pulse occur later than the electron counter pulse appear to the 
left of the prompt peaks. 
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taken with the neutron spins ‘down’ and the top curve shows data taken with 
the spins ‘up’. There is a large prompt coincidence peak at channel 62 which 
is probably due to Compton scattering events recorded in both counters. This 
peak appears whenever the detectors are exposed to a high flux of energetic 
gamma rays, even in the absence of the neutron beam. Motion to the left of 
the prompt peak on these graphs corresponds to delay of the proton detector 
pulse relative to the electron detector pulse and the peak near channel 42 is 
delayed by about 180 musec which is appropriate for the transit time of the 
protons resulting from the neutron decay. This peak moved in position as the 
voltage on the proton focussing electrode was changed, depended on the 
presence of neutrons, and is undoubtedly due to coincidences between the 
protons and electrons from the beta decay of polarized neutrons. Data were 
also accumulated with the electron-counter window set to accept electrons 
between 300 kev and 700 kev. 

The data were used to compute a coincidence asymmetry, a, which is 
defined as: 


(2) a = [C(off) — C(on)]/[C(off) + C(on)] 


where C(off) and C(on) are the number of coincidences with the neutron spins 
‘down’ and ‘up’, normalized to the same number of neutrons passing through 
the apparatus. This normalization was made on the basis of the fission monitor 
counts. The numbers of coincidences were obtained from the areas under the 
neutron peaks using the flat regions to the left of the neutron peaks and be- 
tween the neutron and prompt peaks to obtain estimates of the random 
coincidence background. 

The coincidence asymmetry, @, is related to the A coefficient of equation (1) 
by the following formula: 


{P(off)—P(on)} a(? cos a) 
(3) (a eet 
2+{P(off)+P(on)} A (: cos s) 


In this equation v is the velocity of an electron which makes an angle 6 with 
the upwards vertical, and the average is taken over all possible cases within 
the geometric limitations of the apparatus and within the window of the 
electron counter channel. P(off) and P(on) are the neutron beam polarizations 
with the radio-frequency flipping coil unexcited and excited. Since P(off) 
~ — P(on) and A turns out to be small equation (3) can be approximated by: 


(4) P.A 0 cos a) 


where P is the average of the polarizations in the two beam conditions: 

neutron polarization ‘up’ and ‘down’. (v/c) cos @ was computed from the known 

shape of the spectrum and the known geometry for use in equation (4). 
Table I gives the measured values of a, the computed values of the 
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TABLE I 
Experimental values of the electron asymmetry 





Electron 
energy a 
range (°) 
(kev) é (cos 6) P a A 
200 700 0.80+.03 0.91+.04 — .89+ .05 + .050+ .044 — .076+ .068 
300 — 700 0.838+.03 0.91+.04 — .89+ .05 + .070+ .039 — .103+ .057 





coefficients in equation (4), and the values of A derived from this equation. The 
final average for A is —0.09+.05. The value of this uncertainty, which can 
be interpreted as a standard deviation, includes allowances for all known 
experimental errors except the collection efficiency of the protons. We have 
assumed that this efficiency is independent of all the proton recoil angles 
involved in the detection of the electron proton coincidences and base this 
assumption on our experience with the rolling of steel balls on a rubber model 
of the electrostatic system. The agreement between the two runs covering 
different electron energy ranges is a-reassuring confirmation of this since the 
range of the proton-electron angles will be much greater for the first run than 
for the second. Also some preliminary runs with different potentials on the 
high voltage focussing electrode showed no strong dependence of the recorded 
number of decay events with this focussing potential again suggesting com- 
plete collection efficiency. However, the work of Burgy et al. (1957, 1958) 
shows how significant this type of error can be and we feel that the proton 
collection uncertainty restricts the ultimate accuracy of this type of experiment 
to about the error quoted in Table I. 


DISCUSSION 


The experimental result of A = —0.09+0.05 can be used to compute 
x = C,/Cy from equation (1). The possible values of x are —1.20+0.12 and 
+ 0.05+0.05. The value of x? derived by Kistner and Rustad (1959) from the 
neutron half-life measurement of Sosnovsky et al. (1959) is 1.42+0.06 and 
therefore rules out the second solution of equation (1) and restricts the value 
of x to —1.20+0.12. This value and the equation (1) are shown in Fig. 5, 
which is a plot of A against x for the neutron decay assuming that it proceeds 
only by a mixture of the axial vector and vector interactions. The value of 
lx| = |C4/Cy| derived from the neutron half life is also shown. 

There are now several different measurements of the various neutron decay 
parameters which can be used to derive values of x = C,/Cy; these are listed 
in Table II together with the derived values of x or |x| assuming A and V 
interactions only. The neutrino asymmetry coefficient B is very insensitive 
to x in the region of interest (Clark and Robson 1960), and is merely included 
for completeness. It can only be used to give a center value and an upper 
limit on x; these are indicated in Table II. 
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Fic. 5. The solid line shows A plotted against x for the neutron decay assuming only 
axial vector and vector interactions. The shaded horizontal region is the value of A obtained 
in this experiment and the two narrow vertical unshaded zones indicate the value of |x| obtained 
from the half life of the neutron (Kistner and Rustad 1959; Sosnovsky et al. 1959). 


TABLE II 


Comparison of neutron decay experiments from which x may be derived 





Quantity 





measured Value |x! x Ref. 
Half life 11.740.3m 1.19+ .03 a,b 
Angular 0.24 
correlation +0.07+40.12 0.88+0' 16 c 
‘6 : , 0.63 
—0.06+0.13 1.1349" 95 d 
Electron 
asymmetry —0.11+ .02 —1.25+ .05 e 
e —0.09+ .05 —1.20+.12 f 
Neutrino 
asymmetry 0.88+0.15 —2.6; <—0.4 g 
os —-1.6; <-—0.3 h 


+0.96+0.40 


a. Sosnovsky et al. (1959). 
b. Kistner and Rustad (1959). 

c. Robson (1958). 

d. Trebukhovskii ef al. (1959). 

e. Telegdi (1958) and Burgy et al. (1958). 
This work. 

g. Burgy et al. (1958). 

h. Clark and Robson (1960). 
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REPRESENTATION OF SPACE INVERSION, TIME REVERSAL, 
AND PARTICLE CONJUGATION IN QUANTUM FIELD THEORY! 


F. A. KAEMPFFER 


ABSTRACT 


The unitary operators of space inversion and particle conjugation and the 
unitary factor of the antiunitary operator of time reversal can each be written 
in the form e*®, where Q is the direct sum of two terms, 2 = 2)6;+Q262, with Q), Q2 
Hermitean bilinear forms in the creation and annihilation operators of the 
boson or fermion field under consideration, and 6;, 62 singular operators which 
separate the appropriate half spaces needed for the formulation of the symmetry 
operations. Explicit expressions are given for the generators Q in case of a non- 


Hermitean boson field of spin 0, and in case of a four-component fermion field 


of spin 3. 


1. INTRODUCTION 


An examination of current literature on quantum field theory (see, for 
example, Jauch and Rohrlich 1955; Kallen 1958; Bogoliubov and Shirkov 
1959; Hamilton 1959; Mandl 1959) will reveal a startling dichotomy in the 
representation of observables. 

All authors write down representations bilinear in annihilation and creation 
operators for operators identified with mechanical observables, energy inomen- 
tum, angular momentum, thus giving substance to the notion of particles 
which are thought of as carriers of the mechanical properties of the fields 
considered. Such explicit representations are treated and employed at least 
as extensively as are the symmetry properties which allow one to write formally 
these observables as single symbols P,, Sx, standing for generators of unitary 
transformations representing displacements and rotations in space and time. 

This contrasts with the treatment accorded those operators which are 
associated with the observable parity, reversality, and conjugality properties 
of the fields. They are defined and employed almost exclusively as symbolic 
generators of the unitary transformations of space inversion and _ particle 
conjugation and of the antiunitary transformation of time reversal, without 
being broken down further and represented in terms of the appropriate annihila- 
tion and creation operators. Although attempts have been made to produce 
representations of these operators in terms of creation and annihilation 
operators by Watanabe (1955) and in case of particle conjugation already by 
Wolfenstein and Ravenhall (1952),* the work of these authors remained in- 
complete and their results have either been ignored altogether or relegated to 
a footnote (Hamilton 1959, p. 178). 

The purpose of the work reported in this paper was to find explicit expres- 
sions, valid in the entire space spanned by the state vectors, for the operators 
of space inversion II, time reversal 0, and particle conjugation I, by writing 
them as functions of bilinear forms in the appropriate annihilation and creation 


‘Manuscript received August 3, 1960. 
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operators, thus amending and supplementing the work of Watanabe (1955), 
whose expressions are valid in certain half spaces only. 

The advantage of having such representations available is obvious when one 
wants to construct many-particle states |) of specific parity P, namely the 
solutions of the eigenvalue problem 


(1.1) Il|) = P|), 

states of specific reversality 7, defined by the equation 
(1.2) 6|) = (IT, 

and states of specific conjugality C, satisfying 

(1.3) r|) = C)). 


Conversely, for a given many-particle state |) the representations of II, 0, 
I in terms of particle annihilation and creation operators enable one to find 
the parity, reversality, and conjugality properties of that state by straight- 
forward computation. 

Many selection rules governing interacting systems follow from the com- 
mutation relations (C.R.’s) of the operators II, 9, ! with operators representing 
mechanical and other observables. The existence of representations for the 
latter in terms of annihilation and creation operators is of no use for the com- 
putation of these C.R.’s, unless such representations are also available for 
If, 6,0. 

Finally, problems arising from the so-called TCP-theorem (Liiders 1954) 
require knowledge of the C.R.’s of II, 6, [T among themselves, and again 
availability of explicit representations for these operators may be useful as a 
computational aid. 


2. SUMMARY OF FORMALISM 


Calculations will be confined to bosons of spin 0 and mass m described by a 
one-component field operator ¢(x), and to fermions of spin $ and mass M 
described by a four-component field operator ¥(x). Extension of the results to 
fields of higher spin, laborious though it may be, does not encounter any 
difficulties beyond those found in the treatment of these two basic cases. The 
boson field (x) is not assumed to be Hermitean, it includes thus the case of 
neutral particles of spin 0 which differ from their antiparticles. The well-known 
(Kallen 1958) invariant decomposition into positive and negative frequency 
parts belonging to the various modes of propagation k will be employed. 

The boson field (x) is written as a sum of contributions, normalized in a 


unit volume, 


(2.1) o(x) = x tf bu(det bt 2 ef 
where 

(2.2) kx = kx — ot 

and 


(2.3) w = +4+/(k?+m?). 
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The symbol }y(7) represents the annihilation operator of a particle (r = 1) or 
antiparticle (r = 2) of momentum k, and its Hermitean conjugate bt(r) 
represents the corresponding creation operator. The Hermitean conjugate 
+(x) of the field operator (2.1) is, in general, different from ¢(x), namely 


‘ py) al 9), tkt_ p+ or 
(2.4) $*(x) = iy bu (2)e™*-+be(1)e"™*¢. 

The C.R.’s governing the annihilation and creation operators are 
(2.5) [bu(r) dur (7) J— = Sictedr7°5 


all other commutators = 0, giving rise to a representation of boson states 
my(r)) with m,(r) particles (r = 1) or antiparticles (r = 2) of momentum k 
present, in which these operators have the properties 

(2.6) di(r)|me(r)) = m(r) {rte (7) 1); Ber) [ate (7)) =m (7) +1 |r (r) +1). 


A state containing a given set of particles and antiparticles of various momenta 





is the direct product 
(2.7) oat oe IIIT |x()), 


so that the most general boson state can be written as a linear superposition 
(2.8) ee ee ee es ee, ee 
ee Meee 


where the summation goes over all possible sets of occupation numbers m. 
The vacuum state is denoted by |0), from which one can form, in accordance 
with (2.6), by application of the appropriate creation operators, any many- 


particle state (2.7). 
The spinor field ¥(x) is similarly decomposed and written, normalized in a 


unit volume, 


(2.9) v(x) = > se Jox(s)ms.t)e-tat(s2)un(s2)e* 


kV 20 1 
where kx is defined as in equation (2.2) 
(2.10) wo = +/(k’?+ MM?) 
and the four four-component spinor amplitudes u,(s,r) are given by 
1 / 0 k; 
l kit+ike 

m(1,1) = b, uy, (2,1) | dbs u.(1,2) = 1 

ki +tk2 \ — hy 0 
(2.11) ki —1tk, 

a 
u,.(2,2) = . 
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With these conventions of phases and labels the symbol a,(s,r) represents the 
annihilation operator of a particle (r = 1) or antiparticle (r = 2) of momentum 
k with spin in k3-direction (s = 1) or in —ks-direction (s = 2), and af(s,r) 
represents the corresponding creation operator. The adjoint operator 
= yty, will be written 


(2.12) V(x) = 2» ss Z {ai s.t)de(ss1)e“*-+ax(s.2)ie(s2)ett 


where the adjoint spinor amplitudes @ = u*y, are in components 


1 0 ks 
0 1 k,—tk» 
dy, (1,1) = one % (2,1) = oe ui, (1,2) = we 
—k,+tk, k; 0 
2.13) ki tikes 
mn 
i, (2,2) = 0 
| 


The operations of space inversion, time reversal, and particle conjugation, 
as far as the spinor components are concerned, involve the matrices 


1 
1 
(2.14) An = = 1 
—1 
aif \ 
~ . 1 
(2.15) Ag = V1Y3 = — toe = i 
rf 
( 1 
—1 
(2.16) Ar = yo¥4 = : 
—1 
which have the following important properties 
§ Anuy(s,1) == té4,(s,1) 
9 4 
(2.17) Anty(s,2) = —u_x(s,2 
* 
= 2 
(2.18) jee u_y (2,7) 
Aety (2,7) = —u_x (1,7) 
Arty (s,r) = ux(s’,r’) for s # r\ ¥ _ 
(2.19) i riy (sr) = —(s’,r’) for s=r)° sila laid, 
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The relations (2.17)-(2.19) are invariant under unitary transformations in 
spinor space. 

_ In accordance with the exclusion principle the annihilation and creation 
operators satisfy the anti C.R.’s 


2.20) {ax(s,r), aur (s’yr’)}4 = SunrdssSrr', 

all other anticommutators = 0, giving rise to a representation of fermion 
states |Ny(s,r)) with My(s,7) particles (yr = 1) or antiparticles (r = 2) of 
momentum kK and spin label s present, the occupation number N being restricted 
to the values 0 and 1. In this representation the operators have the properties 





‘ * 
(2.21) ax(s,r)|1x(s,r)) = c(s,r)|Ox(s,7)); ak(s,7)|Ox(s,7)) = cx(s,r) | Ln (s,r)) 
where ¢,(s,r) is the well-known sign factor. A state containing a given set of 
particles and antiparticles of various momenta and spins is the direct product 


2 2 


(2.22) |...M...)=TI TIT 


k s=1 r=l 


Nx(s,r)). 





Unoccupied states are included in this product and the ordering convention 
imposed by the sign factor must be maintained through any calculation. The 
most general fermion state can then be written, in analogy to (2.8) 


(2.23) on ae OE 


where the summation goes over all possible sets of occupation numbers JN, 
including all sets in which any number of N’s may be zero. 


3. REPRESENTATION OF 1, 6, fT FOR A BOSON FIELD 
The operators of space inversion, time reversal, and particle conjugation 
for the spinless boson field (2.1) are defined by the equations (see, for example, 
Corinaldesi 1958) 


(3.1) ¢(x,t)* = m¢(—x,t) 
(3.2) 04(x,t)07' = noo* (x,—2) 
(3.3) 1¢(x,t)l* = nro* (x,t). 


From the assumption that each of these operators applied twice should result 
in the identity operation follow conditions on the factors n, namely 


(3.4) ni = 1 
(3.5) nono = 1 
(3.6) nrnr = 1. 


The operators II, 8, T act, by definition, solely on the by and df and do not 
affect any c-numbers in ¢, thus, for example, 0(be“7)0-! = @b0—'e™ etc. The 
antiunitary operator 8 may be decomposed, following Schwinger (1951), into 
a unitary operator U and the nonlinear operator A of transposition, 





i 
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(3.7) 6 = UK. 
K changes kets into bras and vice versa, and reverses the order of all operator 
factors. Thus, if 0; and bd. are two operators, 
(3.8) Kbybs|) = (\bob1 


where 6 denotes the transpose of the operator b. It is, perhaps, instructive to 
verify that this definition agrees with the one given by Liiders (1957) and 
others, who define time reversal as 


(3.9) To(x,t)T— = ned(x, —#) 
where 7 is the antiunitary operator made up out of the unitary operator U 


and the nonlinear operator L of complex conjugation. Indeed, by substituting 

(3.7) into (3.2) one obtains, using ¢+ = ¢* and U-! = Ut, 

(3.10) UKo(x,t)K~'U~' = Ud(x,t)U™ = (U¢"(x,t)U~')* 
=-(UL$(xt)L~"U~')* = (T$(xt)T')* = nog" (x,—2) 

which is the adjoint of equation (3.9). 

Writing down equations (3.1), (3.2), (3.3) in terms of the expansions (2.1) 
and (2.4), changing the summation index on the right-hand sides of (3.1) and 
(3.2) from k to —k, one can compare coefficients and obtain the following 
relations which give the effect of II, 6, [ on the annihilation and creation 
operators: 


(3.11) 11d, (1)10~' = gndb_x (1); Td, (2)? = nnd_% (2) 
(3.12) Ob, (1)07' = nob*x (1); Ob, (2)07* = nob*x(2) 
(3.13) Thy (1) = nerdy (2); Tb, (2) = nrby(1). 


Equations (3.12) contain the effect of U on the 4. Using (3.7) and the fact 
that, because of the reality of the by, db, = bf, one obtains 


(3.14) Uby(1)U~* = nob_x(1); Uby(2)U~ = nob_x(2), 


which are seen to be identical in structure with the equations (3.11) for II. 
It should be stressed, however, that II and U are not identical. The essential 
difference between nn and ng, contained already in equations (3.4) and (3.5), 
arises from the condition II? = 1 on one hand, imposed on II in addition to 
unitarity II-' = II*, making it Hermitean IT = II~' = II* and thus requiring 
nn to be real, whereas the condition 6? = 1, on the other hand, leads only to 
the relation UU* = 1, so that m9 need not be real. Indeed, the operation 
6°¢0~ reads explicitly 


(3.15) UK(UK@K7U")K“U = UK(U¢U")K7U" = UU~¢0U- 


which reduces to the identity only if 


-~— ~ 
J 


(3.16) UU~ = UUt = UU* =1. 
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Quite generally, the antiunitary character of ® requires U to transform under 
any unitary transformation S of the state vectors as (see Jauch and Rohrlich 
1955, p. 92) 


(3.17) U' = SUS. 


If, in particular, S = U, one obtains U’ = U*. One may thus say that if the 
transformation t— —t is associated with U, then the transformation —t— ?¢ 
is associated with U*. 

Construction of representations for II, U, T is facilitated if these unitary 
operators are written in the form e'®, where the generators 2 are Hermitean 
operators which will be labelled Qg, 29, Qr, and which may be referred to as 
the inversor, the reversor, the conjugator, respectively. One can then utilize 
the expansion, valid for any operator b, and for each Q, 

(ay 


(3.18) ee = B44 alo,o}+- 02) (9,10,0)1+ “10,9, 10,0]11+. 


For example, suppose one can find an operator 2’ for which 


(3.19) [2’,by] = —tyb~ and [0',b_y] = in*by; mm* = 1; 
then 

(3.20) [2’,[2’,by]] = —4m[2’,b-] = nn*dy = dy 
(3.21) [2’,[Q’,[2’,b4]]] = [Q’,o,] = —inby,  etc., 


and one can write 


9° iaQ’y —iaQ’? _ Ga) : ( , (ia)? 
a) ee =~ . ++ (—ib_s) tat 3! a ss 


=> by cos at+nb_, sin a. 





Putting now a = 7/2 one obtains 
i(n/2)2’,  — i(w /2)0" 
(3.23) en ye OO x mb 


which is just the type of relation wanted by the first equation (3.11). It is 
clear that equations (3.19) cannot apply to the entire k-space, because changing 
k into —k in the first equation does not give the second equation. However, if 
one considers a certain half space of k, say the half space k3>0, then one can 
satisfy equations (3.19) and therefore (3.23) with the obviously Hermitean 
operator 


(3.24) a= 2 (inn bt — tbe) 
> 


The prime on the summation sign means the sum is to be taken over the half 
space of k’ only, so that 6_y~ = dy,-~ = 0 for all k with k; > 0. The other 
half space of k is not taken care of by this, because if one considers now all k 
with k; <0, so that 6x x = 6_%,-x = 0 for all vectors k’ appearing in the sum 
(3.24), one obtains 








I 
‘ 
t 


YN SRAREETENN Om Sem 
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(3.25) [Q’,bu] = in*bu and [2',b_x] = —inb, (ks < 0) 


which gives again (3.23) in the same half space —k(k; < 0) or K(k; > 0) as 
above. In order to obtain 


(3.26) gtr a", heme” ae 
for k;>0, one needs another operator 2” satisfying 
oer [2”,b-«] = —inbe and [Q",bx] = in*b (ks > 0). 


These relations are true for 


(3.28) Q” = b iy (inbtete —in"bts-«) 
tC 


where the summation goes over the same half space k’ as in (3.24). 
Expressions (3.23) and (3.26) can be consolidated into one formula, applica- 
ble to the entire k-space, by writing II as a direct product, so that 


(3.29) ef DOD ee — nb es =D = 0(k)2’+0(—k) 2” 
where 6(k) is the singular operator 


of fl for kz = 0 


~ 0 for ks <0 with 6(k)+0(—k) = 1 for all k. 
3 


(3.30) 6(k) 


Applying this kind of argument one finds the following operator II satisfying 
the relations (3.11) and (3.4): 


(3.31) =e", Oy = 0(k)Qh+0(—k) aH 
where 

(3.32) Of = —OY = inn 24’ (Be — Bw) 
with 

(3.33) By = by (1)b-« (1) —b7K(2)bx (2). 


An analogous expression is obtained for the operator U satisfying the 
relations (3.14): 


(3.34) U = e"/9%. og, = 0(k)%+0(—k) 08 
where 
(3.35) 2% = 24" = id (neBy: —1o B_y:). 


The transformation equations (3.13) for the particle conjugation operator 
require an operator Qf such that 


(3.36) (Qf, bu(1)] = —inrde(2);  — [@r, bu (2)] = inrdy(1) 


vielding by the argument employed in (3.22) and (3.23) the desired relation 


(3.37) ef OP by (1)e 1 /9r = oF by (2), 
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and an operator QF such that 


(3.38) [Q%, bu(2)] = —inrdy(1); — [@%, bx(1)] = int dx (2) 
yielding the other desired relation 
(3.39) ett /2)0f by (2)e7 1 8r oo gacth). 


Obviously, equations (3.38) cannot be obtained from (3.36) with the same Q 
by interchange of the particle labels 1 and 2, this essential asymmetry in 
r-space is the analog of the asymmetry in k-space encountered for the operator 
Qn. It is readily verified that the following operators satisfy the equations 
(3.36) and (3.38) respectively: 


(3.40) Qr = id {nr bic (1)bu: (2) arbi (2)bu-(1)} 
(3.41) Of = -QF 


where the summation goes over the entire k’-space. Introduction of the singular 
operator @ allows one to consolidate the equations (3.37) and (3.39) into a 
single expression for the operator I, 
070 

(3.42) Pea fOr; Or = O{(— 1)" 4Or+0{(—1)' jar 
where 7 is the particle label of the operator by(r) to which T is applied. 

As an example of how to manipulate the singular operator 6, consider the 
expression 
(3.43) oe e t6F 12) 106) Dy +O(—We) Diy}, £m /2) (0K) Ppp + OC) A | 
Since the operator 6(k) in the second exponential selects the index k(k3; > 0) in 
any expression to which it is applied, and since at the same time 2), converts k 
into —k, this part of the second exponential will always necessarily be bunched 
together with the term 6(—k)Qy appearing in the first exponential, and 
similarly the term with @(—k) in the second exponential can only be bunched 
with the first term containing @(k) in the first exponential. The operation 
IT? is therefore identical with 
(3.44) a eter 1M + 2p) OK) + (Lp + Opp) OM) | _ ett /2(Qy +p) 
Since according to (3.32) Q4+-Qq = 0 one has II? = 1 as expected. Similarly 
one finds 
(3.45) BE? gh Oe? 
which is the identity operation because of (3.35), and 
(3.46) 7p elit (Qpt Mp) 
which is the identity operation because of (3.41). 

4. REPRESENTATION OF 1, 9, Tf FOR A SPINOR FIELD 

The operators of space inversion, time reversal, and particle conjugation 

for the spin-3 field (2.9) are defined by 


(4.1) Ty (x,t) = inn An¥(—x,t) 
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(4.2) Oy(x,t)0* = no Aow*(x,—2) 


(4.3) Py (x,t)P" = or Ard(xt) 

where the matrices A have already been given in equations (2.14)—(2.16). In 
contrast to the case of the boson field one cannot impose here the condition 
that each of these operations applied twice should give the identity operation, 
because y itself is not an observable. Regarding II there is an ambiguity in 
phase, first noticed by Yang and Tiomno (1950), which will be settled here 
by defining II such that 


(4.4) I? = — 1. 


This yields for the factor nn the condition 


(4.5) ni = I, 

Regarding 9 it follows from the definition (4.2), as will be shown below, that 
the four-component spinor field in conjunction with the assumption that 79 be 
a complex, and not a hypercomplex, number requires 


(4.6) e = —1 
which imposes on ng the relation 


(4.7) nono =1, 


Regarding I it is similarly found that if yr should be a compiex number, then 
(4.8) r= +1 
yielding for the phase nr the relation 


(4.9) nrnr = 1. 

The existence of other unusual types of spinor fields requiring different 
conditions on the squares of II, 8, T poses a number of interesting questions, 
but these are outside the scope of the present work. The reader is referred to 
the paper of Shirokov (1960). 

Writing down the equations (4.1) (4.2) (4.3) in terms of the expansions 
(2.9) and (2.12), applying the definitions (2.14)-(2.16), and changing the 
summation index on the right-hand sides of (4.1) and (4.2) from k to —k 
yields upon comparison of coefficients the following relations which give the 
effect of II, 8, ! on the annihilation and creation operators: 


(4.10) Way (s,1)1~* = inna_x(s,1); Hay(s,2)I* = inna_y(s,2) 


"= (=1)'noa“«(s’,2) 


(4.11)  @ax(s,1)07? = (—1)‘noatx(s’,1);  Oax(s,2)07 
(4.12) Tay(s,1)0~? = (—1)‘nrax(s’2);  Tax(s,2)0~* = (—1)"nrax(s’,1) | 
s" 989. 


In the derivation of (4.10) use has been made of the reality of ng, 79* = nn. 
To verify the statements made in connection with the squares of the operations 
8 and [ apply 9 once more to (4.11) and T once more to (4.12). One finds 
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immediately ©%ax(s,7)O- = —n§n94,(s,7) and Tax(s,r)T-? = +nfnrax(s,r). It 
is therefore not possible to satisfy 6? = +1, T? = —1 with complex numbers 
ne and nr. 

As in the case of the boson field the antiunitary operator @ is conveniently 
decomposed into a unitary operator U and the nonlinear operator of trans- 
position A, so that 


Uax(s,1)U~* = (—1)*nea_-x(s’,1), 
Uay(s,2)U~* = (—1)*noa_-x(s’,2); 


In the derivation of (4.13) from (4.11) with the definition 86 = UK use has 
been made of the reality of the operators a, which may be represented by 


(4.13) ih aad oe 


matrices satisfying a+ = @. 
For the actual construction of II, consider an operator defined in the half 
space k; > 0 


(4.14) Ik = 1—atay—a*.a_~+in (aka, —a* ax) (ks > 0). 
By application of the anti C.R.’s (2.20) one finds the relations 

(4.15) Tay = tya_y lk; Tax = —ina*y Tk (k3 > 0) 
which are of the form desired by equation (4.10). If one applies (4.14) to 
a_~% (k3 > 0), however, one obtains relations which differ in sign from (4.15). 
It is therefore necessary to introduce another operator 

(4.16) Oy’ = 1—agay—a*ya_~.—in(ata_~.—a*yax) (kz; > 0) 
which yields the desired relations 

(4.17) Ta_y = tyaylly; iat, = —inaily’ (k3 > 0). 


Introduction of the singular operator 6(k) as in (3.30) allows one to consolidate 
(4.15) and (4.17) into equation (4.10), applicable to the entire k-space, by 
writing 


(4.18) Tl = 1’6(k)+11’0(—k) 
where 
2 2 2 2 
(4.19) Il’ = IT’ Il I] Ik (s,r); WI’ = qT’ I] I] i (s,r) 
and 


(4.20) Mk (s,7) = 1% (sr) = 1— Nu (s,r) —N_x(s,r) +2nn{ Ax(s,r) — A_x(s,r)} 

with 

(4.21) Nx(s,r) = a(s,r)ax(s,r); Ax(s,r) = ak(s,r)a_y(s,r). 

The prime on the product sign IT’ indicates that the factors are to be taken 
1“ 


from the half space k’ with k{ > 0 only. 
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The construction of U proceeds along the same line of argument, it is only 
slightly more complicated by the fact that relations (4.13) distinguish between 
particle labels ry = 1 and r = 2, because in general ng#79. One finds 


(4.22) U = U’0(k)+ U"6(—k) 
where 
2 2 
(4.23) U'= IT'T] Uy: (s,1) Ue: (s,2) ; U" = IT’ I] Ux! (s,1) Ux! (s,2) 
and 


(4.24a) Ue(s,1) = UY (s,1) = 1—My(s,1) —N_-x(s’,1) 
+(—1)"{noCx(s,1) +n6C_u(s’,1)} 


(4.245) —-Uk(s,2) = U"x(s,2) = 1—Nu(s,2) —N_x(s',2) — 
+(=1)"{noCk(s,2)-+0C1(s’,2)} 

with 

(4.25) Cx(s,r) = ai(s,r)a_x(s’,r); s’ sts. 


Finally, one finds for the operator T satisfying the relations (4.12) the 
representation 


(4.26) r = ro{(—1)*}4+7T"{(—1)} 
where 

2 2 
(4.27) I’ = I] I] Tx (s,1); Yr’ = I] I] Tx: (s,2) 
and 


(4.282) Tx(s,1) = 1—Nx(s,1) —Nx(s,2) 
+(—1)*{ntDx(s,1)+nrDx(s’,2)} 


s 3 
(4.28) Tx (s,2) = 1—NMy(s,2) —Nx(s’,1) 
+(—1)" {nrDx(s,2)+0rDx(s’,1)} 
with 
(4.29) Dx(s,r) = ait(s,r)ax(s’,r’); Si gts: x pO, 


In (4.27) the product [| goes now over the entire k’-space, and the asymmetry 
k’ 


is restricted, as in the corresponding boson field case, to the particle label r of 
any operator or state on which I operates. 

It seems worth noting that the operators II, U, T for spinor fields may be 
written as exponentials, in analogy to the corresponding cases for tensor fields. 
For example, considering again the operator (4.14) 
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(4.30) Tk = 1+ 
one finds easily that Q¢, by virtue of the anti C.R.’s (2.20) has the property 
(4.31) (Q%)" = (—2)""'Qk. 


This allows one to write 


, 


(4.32) Th = (ek — 1+ SF fi sin r+(l1—cos r)} = 14+. 


Similar relations are found for the other operators Ux and Ix. In practical 
applications it appears, however, more convenient to use the already expanded 
bilinear forms (4.20), (4.24), and (4.28). 
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HIGH-FREQUENCY RADIO-WAVE BLACK-OUTS AT MEDIUM 
AND HIGH LATITUDES DURING A SOLAR CYCLE! 


C. Cotiins, D. H. JELLY, AND A. G. MATTHEWS 


ABSTRACT 


Recent studies at the Defence Research Telecommunications Establishment, 
Ottawa, comparing v.h.f. riometer and h.f. ionosonde data for the International 
Geophysical Year, have shown that the two types of absorption events, ‘polar 
cap’ and ‘auroral’, can be identified in the occurrence patterns of ionosonde 
black-outs. A study based on this comparison has been made of all black-outs 
observed at a number of medium- and high-latitude ionosonde stations during 
the period 1949 to 1959. It has been found that the two kinds of absorption events 
show markedly different variations during the 11 years. Several other temporal 
and spatial features of the phenomena are also discussed. 


INTRODUCTION 


The complete absorption of high-frequency radio waves in the disturbed 
ionosphere is a well-known phenomenon. The effect, commonly termed 
‘black-out’, has been the subject of both detailed and synoptic investigations 
in several countries over the past twenty years. One of the first advances in 
this field was made by Wells (1942), who showed the close association between 
short-duration black-outs and magnetic bays at College, Alaska. Later 
statistical studies (Lindquist 1951; Agy 1954a, 6; Cox and Davies 1954) 
indicated some of the large-scale temporal and spatial characteristics of the 
black-out events. Meek (1952), in his studies of arctic ionospheric disturbances, 
also described some of the gross features of the absorption phenomena and 
showed the close association between black-outs and other manifestations of 
the high-latitude disturbances. A summary of the early work in this field has 
been given in the comprehensive review published by Little, Rayton, and 
Roof (1956). 

Much of this work was based on the black-out reports from vertical-incidence 
ionospheric sounding stations. The results led several workers to suggest that 
there might be more than one kind of black-out condition although no classi- 
fications were adopted. This was perhaps due to the nature of the ionosonde 
black-out data which gave only a qualitative picture of the absorbing regions. 
More recently, quantitative investigations of the absorption phenomena have 
been made by a number of groups using measurements of cosmic noise at very 
high frequencies (20-60 Mc/s). The results of these investigations have 
confirmed the belief of the earlier workers by showing that the high-latitude 
absorption events are mainly of two kinds. These are now generally termed 
‘polar-cap absorption’ and ‘auroral absorption’. 

Several of the polar-cap absorption events have been reported in detail 
(Bailey 1957, 1959; Hakura, Takenoshita, and Otsuki 1958; Reid and Collins 
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1959; and others). In their paper, Reid and Collins divided the abnormal 
absorption events into three classes depending on the characteristics of the 
cosmic noise records and on the association with magnetic and auroral activity. 
The classes were designated as types 1, 2, and 3. Type 1 referred to the well- 
known sudden ionospheric disturbance (SID). The authors did not consider 
this type of event relevant to their study, and, since Cox and Davies (1954) 
have shown that SID’s during the 4-year period 1949-52 did not contribute 
significantly to medium- and high-latitude black-outs, the phenomenon will 
not be discussed in this paper. Type 2 produced a characteristically irregular 
trace on the riometer records and the events were easily identified. They 
occurred at both Ottawa and Churchill, although not always simultaneously, 
and they often coincided with the occurrence of visible aurora and local 
magnetic activity. It is probable that these events were similar to the short- 
duration black-outs studied by Wells. This type 2 is now known as auroral 
absorption. Although there is considerable evidence to show that there is a 
type of absorption occurring at geomagnetic latitudes where visible aurora is 
usually observed (about 55 to 75 degrees) the precise relationship between the 
radio and the optical phenomena is not yet understood and the term ‘auroral’ 
must be used with some caution. In the present paper it is used in conjunction 
with ‘absorption’ and ‘black-out’ to designate occurrences closely associated 
in time with magnetic disturbances in or near the zone of visible aurora. 

Type 3 absorption has been more clearly defined. It began a few hours after 
the start of a large solar flare and produced a much smoother variation on the 
riometer records than did the auroral type. It persisted for a number of days 
and showed a much greater intensity during the day than during the night. 
No magnetic disturbance was associated with the early hours of an event 
although a large magnetic storm usually occurred 10 to 30 hours after the 
start of the absorption. The absorbing region, it was subsequently learned, 
extended over most of the polar cap (Hakura et al. 1958) and hence the name 
‘polar-cap absorption’ came to be associated with it. It is considered to be 
mainly a high-latitude phenomenon although, as results from the present 
study show, the effects are frequently observed at geomagnetic latitudes as 
far south as Winnipeg (59.6°). 

Both these types of absorption are detected by the h.f. ionosondes and can 
be identified if the cosmic noise measurements are used to interpret the vertical- 
incidence ionosonde measurements. There are two obvious advantages in this 
procedure. First, since many more years of ionosonde data than cosmic 
noise data are available, the combination of the two makes possible the deter- 
mination of the long-term variations of the events observed on the cosmic 
noise records. Second, the h.f. black-out, which is at best a crude measure of 
abnormal absorption, now possesses more physical significance for the statis- 
tical and synoptic studies of ionospheric disturbances. The procedure is only 
justified, however, if a close correlation can be established between the results 
obtained by the two kinds of observations. This point is considered in detail 
in the following section of the paper. 

In the present study of black-out occurrences both ionosonde and cosmic 
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noise measurements have been used and the foregoing classifications from the 
v.h.f. studies have been applied to the analysis of the h.f. black-out data. All 
black-out occurrences at a number of Canadian ionosondes for the period 
1949 to 1959 have been considered. This 11-year period was sufficiently long 
to reveal significant differences in the large-scale temporal features of the two 
kinds of black-out, suggesting that they might be associated with different 
types of disturbances on the sun. 


ANALYSIS OF DATA 
Data for the study were collected at the stations listed in Table I. The h-f. 


ionosondes were conventional instruments and their characteristics have been 


TABLE I 


Co-ordinates and time zones of stations 














Geographic 
——_—_—___—_——_———— Geomagnetic 
Latitude Longitude _— 
north west North L.M.T. 
Station ¢° i @° °W 
Alert 82.6 62.6 85.0 75 
Eureka 80.0 85.9 86.5 75 
Resolute Bay 74.7 94.9 82.9 90 
Clyde River 70.5 68.6 81.9 75 
Baker Lake 64.3 96.0 73.7 90 
Churchill 58.8 94.2 68.8 90 
Meanook 54.6 113.3 62.0 105 
Winnipeg 49.9 97.4 59.6 90 
Ottawa 45.4 75.7 56.9 75 
Agincourt 43.8 79.3 55.0 75 





described in detail in the Canadian I.G.Y. program (Meek 1957). The cosmic 
noise recorders were situated at Ottawa and Churchill, and operated on fre- 
quencies close to 30 Mc/s. Techniques of equipment operation and methods 
of data reduction have been described by Little and Leinbach (1958) and Reid 
and Collins (1959). The analysis of the data will be described in two parts, one 
dealing with polar-cap black-outs and the other with auroral black-outs. 


(a) Polar-cap Black-out 

The first step in the analysis was a comparison of polar-cap absorption 
events identified from the riometer measurements and those selected independ- 
ently from ionosonde black-out occurrences. The I.G.Y. period was selected 
because data from all the stations were available for most of the period. 
Auroral and polar-cap absorption events were identified directly from the 
riometer records. It was found that the Churchill riometer in the 18-month 
period had detected 15 disturbances involving polar-cap absorption greater 
than 2 db. Some of these included short periods of auroral absorption in the 
later parts of the disturbances. No definite occurrence of polar-cap absorption 
was found on the Ottawa records, although auroral absorption was observed 
at that station quite frequently. 
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An independent examination was then made of the ionospheric data from 
eight stations—Resolute Bay, Baker Lake, and Ottawa for the full I.G.Y. 
period, and Eureka, Alert, Clyde River, Churchill, and Meanook for 1958. 
At these stations sweep-frequency soundings were made at 15-minute intervals 
and recorded in the usual way on f-plots. All black-outs of more than 3-hours’ 
duration were plotted according to the geomagnetic latitude of the station and 
as a function of universal time (U.T.). It was then found that almost all the 
black-out occurrences were arranged in a number of distinctive periods of 
about 2 to 5 days. These black-out groupings showed marked similarities and 
were clearly separated by relatively long intervals containing no black-out. 
The starting and finishing times of these absorption events could be deter- 
mined easily in most cases and 14 of these discrete events were found. A 
comparison then showed that the 14 long-enduring black-out periods selected 
from the ionosonde data corresponded to 14 of the 15 polar-cap absorption 
events identified from the Churchill riometer. 

A further examination was made of the ionosonde data for the period of 
22 to 25 September 1958, which had not exhibited the distinctive pattern in 
the black-out plots although the cosmic noise absorption had reached a value 
of 4 db. It was found that, during this period, the minimum frequencies 
reflected from the ionosphere at the northern stations were 5 to 6 Mc/s higher 
than the monthly median. This indicated a large increase in absorption. But 
the critical frequencies during the day were also found to be unusually high, 
8 to 10 Mc/s. This would effectively extend the range of the ionosonde and 
the absorption was not sufficiently intense to cause a black-out at the higher 
frequencies. 

An examination was also made of the magnetic activity during the 14 
black-out events, and histograms of the planetary indices, K,, were drawn on 
the latitude-time plots. The disturbance which occurred on 22-25 August 1958 
is shown in Fig. 1 and is typical of the polar-cap events which showed both 
polar-cap and auroral absorption. For ease of comparison half-hourly cosmic 
noise absorption values (c) in decibels for Churchill are also shown. Black-out 
occurrences are plotted for stations listed in Table I. Planetary K, indices at 
the top of the figure indicate the degree of magnetic activity. The occurrence 
of the solar flare that was probably associated with the event is shown at the 
approximate time as is that of the magnetic sudden commencement (S.C.). 
The S.C. appears to follow the increase in the A, index but this is due only 
to the coarseness of the K,. The flare lasted from 1417 to 1717 U.T. and was 
described by the Dominion Observatory, Ottawa, as being of importance 3 and 
having heliographic co-ordinates 21° N. and 8° W. The first evidence of a 
black-out is seen to follow the start of the flare by about 3 hours and to precede 
the onset of the magnetic disturbance by about 32 hours. The black-out is 
almost continuous at Alert, Resolute Bay, and Clyde River, a fact that is 
attributed to the ionosphere always being sunlit at northern latitudes in 
August. Baker Lake and Churchill show daytime black-out and nighttime 
recovery. The black-out at Ottawa, which begins with the increase in magnetic 
activity and occurs irregularly at night, is more likely to be due to auroral 
absorption than to the polar-cap type. 
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Fic. 1. Disturbance on 22-25 August, 1959, involving polar-cap and auroral absorption; 
(a) 3-hour planetary magnetic index Aj, (6) 15-minute black-outs observed at eight ionosonde 
stations, (¢) variation in cosmic noise absorption at Churchill. 

Fic. 2. Disturbance on 13-16 October, 1949, involving only auroral absorption; (a) 3-hour 
planetary magnetic index Ky, (b) hourly black-outs observed at five ionosonde stations. 


The black-outs at Winnipeg and Meanook occurring on 22 August coincide 
with the beginning of polar-cap absorption and are probably of that type. 
Those occurring on 24 August, accompanied by an increase in Ky, are probably 
of the auroral type. The smoothness of the Churchill cosmic noise absorption 
indicates polar-cap type with the few irregularities (e.g. at 1430 on 24 August 
and 0300 on 25 August) being due to auroral type. It should be noted that 
there are no means of identifying the two types from the ionosonde data alone, 
but from the known characteristics of the phenomena one would expect only 
polar-cap absorption before the start of the magnetic disturbance. The simul- 
taneous occurrence of the two types of absorption made it necessary to adopt 
a new term for the 14 long-enduring black-out periods identified in the iono- 
sonde data. These will be referred to as ‘polar-cap black-outs’ in the remainder 
of this paper. 

Most of the 14 polar-cap black-out events presented the same general con- 
figuration of black-out occurrences as that shown in Fig. 1. It was felt that 
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these patterns possessed sufficiently distinctive characteristics to permit their 
identification in earlier ionosonde data and the study was extended to the 
rest of the 1l-year period (1949-1959). 

Prior to the I.G.Y. most ionosondes took measurements for only a few 
minutes on the hour. The occurrence of black-out at the time of these hourly 
measurements was recorded in the fmin data sheets by the symbol B. This 
provides only a short sample of ionospheric conditions during an hour but, 
because of the large number of observations taken in the 11-year period, such 
measurements are adequate for a synoptic study of this kind. All B’s were 
plotted as in Fig. 1 from the monthly fai, tabulations for Resolute Bay, 
Baker Lake, Churchill, Winnipeg, and Ottawa. Several criteria were adopted 
for identifying the polar-cap black-out events. The black-out had to occur at 
more than one of the most northerly stations. It had to last more than 3 hours 
and be reasonably continuous for the duration of the disturbance. The lower 
latitude stations where the black-out might be discontinuous had to show 
some day-night variation. The pattern of occurrences for all the stations 
considered together had to show the same general configuration as presented 
in Fig. 1. Black-outs which did not satisfy these conditions were considered to 
be spurious or due to auroral absorption. In a few cases the variations of K, 
were also used to confirm the selections. These criteria proved to be quite 
adequate and some 40 polar-cap black-outs were found to have occurred during 
the solar cycle. These events have been listed in Table II. In almost all cases 
the events were easily identified. There is a slight uncertainty about the 
exact number because a few of the long-enduring disturbances may have 
consisted of two or more overlapping events. These questionable cases are 
indicated in Table II. 


(b) Auroral Black-out 

After the periods of polar-cap black-out had been eliminated from the data 
a selection was made of all the B’s in the rest of the 11-year period which were 
believed to be due to auroral absorption. In order to identify these auroral B’s 
some criterion had to be adopted for their selection. This was necessary because 
the symbol B denotes only the absence of an echo from the ionosphere. The 
failure to detect an echo is usually due to the presence of an absorbing region 
but it may on occasions also be due to interference or very low critical fre- 
quencies of the reflecting region. An examination of the critical frequencies at 
some of the stations showed that many of the B’s did not signify real increases 
in absorption, particularly in years of low sunspot number. It was not con- 
sidered practicable, however, to examine all the original records near the 
times of black-out. Such a procedure would be very laborious and would 
introduce a large subjective element into the analysis. It was therefore decided 
that the auroral B’s should be selected only if they occurred during a magneti- 
cally disturbed period. 

Reference has already been made to Wells’ study relating black-outs and 
magnetic bays. From observations at Saskatoon, Meek (1953) has published 
other detailed accounts of this association of h.f. absorption and magnetic 
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TABLE II 
Polar-cap black-outs identified 








Year 


1949 


1950 


1951 


1952 
1953 
1954 
1955 


1956 


1957 


1958 


1959 


Duration 


Jan. 23-26 
Apr. 11-14 
May 10-13 
June 4-7 
Aug. 3-8 
Nov. 19-21 


Feb. 2-3 

Feb. 22-24 
Mar. 27-29 
May 27-31 


Mar. 7-15 
Apr. 2-9 

June 11-19 
Oct. 27-29 


No well-defined events 
Mar. 2-4 

No events 

No events 


Feb. 23-25 
Mar. 11-14 
Aug. 31-Sept. 2 
Nov. 13-15 


Jan. 21-23 
Apr. 4-6 
June 20-26 


July 1-5 


Aug. 27-Sept. 4 
Sept. 21-23 
Oct. 21-22 


Feb. 10-11 
Mar. 14-15 
Mar. 25-28 
Apr. 10-11 
July 7-10 

Aug. 16-18 
Aug. 22-25 
Aug. 26-27 


May 11-17 
July 10 

July 14-17 
July 17-20 


Approx. 
starting time 


(U.T.) 
1200 


1800 


0600 
1600 
1800 
1400 


1500 
1200 
1800 


1200 


1400 
1200 
1400 


p.m. 
2200 
1200-1600 
1400 
0600 
1200 
1600 
a.m. 


a.m. 


1000 


Comments 


Possibly 2 events 


Possibly 2 events 


Possibly 2 events 


Weak, indefinite 


Weak 
Possibly 2 events 
(second starting on 22) 
Possibly 2 events 
(second starting on 3) 
Possibly 2 or 3 events 


NoTE: Starting times are estimated from beginning of black-out at several stations 
and are not an accurate measure of the starting time of each event. 
Possible weak events: 1955, Jan. 17-18; 1956, Apr. 27-28. 


disturbance. Davies and Hagg (1955) have reported a pronounced correlation 
between nighttime ionospheric absorption on 2.0 Mc/s at Prince Rupert, and 
the local 3-hour range magnetic K index for values of K greater than 4. 
Heppner, Byrne, and Belon (1952) have reported that some parts of the 
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visible aurora at College were often accompanied by black-outs. It is almost 
certain that there would also be some magnetic activity at the time of such 
aurora. It therefore seemed reasonable in the present study to select the 
auroral black-outs by some level of magnetic disturbance. Since it cannot be 
shown that auroral black-outs are invariably accompanied by an increase in 
magnetic activity this method of selecting the data might reduce the total 
number of listed auroral black-out occurrences. This effect should be negligible, 
however, and most spurious black-out occurrences which were due only to 
the absence of a reflecting region should be excluded by this process. The 
criterion adopted was that the K index given by the nearest magnetic obser- 
vatory should be greater than 3 in the 3-hour interval in which the black-out 
occurred. Indices from Agincourt, Meanook, and Resolute Bay were used 
although the data from Resolute Bay were available only for the years 1952-55. 
K was chosen for the purpose rather than the planetary index A, as the former 
was considered to be more sensitive to local ionospheric disturbance. Ky, 
which indicates world-wide disturbance, has been plotted in Fig. 1 because 
black-outs from a number of stations have been shown. 

Although many of the black-outs attributed to auroral absorption were 
randomly distributed, some did form distinct patterns. An example is shown 
in Fig. 2 for the disturbed period 13 to 16 October 1949. The magnetic activity 
is high. There are, however, no long-enduring black-outs at the high-latitude 
stations. The black-out occurrences are more sporadic and of shorter duration 
than during polar-cap black-outs and they are more frequent at Churchill, 
Winnipeg, and Ottawa. It can be seen that the general configuration of black- 
out occurrences is quite different from that shown in Fig. 1. 


RESULTS OF SYNOPTIC SURVEY 

The temporal variations of the absorption phenomena were examined in 
two ways. For the polar-cap black-out events both the number of events and 
the number of B’s making up the events were considered. In the case of auroral 
black-outs the periods designated as polar-cap black-outs were excluded 
because it was impossible to identify with certainty the type of absorption 
responsible for the black-out after the magnetic storm had started. In some 
of the figures all the occurrences of B’s have been shown except those making 
up the polar-cap black-out events, that is, all auroral B’s and all the spurious 
B's rejected by the criterion of magnetic activity. These have been shown for 
several reasons which should be clear from the following descriptions of the 
figures. 


(a) Secular Variation 

The distribution by years of the 40 polar-cap black-outs is given by the 
histogram in Fig. 3. Shown on the same plot is the variation of the annual 
mean sunspot numbers published by the Central Radio Propagation Labora- 
tory, Boulder, U.S.A. The close agreement of the two plots indicates that the 
occurrence of disturbances with polar-cap absorption is closely associated with 
the mean level of solar activity. Although the number of occurrences is too 
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Fic. 3. Distribution of polar-cap black-outs during the sunspot cycle 1949-59. 


few for a satisfactory statistical analysis, there is some indication that the 
outline of the histogram lags by about a year with respect to the sunspot 
number curve. 

Yearly totals were also compiled of the numbers of B’s comprising the 40 
polar-cap black-outs at Resolute Bay, Baker Lake, Churchill, and Winnipeg. 
These have not been reproduced here since the shape of the histograms was 
similar to that shown in Fig. 3. Some indication of the latitude dependence was, 
however, apparent in these histograms, with Resolute Bay having the greatest 
number of hourly black-outs and Winnipeg the least. 

The secular variation of the auroral black-outs at five of the stations is 
shown in Fig. 4. For ease of comparison the sunspot number curve has been 
drawn on the Churchill and Winnipeg histograms. The dotted areas show the 
yearly totals of auroral B’s. The plain areas denote the number of B’s rejected 
by the criterion of magnetic activity. The years for which K indices were not 
available from Resolute Bay have been shaded with diagonal lines. @ denotes 
the geomagnetic latitude of the station. The vertical columns denoting the 
occurrences at Baker Lake and Winnipeg for 1959 have been drawn narrower 
than the others. In March 1959 the Baker Lake ionosonde was closed down and 
in September 1959 the transmitter power at Winnipeg was reduced from 10 kw 
to 1 kw. This loss of data was unfortunate but it does not seriously affect the 
results. It will readily be seen that there is some agreement between the outline 
of the histograms and the curve of solar activity. The variation in the black- 
out occurrences shows a definite lag on the variation in the sunspot number. 
Since these histograms are drawn to a common vertical scale they also show 
the relative frequency of occurrence of the auroral black-outs at the various 
stations. It can be seen that Baker Lake reported the fewest occurrences while 
Winnipeg observed the greatest number. 


(b) Seasonal Variation 
The histogram in Fig. 5 shows the seasonal variation of the polar-cap black- 
out events. Although the limited number of events does not allow much weight 
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Fic. 4. Distribution of yearly totals of B’s at five stations during the solar cycle 1949-59, 
excluding periods of polar-cap black-out. Solid line histogram, all black-outs. Dotted areas, 
auroral black-outs. Diagonal line areas, periods for which K index was not available. Broken 
line, monthly mean sunspot numbers. &, geomagnetic latitude. 
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Fic. 5. Distribution of monthly totals of polar-cap black-outs for the years 1949-59. 
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to be attached to the result, the distribution does suggest slight increases in 
the occurrence somewhat before the equinoxes. It is perhaps interesting to 
note that throughout the 1l-year period there were no events of this kind in 


December. 
The seasonal variation for the number of B’s at Churchill and Ottawa is 


shown in Fig. 6. Part (a) gives the monthly total of the B’s comprising the 
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Fic. 6. Distributions of monthly totals of B’s; (a) polar-cap black-outs at Churchill, 
(6) auroral black-outs at Churchill, (c) all B’s at Ottawa, periods of polar-cap black-out 
included. 


polar-cap black-outs at Churchill. This shows a maximum during the summer 
months. In contrast to this the distribution of auroral B’s for that station 
(6b) shows a pronounced minimum for the summer months. It might be sug- 
gested that the summer maximum in the first histogram might be due to the 
occurrence of auroral black-outs which could not be extracted from the data. 
This seems unlikely, however, since the distribution of all black-outs for 
Ottawa also has a minimum about June and July as shown in (c) and no data 
were rejected for that station. It is well known that the polar-cap absorption 
is more intense when the lower ionosphere is sunlit and the maximum in the 
polar-cap distribution is probably due to the longer periods of sunlight at the 
higher latitudes during the summer. Plots were also made of the occurrences 
at the other stations. The histograms for Baker Lake and Winnipeg are 
similar to those shown in Fig. 6(@) and (6). For ‘esolute Bay, where the 
black-outs are mainly of the polar-cap type the histogram in part (a) pre- 
dominates and the remaining black-outs show no significant seasonal variation. 
For Ottawa, which is south of the polar-cap absorption region for all but the 
most intense disturbances, one obtains a distribution of auroral B’s which is 
very similar to but slightly smaller than the histogram given in part (c). 


(c) Diurnal Variation 

Diurnal variations for the auroral black-outs at each of the five stations 
were derived by totalling the number of B’s for each hour during September 
and October for the 11 years. These have not been reproduced here since they 
differ only slightly from those already published by Cox and Davies (1954). 
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The hours (local mean time) of maximum occurrence at Ottawa, Winnipeg, 
Churchill, and Baker Lake were 0300, 0600, 0700, and 0800 respectively. No 
significant peak was found in the plot of the occurrences at Resolute Bay. 


(d) 27-day Recurrence Tendencies 

In order to examine the data for 27-day recurrence patterns, an index was 
compiled using three categories according to the number of B’s during the day: 
(1) no B’s, (2) 3 hours or less, and (3) greater than 3 hours. Polar-cap black- 
outs from Churchill were plotted on one graph, all other B’s from the same 
station on another plot. The inclusion of all B’s both aurorai and spurious 
(but excluding those making up the polar-cap black-outs) in this second plot 
was necessary in order to permit a comparison to be made with the magnetic 
data. Since auroral B’s had already been selected on the basis of magnetic 
activity, an index compiled only from auroral B’s could not be expected to 
give any meaningful results when compared with an index of magnetic activity. 
The daily sum of K indices from Meanook were plotted in the same manner 
with a 3-division scale: (1) K < 20, (2) 20 < K < 30, (3) K > 30. Figure 
7 shows the ll-year plots of these magnetic and black-out daily indices. 
International 27-day intervals beginning with solar rotation number 1582 
have been used with a repetition of the first 6 days at the end of each horizontal 
line. Part A of the figure gives the magnetic activity as observed at Meanook. 
The years of high and low activity are immediately apparent in the general 
configuration of the plot and the long sequences of recurrent magnetic storms 
(1950-54) which have been investigated by Bhargava and Nagvi (1954) are 
also clearly evident. It can readily be seen that there is a marked difference 
in the general appearance of the plot for the years in which activity is declining 
(1950-54) and increasing (1955-58). 

Parts B and C of Fig. 7 show the daily black-out indices for Churchill for 
the 11-year period. C indicates only the polar-cap black-outs. Here again the 
years of high and low activity are clearly evident although there seems to be 
little difference between the periods of increasing and decreasing activity. In 
part B all black-out occurrences were considered other than those shown in 
part C. Part B therefore includes auroral black-outs and those black-outs 
which were believed to be spurious. This section of the diagram exhibits quite 
a different pattern of variation. There is no clear minimum in the black-out 
occurrences (part B) around 1954 at the time of minimum magnetic activity. 
The most striking feature perhaps is the obvious similarity between the general 
configurations of the magnetic and black-out indices for the period 1950-54 
even though part B is made up from all except polar-cap black-out occurrences. 
In spite of some contamination of the ionosonde data due to low critical fre- 
quencies, the 27-day recurrent sequences show up quite clearly in the plots of 
the black-out indices. In contrast to this it can be seen that parts A and B of 
the figure for the period 1956-59 are quite dissimilar. During these years the 
increase in magnetic activity was quite clearly not accompanied by an increase 
in the occurrence of auroral black-outs. This confirms the conclusion already 
drawn from Fig. 4. The inclusion in part B of the short periods of auroral 
black-out from the polar-cap black-outs in part C would not change the general 
features of these parts of the figure. 
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Fic. 7. 27-day recurrence time patterns; (A) magnetic activity at Meanook, (B) all 
black-outs at Churchill, excluding polar-cap black-outs, (C) polar-cap black-outs at Churchill. 

Absorption index: 0 daily sum of hourly B’s = 0; * daily sum of hourly B’s < 3; daily 
sum of hourly B’s > 3. 

Magnetic index: 0 daily sum of K values < 20; @ daily sum of K values 20 < K < 30; 
@ daily sum of K values > 30. 


(e) Latitude Dependence of Auroral Black-outs 

In order to display the latitude dependence of auroral black-outs some of 
the results from Fig. 4 have been shown in a different way in Fig. 8. In this 
plot the number of auroral black-outs has been shown as a function of geo- 
magnetic latitude for every other year starting with 1949. It will be seen that 
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Fic. 8. Yearly totals of auroral B’s shown as a function of geomagnetic latitude for 
alternate years from 1949 to 1959. 


a maximum in the number of auroral B’s occurs at Churchill only in 1949. For 
all other years the peak occurs at Winnipeg. Plots of all B’s (excluding polar- 
cap black-outs) produce curves giving a very similar result. 


DISCUSSION 


An earlier statistical study by Agy (1954a), based on h.f. propagation 
between geomagnetic latitudes 45 and 65 degrees along the 90th meridian, 
presented evidence for a narrow auroral absorption zone centered about the 
latitude of maximum occurence of visual aurora. Cox and Davies examined the 
occurrence of all B’s at Resolute Bay, Baker Lake, Churchill, and Winnipeg 
for the years 1949-1952 and found a pronounced peak in the frequency of 
occurrence at Churchill. Although a close comparison cannot be made between 
the present study and the earlier ones it is felt that the results presented here 
suggest a somewhat different picture of the absorbing regions. 

Some appreciation of the latitude variations of the absorption can be 
obtained from the yearly totals in both Fig. 4 and Fig. 8. It should be remem- 
bered, however, that polar-cap black-outs have been excluded from the plots 
in both figures and the curves in Fig. 8 represent only the numbers of auroral 
B’s. The inclusion of the B’s comprising the polar-cap black-outs would 
certainly change the shape of some of the histograms and curves but only for 
the higher-latitude stations. For Resolute Bay, where polar-cap black-outs 
account for 85% of the black-out occurrences during years when the sunspot 
number is greater than 100, the number of B’s would be increased and the 
outline of the histogram would follow the sunspot curve closely. A somewhat 
similar condition obtains for Baker Lake. For Churchill the yearly totals of 
all B’s do show the effect of the polar-cap black-outs but the general agreement 
with sunspot variation is poor. For Winnipeg and Ottawa the B’s during 
polar-cap black-out events form a small part of the total observed. Totalling all 
black-out occurrences would therefore present a different picture of the 
latitude dependence at only the northern stations. South of Baker Lake there 
would still seem to be an extensive absorbing region. It seems likely that there 
is a maximum in this region but the present results would not lead one to 
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expect a ‘narrow’ absorption zone. From the curves in Fig. 8 one sees that 
during 1949 the peak did occur at Churchill but for some years there were as 
many B’s recorded at Winnipeg as at Churchill and for other years there 
were more. 

It may be argued that the method of selecting the data is entirely responsible 
for this somewhat different picture. It is known, however, that the two types 
of absorption discussed here often occur simultaneously. A specific event of 
this kind has been described by Reid and Collins from riometer measurements 
at Churchill. It seems likely that similar conditions occur at Baker Lake and 
Winnipeg. This simultaneity of the two types cannot be detected in the iono- 
sonde data and therefore the most meaningful way of presenting the synoptic 
picture of auroral black-outs is to exclude the periods when polar-cap absorp- 
tion is known to occur. 

Some consideration must also be given to the effect of the magnetic activity 
criterion on the relative frequency of occurrence of B’s for the different stations. 
Fel’dshstein and Kurdina (1958) have shown that the general character of 
the magnetic field variation is essentially the same over a distance of 180 km 
along the meridian and over a distance of 300 km in longitude in regions near 
the auroral zone. It can thus be assumed that the Agincourt K index is a good 
measure of the magnetic disturbance at Ottawa 370 km away. Whitham 
and Loomer (1956) have shown that there is a high degree of correlation 
between the K indices for Meanook and Baker Lake; these stations are 
separated by a distance of approximately 1500 km. However, the distance 
between Meanook and Winnipeg is slightly less than the distance between 
Meanook and Churchill. This and the latitudes of the stations may cause 
some weighting of the Winnipeg B’s when the Meanook K index is used as 
the criterion. It is felt, however, that this is not an important factor. If one 
assumes the most unfavorable conditions for Winnipeg, that all the doubtful 
cases of black-out should be rejected for Winnipeg and none for Churchill, the 
general picture of the latitude dependence is changed only slightly and then 
only for a part of the 11-year period. 

The decrease in the occurrence of auroral black-outs north of Churchill 
seems to persist throughout the solar cycle and agrees with the results from 
earlier studies. It is difficult, however, to account for the black-out occurrences 
at Resolute Bay which are shown in Fig. 4. It seems possible that a large 
number of these auroral black-outs at Resolute Bay are short-lived polar-cap 
black-outs and that the true auroral black-outs may occur very infrequently 
north of Baker Lake. Although these black-outs occurred frequently on many 
consecutive days during 1950-52, they were short-duration events which did 
not meet the criteria laid down for the selection of the polar-cap black-outs; 
nevertheless, it may be that they are indeed manifestations of very weak 
polar-cap black-outs. Similar conditions were obtained for Baker Lake and 
Churchill, to a lesser extent. K indices from Resolute Bay were available for 
only 4 of the 11 years, and so they could not be applied in the selection of 
auroral black-outs at this station. However, it is unlikely that such a selection 
could be justified by the arguments presented earlier, since very little is known 
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about the association of magnetic and ionospheric disturbances at very high 
latitudes. It is even questionable whether it is meaningful to refer to these 
black-outs as ‘auroral’. Visible aurora occurs very infrequently at Resolute 
Bay. Several workers have postulated an inner auroral zone and Lassen (1959) 
has recently described a region of visual aurora at geomagnetic latitudes of 
approximately 75 to 80 degrees but there is as yet no evidence for associating 
this aurora with the very high latitude black-outs. Reid (1960) has reported 
that riometer measurements at Thule (® = 87 degrees) showed a complete 
absence of auroral absorption during the I1.G.Y. These were years of high 
solar activity. It may be that only during years of declining solar activity are 
the auroral black-outs detected at very high latitudes. At such times the 
short-duration absorption events may be due to a combination of the two 
kinds of black-outs. A meaningful interpretation of the Resolute Bay ‘auroral’ 
black-outs must be based on the riometer data now being collected. 

Because of the coarseness of the ionosonde measurements little can be said 
about the extent of the polar-cap absorption region. While no polar-cap 
black-outs were observed at Ottawa, about half of these events were accom- 
panied by black-outs at Winnipeg before the time of sudden commencement. 
These were of much shorter duration that at the higher-latitude stations. Since 
Ottawa and Winnipeg differ in geomagnetic latitude by only 2.3 degrees this 
result suggests a rather sharp southern boundary for the polar-cap absorbing 
region and tends to confirm what is already known about the spatial extent 
of the phenomenon (Reid and Leinbach 1959). 

Although much more than 11 years of data is required for the determination 
of the secular variation of these absorption phenomena an interesting com- 
parison can be made between the variations presented here in the yearly 
totals of the two kinds of black-out. It is perhaps not surprising that one finds 
such close agreement between the sunspot numbers and the occurrences of 
polar-cap black-out since the polar-cap absorption is almost always associated 
with the occurrence of large solar flares, which, in turn, are associated with 
large and active sunspot groups. On the other hand the disagreement between 
the sunspot number curve and the yearly totals of auroral black-outs is quite 
striking. It is possible that the dependence of the black-out condition on 
F-region critical frequency is contributing to this result. However, the monthly 
median noon values of fo /2 are known to follow the smoothed sunspot number 
variations very closely. Any significant dependence of the black-out condition 
on critical frequencies should have produced a marked increase in the occur- 
rence of black-outs at the time of sunspot minimum (1954). This was clearly 
not the case. It might also be suggested that changes in data-scaling pro- 
cedures and modifications to equipment during the past 11 years may be 
factors affecting the number of black-outs reported. Again it is felt that these 
are minor considerations. Although noise-level measurements are not available 
from the ionosonde stations, transmitter powers have been kept the same and 
the sensitivities of the sounders are considered to be reasonably comparable. 
The fact that all the histograms in Fig. 4 have the same general shape lends 
weight to the argument that this secular variation of the auroral black-outs 
is real and has a physical rather than an instrumental cause. It is also felt 
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that the secular variation of auroral B’s as shown in Fig. 4 is not seriously 
affected by the omission of the auroral black-outs which occurred during 
polar-cap black-outs. The variation in the yearly totals of all auroral B’s at 
Ottawa (times of polar-cap black-out included) was found to be very similar 
to that shown by the histogram in Fig. 4. 

Since nearly all measures of visible solar activity correlate well with the 
variations of sunspots it is difficult to suggest an optical feature of the sun 
which might be associated with the occurrence of the auroral black-outs. In 
this respect it is interesting to recall the work of Babcock and Babcock (1954). 
These authors have presented evidence for the existence of both general and 
localized solar magnetic fields and discussed the importance of these in relation 
to the emission of corpuscular streams from the sun. In a more recent paper 
Babcock (1959) has given a further description of the variations in polarity 
and intensity of the general solar field. When the field was first detected in 
1952 it showed a polarity reversed to that of the earth. This was maintained 
through the years of sunspot minimum until some time between March and 
July, 1957. At that time the south polar field reversed its sign. The sign of the 
north polar field remained unchanged until November, 1958, when it rather 
abruptly became negative. Although there is no evidence to suggest that the 
two phenomena are related, it is interesting to note that it was just about 
this time that the auroral black-out occurrences reached a minimum. 

It is well known that the solar features during the period of declining spot 
activity are not the same as during the period of increasing activity. Terrestrial 
phenomena also exhibit different behavior in different parts of the solar cycle. 
Large magnetic storms recur at 27-day intervals more frequently in years of 
decreasing sunspot numbers than in the years when the numbers are increas- 
ing. Similar recurrence tendencies have been observed at these times in the 
occurrence of visual aurora. Such conditions were certainly in evidence during 
the period 1950 to 1953. The 27-day recurrence pattern which can be seen in 
the 11-year plot of the daily black-out index, and the maxima about 1950-53 
in the histograms in Fig. 4, strongly suggest that auroral black-outs and polar- 
cap black-outs must be associated with different basic conditions on the sun. 
It is during the years of decreasing spot activity that the solar VM regions reach 
the peak of their activity (Chapman and Bartels 1940). Little seems to be 
known, however, about these VW regions although Abetti (1957) has pointed 
out that such regions may be identified with the filament prominences. The 
same author has also suggested that the very active coronal regions which 
have no counterpart disturbances in the photosphere or chromosphere may be 
connected in some way with the W/ regions. Babcock and Babcock (1954) 
have suggested that the occasional extended magnetic areas of only one out- 


standing polarity, which they term unipolar magnetic (UM), may be identified 
as the M regions. Whatever their nature it seems certain that these regions 
play an important role in the generation of the low-energy particles believed 
to be responsible for ionospheric disturbances in the vicinity of the auroral 
zone. It may thus be that the auroral type of absorption is more closely 
associated with the solar 7 regions than with the flares and sunspots. 
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NUCLEAR ORIENTATION IN ANTIFERROMAGNETIC 
SINGLE CRYSTALS! 


J. M. DANIELs,? J. C. GILEs, AND M. A. R. LEBLANC 


ABSTRACT 


Mn54 and Co60 have been successfully oriented in five antiferromagnetic 
single crystals (MnClz.4H,O, MnBr2.4H,0, CoCle.6H20, Co(NH,4)2(SOx4)s. 
6H,O, and MnSiF..6H.O) and the orientation was detected by the anisotropy 
of the emitted y rays. Only in the case of Co60 in MnBr2.4H:O was no y-ray 
anisotropy seen. It is concluded that antiferromagnetism can be used as a 
means of producing nuclear orientation. Attempts to orient Br82 and 1131 in 
the manganese halides by superexchange were unsuccessful. 


1. INTRODUCTION 


One of the most successful methods of orienting nuclei is by the use of the 
magnetic hyperfine structure. This makes use of the fact that the field pro- 
duced by an unfilled electron shell at the nucleus of an atom is very large, of 
the order of 10° gauss for an unfilled 3d shell. The nuclei have different energies 
for different orientations in this field, and at temperatures, below about 0.1° K, 
the lower energy levels are significantly preferentially populated. If any means 
can be found to orient these fields parallel, this preferential population of 
nuclear orientation levels corresponds to parallel orientation of the nuclei. 
The internal atomic fields can be oriented if the electron spins in the unfilled 
shell can be so oriented. The foregoing is an oversimplification of the situation, 
but it brings out the essential features. 

One method of orienting the electron spins parallel, is to make use of the 
interaction which produces antiferromagnetism. In antiferromagnetic sub- 
stances below the Néel temperature, the electron spins are (in the simplest 
case) ordered alternately parallel and antiparallel to a particular direction in 
the crystal. If this direction is known, all that is needed is to cool a single 
crystal to a temperature below its Néel point and below about 0.1° K, and 
the nuclei will become aligned parallel to this direction of spontaneous mag- 
netization of the sublattices. Such a mechanism for producing nuclear align- 
ment appears to have been first suggested by Daunt (1951) and Gorter (1951). 
The original attempts to align nuclei in antiferromagnetic substances gave 
negative results (Poppema 1954), and the possibilities of this method appeared 
poor when it was observed that interactions in paramagnetic salts tended to 
reduce the nuclear alignment, especially below the Néel point (Grace et al. 
1954). Interest in this method was revived by measurements of the specific 
heat of MnF» below 1° K (Cooke 1957; Cooke and Edmonds 1958). A large 
contribution to the specific heat was observed which could be reasonably 
ascribed only to the hyperfine structure of the manganese ions. The first 
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successful alignment of nuclei in an antiferromagnetic crystal was reported by 
Daniels and LeBlanc (1958). We now wish to present the results of a survey 
investigation, in which we have established the feasibility of this method for 
nuclear alignment. 

Before presenting these results, let us review some of the questions which 
have arisen in connection with this method. First there is the problem of 
cooling the nuclei. This can be divided into two parts, the cooling of the crystal 
itself, and the relaxation processes whereby the nuclei cool to the temperature 
of the rest of the crystal. Antiferromagnetic substances cannot be cooled by 
adiabatic demagnetization, since the temperature dependence of the suscepti- 
bility has the wrong sign. The crystal must therefore be cooled by contact 
with a heat sink at a low temperature, and in our experiments we used 
chromium potassium alum cooled by adiabatic demagnetization. Thermal 
conductivities in this temperature range are poor, and ingenuity must be used 
to find a suitable experimental arrangement which provides efficient heat 
transfer. A brief review of some of the methods which we used is given in 
Daniels and LeBlanc (19595); the final arrangement which we used is that 
given in Daniels and LeBlanc (1959a). Thermal equilibrium was attained in 
about 20 minutes. Nuclear spin-lattice relaxation times are always long at 
these low temperatures, the direct interaction with the lattice produces 
relaxation times of the order of years. The most efficient coupling with the 
lattice is through the unpaired electron spins, and this presents certain interest- 
ing features. In the antiferromagnetic state, the electron spins are closely 
coupled to one another, and the nuclei do not relax by giving up their energy 
to a single electron, but rather to the whole lattice of electron spins. This is 
most conveniently pictured as nuclei flipped by spin waves, each flip either 
creating or changing the energy of a spin wave. Now spin waves have a rest 
energy which is of the order of magnitude of RT, (where 7’, is the anisotropy 
temperature; about half the Néel temperature in the salts we used), hence the 
number of spin waves at temperature T will be proportional to e~74/7 (among 
other things). Thus, at low temperatures, very few spin waves will be excited, 
and the relaxation time can be expected to contain a factor e74/7 which in- 
creases rapidly as the temperature is diminished. Theories of this relaxation 
process have been given by Moriya (1956) and by Bloom and van Kranendonk 
(1956), and such long relaxation times have been observed experimentally by 
Cooke and Edmonds (1958) in MnF». Hence there is an advantage in using a 
salt with a low Néel temperature. One of the predictions of Moriya’s theory 
is that nuclei such as Mn whose hyperfine coupling is isotropic (of the form 
A 8-1), should relax more slowly than others, such as Co, whose hyperfine 
coupling is anisotropic and there is the possibility that the principal axes of 
the h.f.s. do not coincide with the principal axes of the antiferromagnetic 
anisotropy. These experiments gave us an opportunity to test this prediction. 

Further, it is not obvious that salts with a low Néel temperature should 
follow the classic pattern of antiferromagnetism, because crystalline field 
interactions are stronger than the antiferromagnetic coupling, and in some 
cases even the hyperfine coupling is stronger than the antiferromagnetic 
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interaction (Daniels 1959). The predominance of the crystalline field interaction 
could lead to the appearance of more than two sublattices, whose directions of 
spontaneous magnetization are dictated by the crystalline field rather than 
by the magnetic interaction. 

One reason why it was once thought that this method of nuclear alignment 
would not work, is that the basic state of an antiferromagnetic is degenerate; 
reversing the directions of all the electron spins leads to a state of the same 
energy. The ground state should therefore be a mixture of these two basic 
states in approximately equal proportions, the magnetization of each sub- 
lattice changing direction from time to time, so that the average field produced 
at the nuclei would be zero. Although the true ground state of an antiferro- 
magnetic is considerably more complicated than this, this is a sufficiently good 
approximation for many purposes, and is borne out by neutron diffraction 
experiments. The appearance of a hyperfine structure in MnF» indicates that 
the two sublattices do not exchange identities so rapidly that the nuclei cannot 
follow; but there remains the possibility that the field at a nucleus might be 
proportional to the spontaneous magnetization of a single sublattice, and 
hence the hyperfine splitting might vanish, or go through a minimum, at the 
Néel temperature. This would imply that the anisotropy of emission of y rays 
from nuclei oriented in these salts would go through a minimum at this tempera- 
ture. Unfortunately, we are able to test this supposition only with salts whose 
Néel temperature is less than about 0.1° K, for which the hyperfine interaction 
is of the same order of magnitude as the antiferromagnetic interaction. 


2. RESULTS 

The technique used for measuring anisotropy of y-ray emission is now well 
known, and can be found described in many publications. The following, for 
example, give all the details pertinent to this series of experiments: Daniels 
and LeBlanc (1959a), Bleaney et a/. (1954). The y rays were counted along 
two directions at right angles; let us call these directions a and 6. The direction 
a is the direction along which the nuclear spin axes are expected to be aligned, 
and the anisotropy e¢ is defined as 


e = {1(8)—I(a)}/I(8), 


where J(a) and J(8) are the normalized counting rates in the directions a and 8 
respectively. We have measured the anisotropy of y-ray emission from Co60 
and Mn954 in five salts listed in Table I; and a brief indication of the results is 


TABLE I 


Salts used and their Néel temperatures (° K) 


MnCl;.4H.O 


1.6 
MnBre.4H,O 2.2 
CoCls.6H2O 3.0 
Co(NH,4)2(SO,4)2.6H2O 0.085 

0.1 


MnSiFs5.6H2O 
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given in Tables II and III. The results of a typical experiment are shown in 
Fig. 1 which depicts the simultaneous measurements of y-ray anisotropy of 
Co60 and Mn54 from a CoCl..6H,O crystai containing a few microcuries of 
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Fic. 1. The anisotropy, e, of y radiation from Mn54 and Co60 in single crystal of CoCls. 
6H.O, and the magnetic susceptibility (1/7*) of the heat sink, as a function of time from 
demagnetization. The figures below the arrows are the absolute temperature of the heat sink 
at that time in millidegrees. After 425 minutes, the whole sample was warmed to the tem- 
perature of the helium bath. 


TABLE II 


Anisotropies seen from Co60 


T for 














Salt Maxe maxe(°K) 0.07°K 0.08° K 0.09° K 0.10° K 
MnCly.4H2O 007 Ca oss bes . Al <0:005.....:... a 0.007 
MnBr:,.4H:O None 
CoCl..6H2O0 0.04 0.055 0.04 0.025 0.015 
Co(NH4)2(SO4)2.6H2O 0.06 0.045 0.025 
MnSiF..6H:O 0.19 0.05 0.11 0.08 0.06 0.035 

TABLE III 
Anisotropies seen from Mn54 
i for 
Salt Maxe maxe(°K) 0.07°K 0.08° K 0.09°K 0.10°K 0.11°K 0.12°K 

MnCl..4H20 0.09 0.09 0.09 0.085 0.075 0.06 
MnBr:.4H:,O 0.055 0.09 0.055 0.05 

CoCi,.6H2O 0.18 0.055 0.155 0.125 0.095 0.07 

Co(NH,4)2(SOg2 =~0.18 0.055 0.065 0.045 0.035 


.6H.0 
MnSik..6H.0 0.20 0.055 0.16 0.12 0.09 0.07 0.045 0.025 
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both isotopes. The manganese and cobalt y rays were separated by a dis- 
criminator and a single channel kicksorter, and counted on separate scalers, 
and a correction was applied for the cobalt background appearing in the 
manganese channel. The anisotropies quoted in Tables II and III were, how- 
ever, obtained from measurements on salts containing only one radioactive 
isotope. 

In all the experiments, the maximum anisotropy was seen some time after 
demagnetization, this time being usually about 2 hours in the earlier experi- 
ments, and about 20 minutes in the later ones, as the technique was improved. 
As was explained in the Introduction, this delay could be due either to bad 
heat conduction, or to a long nuclear spin-lattice relaxation time. Further, the 
theories of relaxation predict that the nuclear spin-lattice relaxation time for 
manganese should be larger than that of cobalt by a factor of several powers 
of 10. Figure 1 is typical of most of the results obtained from crystals containing 
both Co60 and Mn54; the anisotropies of y rays from both isotopes reach a 
maximum at the same time, indicating that in these salts at least, the time 
needed to cool the nuclei to about 0.05° K depends on heat conduction rather 
than on nuclear spin-lattice relaxation. We now review the results of measure- 
ments on the various salts in turn. 


MnCl,.4H20 and MnBr2.4H.,O 

These salts are isomorphous, and the most complete account of their 
magnetic properties at low temperatures is given by Gijsman ef al. (1959). 
They crystallize in the monoclinic system, and an account of their external 
morphology is given in Groth (1906). The angle between the a and ¢ axes is 
99°25’ for the chloride and 99°6’ for the bromide, the b—c plane is well devel- 
oped and the db and ¢ axes are easily identified. According to Gijsman et a/. (1959) 
the preferred orientation in the antiferromagnetic state is the c-axis in both 
salts. The next preferred orientation is the b-axis in the chloride, and it is 
assumed to be the same for the bromide, although this has not been directly 
observed. Susceptibility measurements show that the magnetic moment of the 
manganese ion is isotropic. There are no paramagnetic resonance data avail- 
able, nothing is known about the crystal field splittings of the manganese ions, 
and the crystal structure is unknown. The Néel temperatures are 1.6° K for 
the chloride and 2.2° K for the bromide. The directions along which the y rays 
were counted, a and 6 above, were the c-axis and the b-axis respectively. 

At low temperatures, an anisotropy is developed in the y-ray emission 
from the Mn54, which is consistent with the hypothesis that the nuclei are 
aligned along the crystallographic c-axis. In both salts, the anisotropy reaches 
a maximum about six hours after demagnetization, even with the latest 
techniques for cooling. We can therefore ascribe this delay to a long nuclear 
spin-lattice relaxation time, since we know that these cooling techniques are 
sufficiently good to cool other salts in 1/10th of this time. Owing to this long 
relaxation time, it was impossible to obtain reliable values of the y-ray 
anisotropy as a function of temperature. The maximum anisotropies seen 
are 0.085 in MnCl,.4H:O and 0.055 in MnBr2.4H.O and we estimate the 
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temperature to be approximately 0.1° K at this maximum. We did not see a 
true maximum anisotropy in MnBr2.4H,O; the anisotropy was still growing 
10 hours after demagnetization in one experiment. 

When Co60 was introduced into these salts as an impurity, presumably 
replacing manganese, no anisotropy was seen in the bromide, and only about 
0.007 in the chloride. This latter figure is hardly larger than the statistical 
error. 

Nothing is known about the crystal structure, nor about the magnetic 
properties of manganese or cobalt in this lattice. In the absence of this informa- 
tion we are left to conjecture, and the following seems a plausible explanation 
of the small anisotropy. The magnitude of the crystal field splitting in a Mn++ 
ion is usually about 0.2° K. This is less than the Néel temperature, hence the 
co-operative interaction dominates, and the manganese spins are aligned along 
the c-axis under the influence of this interaction, the crystal field effects being 
feeble and producing only a small distortion of this array. The crystal field 
effects on a typical Co*+ ion are very much stronger, and will probably domi- 
nate the situation. The cobalt spins will be constrained by the crystal field 
to point along certain (at present unknown) axes in the crystal, and the 
magnetic interaction will be able to rotate these spins only a few degrees from 
these directions. The nuclei of Co60 are thus oriented along some unknown 
axes, and it is quite fortuitous if any anisotropy of y-ray emission is seen from 
Co60 using the directions of observation which we chose. A similar situation 
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to this is known to occur in the Tutton salts (see the relevant section below, i 
and also Miedema et a/. 1959). 

We thought that perhaps the nuclear spin-lattice relaxation time of the 
manganese could be shortened by applying an external magnetic field at an i 
angle to the c-axis. This could conceivably rotate the magnetization of the ' 


electron spins, so that their directions of magnetization might no longer 
coincide with the principal axes of the spin-Hamiltonian of the manganese 
ions. Fields of up to 1000 gauss were applied for periods of up to 1 hour, at 
various times after demagnetization, at 45° to the c-axis. However, measure- 
ments of the anisotropy after these fields were removed showed that they had 
no influence on the rate of growth of anisotropy. 

Following the experience of Cooke and Edmonds (1958), who succeeded in 
shortening the nuclear spin-lattice relaxation time of Mn in MnF, by irradiat- 
ing their crystal with X rays (which presumably produced magnetic radiation- 
damage centers), it was hoped that a similar procedure might have a similar 
effect here. Accordingly, an assembly of chrome-alum pills and a crystal of 
MnCl,..4H,O was irradiated as a unit, so as not to disturb the geometrical 
arrangement (which determines the rate of heat conduction). The X-ray beam 
was collimated to strike only the manganese chloride crystal. Irradiations 
were carried out at room temperature for up to 40 hours (copper target, 
40 kv, 15 ma) but no decrease was observed in the time needed for the appear- 
ance and growth of the anisotropy. 


CoCl..6H:O 
This salt crystallizes in the monoclinic system, and its external morphology 
has been described by Groth (1906). The angle between the a and ¢ axes is 
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122°19’. The crystal cleaves easily in the (001) plane, this fact is useful in 
identifying the axes. The complete crystal structure has recently been deter- 
mined by X rays (Mizumo et al. 1959). There are two cobalt ions in the unit 
cell which are magnetically equivalent. Each cobalt ion is surrounded by 
four water molecules in a plane, and two chloride ions in a direction perpen- 
dicular to this plane, these six forming an octohedron. The Cl—Co—Cl 
directions lie in the a—c plane and make an angle of 103°45’ with the c-axis 
lying in the obtuse angle between a and c. 

The most up-to-date data on the magnetic properties of this salt are given 
by Flippen and Friedberg (1960), who state that the preferred direction of 
magnetization is the crystallographic c-axis. Paramagnetic resonance measure- 
ments by Date (1959) indicate that the g values along the a’, b, and ¢ axes 
are 2.9, 5.0, and 4.0 respectively (@’ is an axis perpendicular to 6 and c). These 
vary slightly from the values obtained from susceptibility measurements, but 
indicate that, to a first approximation, the cobalt ion has tetragonal symmetry, 
with g;~ 2.7 and g,~ 5. It is unusual to find a cobalt ion with g, > gy. 
Nothing is known about the hyperfine coupling constants, and nothing is 
known about the magnetic properties of manganese in this salt, as an impurity 
replacing cobalt. 

When we started this work, we were unaware of any of the above data except 
what was given in Groth, and we determined the Néel temperature, and that 
the preferred direction of magnetization was approximately the c-axis, in- 
dependently of the Japanese investigations. The detailed data on the crystal 
structure and the magnetic properties came to our attention only after the 
completion of the alignment experiments. Accordingly, we chose the ¢ and } 
axes as the directions a and 8 for the counting. The results of a typical experi- 
ment are shown in Fig. 1. We may consider that the crystal field acting on the 
cobalt ion constrains the “effective spin”’ to lie in, or close to, a plane perpen- 
dicular to the CI—Co—CI] direction, and that the magnetic interaction removes 
what freedom is left, constraining the spin to lie in the c-axis. In the absence 
of any data on the hyperfine interaction terms in the spin-Hamiltonian, it is 
impossible to say what would be the angular distributions of y rays, but the 
anisotropy observed, although small, is not inconsistent with a tendency of 
the nuclei to align parallel to the c-axis. If we assume that, in the case of 
manganese, the magnetic interaction dominates the crystal field effects, then 
we should expect the manganese nuclei to become aligned along the c-axis. 
The large anisotropy observed (maximum 0.18 at 0.055° K) lends support to 
this view. Without knowing the spin-Hamiltonian of manganese in this salt, 
we cannot draw any further conclusions. The short cooling time, and the 
simultaneous development of the anisotropies in Co60 and Mn54, seem to 
indicate that the delay in cooling is due to bad heat conduction, rather than 
to nuclear spin-lattice relaxation. 

Recent experiments have been made on manganese in CoCl..6H;0O in this 
laboratory, using three detectors aligned along the crystallographic a, b, and ¢ 
axes of the crystal. Preliminary evidence favors the view that there is not a 
single axis of alignment, but the data is insufficient at present to indicate the 
orientation of possible multiple alignment axes within the crystal. 
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Co(NH4)2(SO4)2.6H2O 

This salt is one of a series which has been extensively studied from many 
aspects. The external morphology has been described by Tutton (1905, 19138, 
1916) and the crystal structure as determined by X rays has been published 
by Hoffmann (1931). Paramagnetic resonance data for Co++ and Mnt+ in 
this lattice are given in Bowers and Owen (1955). The Néel temperature, 
0.085° K, was determined by Garrett (1951), and a thorough investigation of 
the antiferromagnetic phase of this salt has been reported by Miedema et al. 
(1959). Although the crystallographic properties of these salts are well known 
to workers in this field, we shall give a brief outline of them. 

The crystals are monoclinic, and the angle between the a and ¢ axes is 
about 105° in all the salts of the series. The principal axes of magnetic suscepti- 
bility are denoted by Ai, Ke, and K3;; Ks coincides with the crystallographic 
b-axis, and K, and K¢ lie in the a—c plane, K, making an angle with the c-axis. 
In the cobalt salt, K, is the axis of greatest susceptibility, K» the axis of 
smallest susceptibility. There are two ions in the unit cell, each surrounded by 
six water molecules arranged in an octahedron, distorted from regular shape 
by elongation along one of its diagonals. This diagonal is known as the tetra- 
gonal axis for that ion. The two tetragonal axes, 7; and 7», lie in the b—K, 
(or K3;—K;) plane, and make an angle a with the K,-axis. This geometry is 
shown in Fig. 2. Nuclear alignment in a paramagnetic Tutton salt has shown 





FG. 2. The crystal axes of Co(NH,4)2(SO4)2.6H,O and isomorphous salts. For explanation 
see text. 


that the nuclei of each ion align along the appropriate tetragonal axis (Bleaney 
et al, 1954). The experiments of Miedema et al. (1959) show that below the 
Néel temperature, there are two sublattices, and that these correspond to the 
two different ions in the unit cell. The electron spins are aligned along the 
corresponding tetragonal axes in the direction shown by the arrows in Fig. 2, 
so that there is a net magnetic moment in the direction of the b-axis. Above the 
Néel temperature, a = 34°; below the Néel temperature, the magnetic inter- 
action, which tries to produce an antiferromagnetic state, rotates the direction 
of the electron spin axes towards the K,-axis, so that a = 24°. This has been 
expressed by the statement that ‘‘cobalt ammonium sulphate shows ferro- 
magnetic behavior in the direction of the b-axis, and antiferromagnetic 
behavior in the a—c plane”’. 
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The angle y (c—K,) for cobalt ammonium sulphate is 137°. For our first 
experiments we chose K, and K2 as the directions a and @ for our counters. 
An anisotropy of the y emission of Co60 was seen, and these results have 
already been published (Daniels and LeBlanc 1958). The anisotropy of 
y emission observed was very closely that which had been observed in a 
paramagnetic Tutton salt. This led us to the hypothesis that the crystalline 
field dominates the situation, and constrains the electron spin of the cobalt ion 
(and hence the nucleus) to point along the direction of the tetragonal axis, and 
that the magnetic interaction would determine in which sense the spin points 
along that tetragonal axis, but would not be strong enough to rotate the 
direction of spin alignment far from this axis. This hypothesis appears to have 
been confirmed by the work of Miedema et al. (1959). We carried out a series of 
experiments in which the anisotropy of the Co60 y rays was measured as the 
salt warmed through its Néel temperature. No discontinuity or minimum was 
observed at or near the transition temperature. This indicates that, contrary 
to the supposition mentioned in the Introduction to this paper, the sublattices 
are not rapidly exchanging identities, and is in accord with the observations 
of Miedema et al. (1959) on the magnetic state of the salt below the Néel 
temperature. As was mentioned in Daniels and LeBlanc (1958), this experiment 
is of historical interest, since it was tried unsuccessfully by the Leiden group 
when they were trying to establish a method of nuclear alignment (Poppema 
1954). Since the Néel temperature is so low, considerable cooling will occur in 
the crystal itself on demagnetization, and a measurable anisotropy ought to 
have been seen immediately after demagnetization. In order to test this point, 
we demagnetized a crystal of cobalt ammonium sulphate held between two 
pressed pills of cobalt ammonium sulphate. The magnetizing field was parallel 
to the K,-axis of the crystal, hence the crystal cooled to a lower temperature 
than the pressed pills after demagnetization. An anisotropy of 0.035 was seen 
immediately after demagnetization, as was expected. A similar experiment 
performed on MnSiF,.6H,O gave a similar result. 

There is at present a controversy about the direction of the K,-axis for 
manganese ammonium sulphate, the position given by Bleaney and Ingram 
(1951) differing by 90° from that given by Miedema et a/. (1959). The position 
of the K,-axis for manganese ions in cobalt ammonium sulphate is unknown, 
but an idea of where it should be can be obtained from its position in other 
salts of the series. In general, the axes are more or less in the same place in 
different members of the series, although variations of up to 20° are not un- 
common (see, for example, Bowers and Owen 1955). According to Miedema 
et al. (1959), the value of y for manganese ammonium sulphate is about 150°, 
this is close enough to the value 137° for cobalt ammonium sulphate that, in 
view of the variation from one salt to another, we can ignore the difference 
of 13°. In a crystal of cobalt ammonium sulphate containing both Co60 and 
Mn54, the anisotropy of the y rays from both isotopes has the same sign, as 
though the Mn54 nuclei were aligned along the K,-axis of the cobalt ions. Of 
course, this observation does not necessarily mean that the nuclei are aligned 
along this K,-axis; there are many other possibilities, since the hyperfine 











62 





CANADIAN JOURNAL OF PHYSICS. VOL. 39, 1961 


interaction, the crystal field interaction, and the magnetic interaction in Mn++ 
are all of the same magnitude. It should be possible to tell from the temperature 
dependence of the anisotropy whether the alignment is principally due to the 
crystal field splitting or to the magnetic interaction, being as 1/7* in the first 
case and as 1/7* in the second at high temperatures. We do not consider our 
measurement sufficiently accurate to be able to decide what power of T is 
followed. 


MnSiF,.6H:,O 

This crystal is much simpler in structure than any of the others used. The 
external morphology is given in Groth (1906). The crystals grow in hexagonal 
prisms with pointed ends, the axis of the prism being the trigonal axis of the 
crystal. The crystal structure is known from X-ray measurements (Pauling 
1930). There is one ion per unit cell, and these ions are arranged in a rhombo- 
hedral lattice, and their immediate surroundings have the trigonal symmetry 
of this lattice. This salt is isomorphous with ZnSiFs.6H,O, and paramagnetic 
resonance data for Cot+ and Mn++ as impurities replacing Zn in ZnSiFs.6H2O 
are given in Bowers and Owen (1955). According to these data, both the Mn 
and the Co nuclei should be aligned along the trigonal axis of the crystal at 
low temperatures, hence we chose this axis as our direction for the y-ray 
counting. The Néel temperature is reported to be 0.1° K (Ohtsubo et al. 1958). 

The y-ray anisotropies seen in this salt were relatively large—0.20 for Mn54 
and 0.19 for Co60, both at 0.050° K. There appears to be no doubt that the 
nuclei are aligned along the trigonal axis of the crystal. The anisotropies were 
observed as the salt warmed through its Néel temperature, and the graph of 
anisotropy vs. temperature was smooth and continuous through this point, 
indicating that the sublattices do not exchange identity rapidly in the anti- 
ferromagnetic state. This is a somewhat different case from cobalt ammonium 
sulphate, where the two sublattices are geometrically different as well as 
magnetically different. The y-ray anisotropy appears immediately after 
demagnetization due to the cooling of the crystal by adiabatic demagnetization. 
Although the anisotropies fit the general picture qualitatively, they do not 
agree quantitatively with values calculated from the spin-Hamiltonians given 
in Bowers and Owen (1955). In the case of manganese, the discrepancy is not 
too serious, since the published value of the crystal field splitting parameter 
“‘D” was obtained from measurements on a very dilute sample, and it is known 
that in many salts the constants of the spin-Hamiltonian change appreciably 
with concentration. The discrepancy in the case of Co60 is more serious, since 
the temperature dependence of the anisotropy observed is as 1/7*, not the 
expected 1/7°. The very large anisotropies seen indicate that the hyperfine 
splitting in the cobalt ion must be some three times as large as in the dilute 
salt. The quantitative interpretation of the anisotropies observed in this salt 
will be published separately. 


Experiments with Br82 and 1131 
The nature of the magnetic interaction is not understood in detail in hydrated 
salts, and there is evidence that it may be due to some superexchange pheno- 
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menon which involves an atom lying between two of the magnetic ions. In 
some cases a hyperfine splitting has been observed due to the coupling of a 
nucleus of one of the neighboring atoms with the electrons of the magnetic ion. 
Examples of this are the hyperfine splitting of F19 in MnF: (Baker and Hayes 
1957; Shulman and Jaccarino 1958), and of Cl in K.IrCls (Griffiths and Owen 
1954; Griffiths et al. 1954). We thought that there might also be a hyperfine 
splitting of the Br nuclei in MnBr2.4H,O which could lead to a nuclear 
orientation of the Br nuclei, and although there existed no data whatever 
relevant to this case, we nevertheless decided it would be worth while trying 
the experiment. 

In the experiment with Br82, a solution of MnBry: was irradiated in a pile 
and crystals were grown from this solution. The y rays of energy 1.45, 1.30, 
1.03, 0.77, and 0.56 Mev were counted separately. No anisotropy was seen in 
any of these y rays. The lowest temperature attained was about 0.06° K, and 
this is probably much too high to cause any preferential population of the 
bromine hyperfine levels, if such a hyperfine splitting exists. 

We attempted to incorporate [131 in MnCl..4H.O and MnBr..4H,0 to 
replace the halogen. Carrier free iodine as iodide in solution was added to a 
solution of the manganese salts and crystals were grown from this mixture. 
When the iodide solution was added to the manganese solution, a small 
quantity of fine precipitate was formed which appeared to contain a large 
fraction of the iodine activity. Although we established that the iodine activity 
is distributed uniformly throughout the crystals grown from this solution we 
cannot be sure that the iodine replaced the other halogen substitutionally. 
The 368-kev y ray was counted, and no anisotropy was observed; the lowest 
temperature attained was probably 0.06° K. The same criticism can be 
applied to these experiments as to the ones with Br82. 


3. CONCLUSIONS 

This work was undertaken to investigate the feasibility of using the anti- 
ferromagnetic interaction as a means of orienting nuclei, as proposed by Daunt 
(1951) and Gorter (1951). We can draw the conclusion from this series of 
experiments, that the mechanism proposed is a valid one, and that suspicions 
that antiferromagnetism, per se, might be a hindrance to the achievement of 
nuclear orientation are largely unfounded. When the question is asked, ‘‘How 
will the nuclei be aligned in a given antiferromagnetic crystal?’’, it must be 
borne in mind that antiferromagnetism is only one of the many factors which 
must be taken into consideration, others being the nature of the crystal field 
interaction, and the hyperfine coupling. The answer will depend on the inter- 
play of all these factors, and no generalizations can be made here. We have, 
in this series of experiments, examples of many different situations. For 
manganese in manganese fluosilicate, for example, the antiferromagnetic 
interaction aids the crystal field in producing a nuclear alignment; while in 
the case of cobalt in cobalt ammonium sulphate, the crystal field plays the 
most important part, and the antiferromagnetic interaction is of little con- 
sequence. Again, in manganese bromide, we find that the crystal field effect 
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on manganese is much less than the effect of the antiferromagnetic interaction, 
and the manganese nuclei seem to align along the preferred directions of 
magnetization; whereas for cobalt, the crystal field and the magnetic inter- 
action compete to orient the nuclei along different directions. 

One unfortunate effect is seen in these experiments, the possibility that 
antiferromagnetism may in some cases so lengthen the nuclear spin-lattice 
relaxation times as to make some experiments impossible. From the strictly 
practical point of view, as well as from the desire to understand these processes 
better, the question of relaxation times merits further study. 
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ELASTIC WAVES IN TRIGONAL CRYSTALS! 


G. W. FARNELL? 


ABSTRACT 


In non-isotropic single crystals the normals to the wavefronts of elastic waves 
are not colinear with the vectors representing either the energy flow or the 
particle displacement. Calculations have been carried out on the propagation 
characteristics of sound waves in two particular trigonal crystals, a-quartz 
and sapphire. 

The development of the eigenvalue equation for the velocity and the formulae 
for the components of the displacement and energy-flow vectors are summarized. 
The assumption that the wave has a plane wavefront normal to a given direction 
leads to three solutions, one representing a quasi-longitudinal wave and the 
other two representing quasi-transverse waves. The velocities of propagation, 
directions of displacement, and directions of energy flow for the three waves 
have been calculated for many orientations of the wave normal. Detailed results 
for propagation near one of the pure-mode axes are presented. 


In the propagation of plane elastic waves in anisotropic but homogeneous 
solids, the phase velocity varies from direction to direction. In general the 
energy flow is not along the normal to the planes of constant phase nor is the 
displacement normal or parallel to these wavefronts. The outline of the 
calculation of the velocities and displacements for non-dispersive materials is 
given in the fascinating transcript of Lord Kelvin’s Baltimore Lectures (1904) 
and the derivation of expressions for the direction of energy flow is given by 
Love (1927). These developments are summarized below in a more compact 
notation to define the various symbols used in the computations on specified 
trigonal crystals. 

The interest in the two materials considered here arises from the experiments 
on the propagation of high-frequency sound waves in quartz by Bémmel and 
Dransfeld (1958, 1959) and Jacobsen (1959), and from the experiments on 
spin-lattice relaxation in ruby by Tucker (1960). Both of these materials, 
a-quartz and ruby (sapphire or corundum with chromium impurities), form 
trigonal crystals. Examples of propagation in cubic and hexagonal crystals 
have been considered previously by Musgrave (1954a, 6) and Miller and 
Musgrave (1956), the results being presented in the form of velocity, inverse, 
and wave surfaces. 


1. GENERAL ANISOTROPIC CRYSTALS 


For non-dispersive, homogeneous crystals of lowest symmetry the generalized 
Hooke’s law relating the stress and the strain tensors may be written as 


(1) Tig = Cijxr€nt (2, j, k = 1,2, 3). 


1Manuscript received July 21, 1960. 
Contribution from the Eaton Electronics Research Laboratory, McGill University, Montreal. 
This research was supported by the Defence Research Board and the National Research Council. 
2Temporary address: Clarendon Laboratory, Oxford, England. 
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A detailed summary of the repeated subscript notation for summation is given 
in Nye (1957). The components of the strain are related to the particle dis- 


placement @ by 


1f Ou, ass) 
9 = —-| — ote — 
(2) “as Hee Ox, 


where @ = 7u,+7o%2+23u3 = 74u;, and %, 72, 73 are unit vectors along the 
Cartesian axes x1, X2, X3 respectively. The equations of motion satisfied by the 
components of the stress tensor and the particle displacements in a medium 
of density p are given by 


Ooi; a ate 
(3) Ox; = Pu j- 





Substituting equations (1) and (2) into (3) eliminates the stress components so 
that the equations of motion become 


hal (au du ') 
4 SC yer ot +) = pits 
(4) QR ay N ax, ” Ox. Pes 
It is now assumed that the solution of these equations is a plane wave with 


constant amplitude A, propagation factor k, and wavefronts normal to a 
vector with direction cosines /;, /2, and /3; that is 


(5) aj = A exp [ik (yxy tlexe+l;x3 — vt)] 

where A = 1,0}. 

Here v is the shase velocity w/k in the direction given by /;. When the assumed 
solution is substituted into equation (4) the following set of homogeneous 
equations in the components of the displacement result: 


(6) (Tx — dxpv)a; = 0 
with 
Tx. = SL ls (Cignr t+ €ijix) 


and 


aaa kAj 
wae k=j 


These equations have a non-trivial solution only if the secular equation 
(7) |T's; — 6:,90>| = 0 


is satisfied. Equation (7) is cubic in pv? with three real roots so that for each 
corresponding value of v there is an allowed solution for which the relative 
values of the displacement components can be determined from equation (6). 
The displacement vectors are 


(8) Ay = C17 i, As = Cit 1b, and As = Csi Cc: 
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9 


associated with the three roots pv, pv3, and pv} respectively. The C’s are 
constants dependent on the excitation and 


(9) do _ T'23(P'11— vi) — PioP ss | a3 _ P2a(Pur— p01) — Piel 
Q@1 T13(T'22—pv1) —Tisl'23 ’ @, Vy2(lss—pv1) —T esl 1s 


and 
aita:+a; = 1 
with similar expressions involving v2 and v3 for the 6; and the c;. 

The displacement vector corresponding to the largest root pv? is more or less 
in the direction of the normal to the wavefront and thus represents a quasi- 
longitudinal or compressional wave, whereas the other two vectors of the 
mutually orthogonal triad are quasi-transverse or shear waves. In the following 
sections these waves will be referred to simply as longitudinal and transverse. 

The vector whose components parallel to the axes are given by 


(10) EE; = uyory 


represents the energy flow per unit time across a surface of unit area normal 
to this vector (Love, Chapter 7). When equations (1) and (2) and (8) are 
substituted into (10), the result averaged over a cycle gives an analogue to 
Poynting’s vector for the direction of energy flow. The components of this 
vector are 


9 


1 20 
(11) Sp = 5Ci = cijn rts (t, thar) 


1 


with similar expressions for the other two waves. 


2. TRIGONAL CRYSTALS 


When the crystal symmetry is taken into account the number of stiffness 
constants is greatly reduced from the 81 indicated in equation (1). The two 
trigonal crystals of interest here, a-quartz and sapphire, each have a threefold 
axis of symmetry which is taken as the x3 or Z-axis and three twofold axes at 
right angles to the Z-axis. One of the diad axes is taken as the x; or X-axis. The 
co-ordinate system is illustrated in Fig. 1. 


For crystal of this class, the I'’s of equation (6) reduce to 


B & 
Tn = Kent seu pert lacus tQlalacu 
| a. ee ee 
P22 = get grat lacus tlacas— Qlalacra 
33 = (itl?) custlicss 


(12) 
Tie = 2lsergat+ $l ylo(Cs1 +612) 


- Lys (Cas +13) +21 loe14 
T23 = (312) erg lols (ers 4s) 
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Fic. 1, Cartesian co-ordinate system for the trigonal crystals showing equivalent axes in 
the NY plane. 


where the stiffness tensor ¢;;; has been expressed in the more common matrix 
form Cnn (see, for example, Nye, Chapter 8). 

The values used for the stiffness constants in the subsequent calculations 
are shown in Table I* (Bhimasenachar 1949, 1950; Cady 1946), and the effects 
of recently published values for sapphire (Wachtman et al. 1960) are discussed 
in the Appendix. 


TABLE I 
Stiffness constants 


p C1 Cas z Cas C12 C13 Cis 
Crystal (kg/m?) (in units of 10" newtons/m?) 
Quartz 2650 0.8694 1.0680 0.5762 0.0696 0.1560 0.1743 
Sapphire 4000 4.65 5.63 2.33 1.24 1.17 1.01 





For a given direction of the normal to the wavefront expressed by the 
direction cosines /,, the T coefficients can be evaluated and hence the allowed 
velocities determined from the roots of the cubic equation (7). Various cross 
sections of the velocity surfaces for these two materials are shown on Fig. 2. 
Similar curves for quartz are given by Koga (1936) and Bechmann (1935) and 
are reproduced in Cady (1946). Because of the crystal symmetry, the XZ 
and YZ cross sections are repeated each 120°, thus these two cross sections 

*The choice of axes for right-handed a-quartz agrees with that in Cady (1946). Using the 


axes defined in the “I.R.E. standards on piezoelectric crystals’ (1949) reverses the sign of 
C14 (Koga, Aruga, and Yoshinaka 1958). 


Fic. 2. Cross sections of the velocity surface for quartz (above) and sapphire (below). 
The small circles are values calculated using Wachtman’s constants, see Appendix. The dashed 
curves are calculated from the perturbation method of Waterman. 
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are sufficient to determine the shape of the velocity surfaces at 30° increments 
in azimuth angle. The points at which the velocities of the two transverse 
waves are equal are discussed below. The dotted curves shown in Fig. 2 are 
calculated from formulae derived by Waterman (1959) for propagation close 
to pure-mode axes. 

For these trigonal crystals the components of Poynting’s vector are of the 
form 


$3 

S, = ci (Ba, + Bea, +Bsa,) 
2 

(13) Sy = i (Bedz+ Body+ Bua.) 
2 

S, = (Bsdz+6sa,+830-) 


where 


Br = Crhidr+Cpolody +013/30, +14 (Lay +120) 
Bo = CylyagtCrledyt+cislsa, — C14(l3ay +/20,) 
Bs = C13/1Az+Crslody+Csal30z 

Bs = Cralid, — Cralody +44 (130, +1202) 

Bs = Cas(lya,+13az) +614 (l2az+a,) 

Be = Cya(liaz+13az) +3 (C11 — C12) (Lede +h ay) 


again with corresponding expressions for the other two waves. 

The data for the displacement and energy flow were calculated as the points 
of intersection of the corresponding vectors with a unit sphere for each direction 
of the wave normal. These three normalized vectors are designated as a;, Si, 
and /; respectively. For presentation here the unit sphere is mapped by a 
central projection (Steers 1942) onto a right hexagonal prism as shown in 
Fig. 3. With this form of projection the crystal symmetry is preserved and all 
great circles project as straight lines and conversely all straight lines represent 
segments of great circles. Thus the line joining the point representing a given 
1, with the point for the corresponding S; (or a,;) is a projected segment of the 
great circle containing these two vectors. The typical vector shown on Fig. 3 
is 7; = sin 50°, 0°, cos 50°. If A@ is the difference in zenith angle 0, and A¢ the 
difference in azimuth angle ¢ between two vectors, then the contained angle y 
is given by 
(14) cos y = Cos 62 cos 6;-+sin 62 sin 6; cos Ad 


or if y is small 
(15) y & [(A0)?+(A¢ sin 6)2]}. 


Figures 4a and 46 show the directions of displacement in the longitudinal 
wave for different directions of the normal to the wavefront. On this scale 
the energy-flow vectors, or rays, for longitudinal waves are almost coincident 
with the vectors for displacement and have not been shown separately. This 
drawing and the subsequent Figs. 6, 7, and 8 are to be read as follows: for a 
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@=30° 


Fic. 3. Projection of the unit circle onto a right hexagonal prism. This prism is then unfolded 
for the presentation of the data in Figs. 4, 6, etc. 


selected /; as indicated by one of the small circles, the corresponding S; (or a;) 
is given by the cross which is connected to this circle by a straight line; the 
latter line also represents the great circle containing the /; and S;. To aid in 
interpolation between the plotted values, the loci of the rays for wave normals 
in specified planes are shown by broken lines. The X and Z axes are pure-mode 
axes for longitudinal waves, in that for these directions the /;, a;, and S; are 
colinear, while the YZ and equivalent planes are planes of mirror symmetry. 
The maximum angle between an /; and the corresponding S; is about 25°. 
The longitudinal displacement and energy-flow vectors for wave normals in 
the YZ plane lie in the YZ plane itself and their directions are shown by one 
of the curves in each of Figs. 5a and 58. In this illustration, positive values of 
zenith angle are used for vectors with positive y-components. Other pure-mode 
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axes for longitudinal wave propagation (Borgnis* 1955) are seen on these 
diagrams and are marked also on Fig. 4. 

The small pairs of arrows shown at some of the crosses of Fig. 4 give the 
directions of the displacements for the two corresponding transverse waves. 
The arrows indicate the great circle directions from the tip of the longitudinal 
displacement vector to the tips of the mutually perpendicular displacement 
vectors of the transverse waves. 

While only about an octant of the unit sphere is portrayed in Fig. 4, sym- 
metry conditions permit the extension of these results, in conjunction with 
Fig. 5, to give rays and displacements for wave normals in the full equatorial 
plane and in meridional planes at 30° increments in azimuth. Directions 
equivalent to the various axes are marked on Fig. 4. 

Figures 5 and 6 show the energy-flow directions for the transverse waves 
using the same representation as for the longitudinal case. Here it is seen that 
in some regions the S; depart from the corresponding /; by angles as great as 
50°. The X-axis is a pure-mode axis for transverse waves also. The Z-axis is 
a degenerate axis for transverse waves in that the two velocities are equal and 
for 1; coincident with this axis one gets the conical energy flow discussed by 
Miller and Musgrave (1956) and further interpreted by Waterman (1959). 
The interesting behavior of the rays for these transverse waves as the wave 
normal departs from the Z-axis in various planes is shown in Figs. 5 and 6. 
Similar behavior is evident in the vicinity of the direction of equal velocities 
in the YZ plane (see Fig. 2). For wave normals in the latter plane one of the 
transverse waves has its displacement vector perpendicular to the YZ plane 
while the other has its displacement in the plane. Within the interval marked 
on Fig. 5 the wave with the larger velocity has the perpendicular displacement, 
whereas outside of this range the wave with the smaller velocity has the 
perpendicular displacement. For some directions considerably removed from 
those of equal velocity, for example, near /; given by 6 = 55°, @ = 0° and 
6 = 90°, @ = 30°, the energy-flow vector varies widely for small changes in /;. 
The latter directions correspond to promontories shown on the smaller velocity 
curves in the XZ and XY planes respectively of Fig. 2. 

The other pure-mode axes, for which the rays and the wave normals are 
colinear and the displacement is normal to the common direction, are shown 
on Figs. 5 and 6. These directions at @ = —59° and 6 = +31° in quartz are 
termed the AC and BC axes respectively. 

For wave normals almost colinear with the X-axis, the propagation charac- 
teristics of the longitudinal wave are shown in Fig. 7. Here the directions of 
energy flow are given for wave normals lying in cones of semi-angle 2° and 1°. 
The displacements for the 2° case are shown by the small triangles. It is seen 
that in experiments on sound propagation down X-cut rods, such as those of 
Bémmel and Dransfeld (1958) or Jacobsen (1959), a misalignment of 1° 
between the rod axis and the X-axis can cause an angle as large as 6° or as 
small as 0.5° between the ray and the rod axis depending on the direction of 


the misorientation. 
*Borgnis defined his pure-mode axes for longitudinal waves by requiring only that J; and 


a; be colinear. For the cases considered here, when /; is colinear with a; for longitudinal waves, 
S; is also colinear with /;. 
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Fic. 6a. Energy-flow vectors for the transverse waves in quartz. 


As noted previously, the X-axis is also a pure-mode axis for transverse waves 
and the displacement directions for wave normals along this axis are shown by 
the arrows at the origins in Fig. 8. 7, represents the transverse wave with the 
larger velocity. The loci of the energy-flow directions for wave normals lying 
in a 2° cone about the X-axis are shown by the broken lines. Here the angle 


~ 





Fic. 5. Energy-flow directions for wave normals in the YZ plane for quartz (left) and 
sapphire (right). The abscissa is the zenith angle of a wave normal and the ordinate is the 
zenith angle of the corresponding energy-flow vector. For points on the 45° line the two vectors 
are colinear. 
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Fic. 66. Energy-flow vectors for the transverse waves in sapphire. 5 
between the wave normal and the corresponding ray varies from about 12° to i 
less than 1° depending on the wave considered and the location of the /; on ; 
the cone. The points on the axes representing /, in the X Y and XZ planes are 
the same as the corresponding points in the smaller scale drawings of Fig, 6. 
Fic. 7. Energy-flow and some displacement directions for the longitudinal wave in quartz ; 
(left) and sapphire (right) for wave normals 1° and 2° from the X-axis. i 
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APPENDIX 
Since the preparation of the original drawings for this paper Wachtman et al. 
(1960) have published results on the measurements of the elastic constants of 
artificial sapphire. These values which are listed in Table II differ appreciably 
from those of Bhimasenachar for natural sapphire crystals as given in Table 1. 


TABLE II 


Stiffness constants for sapphire according to Wachtman e¢ al. 
(1960) (in 10" newtons/m?) 


Ou C33 Cu iw 13 Cia 
4.968 4.981 1.474 1.636 1.109 0.235 
In particular the second set of values indicates a higher degree of isotropy than 
the earlier values. This can be seen as follows: in trigonal crystals of class 3m, 
the stiffness constants listed in the tables are independent, and the remaining 


non-zero elements of the symmetrical matrix satisty 


C22 Cis Cas Cay Cbs Casa 


(A.1) 


—=Cag = Cog = Cra; and Cea = (Cy: — C42) 


which are the relations used in deriving equation (12) from equation (6). 
The additional relations which must be more closely satished as a trigonal 


crystal approaches isotropy are 
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C33 = C11; Cua = 3 (C11 — C12); 
(A.2) 


C13 = C1 and Cu = 0 


Comparison of the two sets of values for the c’s shows that those of Table II 
come much closer to satisfying equations (A.2) than those of Table I. 

The more isotropic nature of the propagation using Wachtman’s values is 
borne out by detailed calculations. For example, the small circles shown on 
Fig. 2 indicate points on the velocity surfaces obtained with these values, 
whereas Fig. Al is a recalculated version of Figs. 46 and 64 showing the 
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Fic. Al. Energy-flow vectors for longitudinal and transverse waves in sapphire using 
Wachtman’s constants. The drawing has mirror symmetry about the plane ¢ = 30° which 
is equivalent to a YZ plane. 


directions of energy flow. The latter values give degenerate axes for the 
transverse waves near 6 = —65°, —35°, and 75° in the YZ plane as well as 
the Z-axis itself. Pure-mode axes occur in the YZ plane at 6 = —50°, and 
37° for the longitudinal wave and at @ = —51°, —8°, and 38° for the trans- 
verse waves. Comparison of Figs. 4b and 68 with Fig. Al shows smaller angles 
on the latter drawing between the energy-flow vectors and the corresponding 
wave normals; moreover, in general the energy-flow vectors are in radically 
different directions from those in the former case. 
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SCATTERING BY A GRATING. [I 


R. F. MILLAR 


ABSTRACT 


Consideration is given to scattering of plane waves by a transmission grating 
upon whose elements the wave function vanishes. By an application of Green’s 
theorem, the problem is formulated in terms of integral equations for a finite, or 
infinite, number of elements. The equations are put in a form more suitable for 
the study of interaction phenomena by the subtraction of a certain series. The 
modified equations then correspond, more or less, to the excitation of each 
ones of the grating by the incident field, and two plane waves propagated in 

pposite directions along the grating. A solution i is here attempted only for the 

“Anite grating of identical elements. Attention is confined to the region of 
Rayleigh wavelengths”, where interaction is important, and the variation in 
spectral intensity for a grating of elements of arbitrary form is discussed in a 
semiquantitative manner; the existence of anomalies is inferred. An explicit 
solution is obtained for small scatterers of elliptical cross section, and the behavior 
of the spectral intensity is considered in some detail. 


1. INTRODUCTION 


The scattering of plane waves by gratings has been considered frequently 
in the scientific literature. Until the turn of the century, the notions of Fresnel 
and Huygens had appeared adequate to predict the observed scattering 
properties of optical reflection gratings, but it was realized by Rayleigh that 
the Fresnel theory could be justified only if the grating interval was large in 
comparison with the wavelength of the incident radiation. For smaller separa- 
tion, a more rigorous approach was indicated, and Rayleigh (1907) provided 
a perturbation-type analysis for a perfectly conducting, infinite reflection 
grating, under the hypothesis that the depth of the corrugations was small in 
comparison with the wavelength. 

For the case in which the magnetic vector of the incident wave was parallel 
to the rulings of the grating (which here will be referred to as the case of 
H-polarization) it was observed that Rayleigh’s method of approximation 
failed when any of the scattered plane waves was propagated tangentially 
along the surface, the inference drawn being the probable existence of abnor- 
malities in the spectra. No such behavior was apparent in the solution for 
E-polarization. 

About this time, abrupt and unexpected changes (or anomalies) in the 
intensity of the spectra of an optical reflection grating had been reported by 
Wood (1902). The ‘‘Wood anomalies’’ were then observed only when the 
incident light contained an H-polarized component, and at precisely the 
“Rayleigh wavelengths” for which Rayleigh’s approximation failed. Later, 
Wood (1912, 1935) extended his observations, and noted the presence of 
relatively weak anomalies in the case of an E-polarized incident field. More 
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recently, experimental evidence for the existence of anomalies in the latter 
case has been produced by Palmer (1952), who verified that anomalous 
behavior occurred at wavelengths for which the Rayleigh approximation 
failed. Palmer concluded that the theoretical non-existence of anomalies for 
E-polarization was a consequence of the assumption (in the Rayleigh analysis) 
of shallow corrugations. Meecham (1956) presented a variational treatment 
of the problem for a perfectly conducting reflection grating which indicated 
weak anomalies in the case of E-polarization. It will be seen later that for 
any transmission grating with a sufficiently large number of elements on 
which are satisfied the assumed boundary values, anomalous behavior is to 
be expected for either polarization; for a reflection grating anomalous effects, 
although present, depend more strongly on polarization. 

In recent years, the stimulus of microwave technology has led to the appear- 
ance of many more theoretical treatments of grating problems.* Infinite 
transmission gratings of thin wires have received frequent attention (see, for 
example, Wait 1955), in general subject to the assumptions of a line current 
along the axis of each wire, and separation small in comparison with wave- 
length; hence the possibility of anomalous behavior does not arise. (Of course, 
the infinite grating is a mathematical idealization, and in microwave practice 
the number of elements is considerably smaller than in optical applications. 
Thus interaction effects are less pronounced, and anomalous behavior is not 
so likely to be observed at microwave frequencies. ) 

The first successful attempt to explain the Wood anomalies appears to have 
been made by Artmann (1942), who considered the scattering of an H-polarized 
plane wave by an infinite reflection grating. In the analysis it was assumed 
that the periodic function which defined the surface was a small perturbation 
on a plane. Artmann obtained explicit expressions for the complex amplitudes 
of the various spectral plane waves in the neighborhood of an anomaly, in 
terms of the geometry of the reflecting surface. (The validity, in the region 
between elements of the grating, of the discrete plane wave representation for 
the scattered field employed by Rayleigh (1907) and Artmann (1942) has 
been questioned by Lippmann (1953).) 

More recently, the anomalous behavior of transmission and _ reflection 
gratings has been studied by Twersky (1952, 1956, 1957, 1958), and by Karp 
and Radlow (1956). Twersky (1952) applied a theory of multiple scattering to 
the finite transmission and reflection gratings, and in the later papers derived 
a ‘‘sum-integral’’ equation which related the amplitude scattered by a cylinder 
in the grating to the corresponding quantity for an isolated cylinder. 

Because the anomalies are associated with waves propagated tangentially 
along the grating, it would seem logical, in an attempt to explain the pheno- 
mena, to incorporate this property in the initial formulation of the problem. 
This was done by Karp (1955), who showed that the field scattered by each 
cylinder was approximately that scattered by an isolated cylinder when excited 
by the incident and the tangentially propagating waves. 

*A survey of recent analytical work on multiple scattering has been conducted by Twersky 
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The analysis which follows is essentially an extension of some earlier work 
(Millar 1960, and henceforth referred to by (f)), in which was considered the 
scattering of a scalar plane wave by a row of N cylinders, subject to the 
boundary condition that either (i) the total wave function (xu) or (ii) its 
normal derivative (du/dn) vanished on the scatterers. In each case, a set of 
simultaneous, linear integral equations was derived for the unknown field 
distribution on the cylinders, and an approximate “‘power series’’ (perturbation- 
type) solution was obtained for elliptical scatterers much less than the wave- 
length in cross-sectional dimensions. 

Although the rigorous solution of the integral equations (were such possible 
to obtain) would include all interaction and anomalous effects, it was found 
that the approximate, small-cylinder solution was valid only when interaction 
was not of primary importance. This restriction was embodied in the con- 
dition that (N—1)/(ka) be sufficiently small for the given solution to be 
considered a legitimate approximation. (Here a is the spacing between elements 
of the grating, and k (= 27/\) the wave number.) The infinite grating was 
therefore by hypothesis excluded from consideration. 

(In this connection, it may be worth while to note that a calculation of the 
first term in the above perturbation-type solution for the infinite grating 
would indicate nothing amiss. Nevertheless, the coefficients of higher-order 
terms become infinite at the Rayleigh wavelengths. The first term in the 
solution for problem (i) vanishes at the Rayleigh wavelengths, in agreement 
with the results of Wait (1955) and others. However, the divergent behavior 
of the higher-order terms leads one to treat the first with caution. It will be 
shown later by a more careful analysis that the first term in the appropriate 
solution does, indeed, vanish in these circumstances, while higher-order terms 
remain finite.) 

It is the purpose of the present paper to demonstrate a method by which 
the effects of interaction are introduced explicitly into the integral equations 
for the two boundary-value problems mentioned above. In many respects, the 
notions involved are similar to the procedure adopted by Karp (1955) and 
Karp and Radlow (1956). However, it may be worth while to mention that 
no approximation is involved in obtaining the modified integral equations 
from the old; the new equations are rigorous, and possess an approximate 
solution for small scatterers more suited to the discussion of interaction effects 
than the original set. The number of cylinders may be finite or infinite— 
basically the same integral equations are found in either case, although the 
infinite grating is more amenable to analysis. 

The paper is divided into two parts. The remainder of Part I consists of a 
fairly detailed analysis of the problem in which the wave function vanishes 
on the grating elements. In Section 2, the modified integral equations are 
derived, and formal solutions are given. The infinite (transmission) grating 
of identical cylinders is considered in Section 3, in which case periodicity of 
the structure reduces the number of unknowns to unity. A few observations 
of a semiquantitative nature are made in connection with gratings with 
elements of arbitrary shape. An approximate solution is obtained under the 
assumption of small, elliptic scatterers. 
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2. DERIVATION AND FORMAL SOLUTION OF THE INTEGRAL EQUATIONS 
(wu = 0 on the cylinders) 


Let the cylinders be arranged in such a manner that their generators lie 
parallel to the x-axis of a rectangular Cartesian co-ordinate system (x, y, z) 
(see Fig. 1). Because of the two-dimensional nature of the problem, the x 


P(y,z) 





Fic. 1. Configuration of cylinders and symbols employed in the analysis. 


co-ordinate will be ignored subsequently. For the present, it is not essential 
to specify the shape of any particular cylinder, no two of which need necessarily 
be alike, but it is assumed that some point interior to each (the center) lies 
on the positive y-axis, the origin of the co-ordinate system being located at 
the center of the zeroth cylinder Co. The center O, of the vth cylinder C, has 
co-ordinates (va,0) in the (y,z) system. Here a is the distance between centers 
of successive scatterers. In addition to the (y,z) co-ordinates, a (y,, 2,) system 
(with origin at O,) is defined to specify points on each cylinder. 

If the total wave function is ue~', where u = u'+u', where u® is the 
scattered field which satisfies an appropriate radiation condition, and where 
u' = e'*v cos atz sina) is the incident plane wave whose propagation vector 
makes an angle a with the positive y-axis, then an application of Green’s 
theorem leads to an expression for the field at a point P(y,z) exterior to all 
the cylinders in terms of the boundary values of u, du/0n on the cylinders: 


(1) u(P) = u P) +4 id J. [ u2-Gn)- H(kr,) ou ss. 


Here n, is the normal, outward drawn from C,, ds, is the element of length 
along C,, H(kr,) represents the Hankel function of the first kind of order 
zero, and 


(2) = [y—(a+y,)]’+[2—29]°. 


The summation is performed over all », the number of cylinders being finite, 
or infinite. 

Because u = 0 on the cylinders in the problem under consideration, equation 
(1) for u(P) becomes 


(3) u(P) = u(P)-1i D J. H(kr,)x,ds,, 
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where x, = 0u/dn,. If P approaches a point P, on G, then a set of integral 
equations is obtained for x,: 


(4) ze J, Heres) xeds, = —4iu'(P,). 


As in (7), lower case Greek subscripts will refer to points of integration, while 
upper case subscripts imply points fixed on the corresponding cylinders. 

The set of equations (3t) analogous to equations (4), but involving the 
normal derivative of the scattered field on the cylinders, was solved approxi- 
mately for a finite number (.V) of small, similarly oriented, elliptic scatterers. 
An examination of this solution leads one to conclude that when WN is very 
large, the approximation may become invalid. This in turn may be traced 
to the behavior of 


LH (krya)x». 


For, if V is large, the function x, differs from x,4, essentially in only a phase 
factor (if C, and C,,, are sufficiently distant from the ends of the grating for 
end effects to be negligible). That is, x,., = e** * *y,, the approximation 
becoming equality in the case of an infinite grating. The approximate solution 
of equations (37) then involves sums which behave as 


Tie talaatt kee) 71 18 


where the + sign is chosen accordingly as up 2 0. Such sums may become 
very large as is the case, for example, when interaction effects are of impor- 
tance. In particular, if either of ka(1-+cos a) is equal to an integral multiple 
of 27, then the sum is of order NV. Either of the conditions 


(5) f ka(1+cos @) = 2mr ne; Des ccs 
. \ka(1—cos a) = 2nr wy By Bi. 3% 


defines one of the “‘Rayleigh wavelengths” mentioned previously. 

It is apparent that if the Hankel functions in equations (4) could be replaced 
by functions which lead in the above manner to series with more rapidly 
diminishing terms (that is, with terms of order |u|~!~*, where ¢ > 0, so that 
when either of the conditions (5) obtains, the sum is of order e~'), and further, 
if the resulting integral equations could be solved approximately for small 
cylinders, then such a solution would in all probability be better suited to 
the discussion of interaction effects (and anomalous behavior) than the 
solution given in (7). Such functions may, in fact, be determined, and the 
resulting integral equations given a simple physical interpretation. 

Suppose that (y,,2,), (va,2a) represent a point of integration on C,, and a 
fixed point on Cy, respectively, where v ¥ \. Then, provided the cylinders 
are bounded in the z-direction, and ka|y—\| is sufficiently large, 


(6) H(krsy)~c(v— dj Or*n?, 


where ¢,, = +1 according as v 2 \, and 


( 9 ; me 
(7) c(x) = Tha) ° “ae x #0. 
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In the light of the previous discussion it is therefore reasonable to subtract 
from each of equations (4) the troublesome series, and so obtain the following 
modified set of integral equations: 


(8) ze J,.G.A) xeds, = —4iu'(P,)—e""s X c(v—d)o,(a,0) 


—e *a 7 c(v—A)o,(a,7), 


v>r 
where 
H(krya) —c(v—A) eer | ba 
= 
(9) G(v,A) es oo y= r, 
and 
(10) o,(a,0) = J. gf eT, : 


o,(a,@) is thus proportional to the far-field pattern of C,, with @ = 0 corre- 
sponding to the positive y-axis. 

It will be observed that G(v,A) is of order |y»—d|-*/? when |y—A]| > 1 and, 
when _V is large, the series does not exhibit the undesirable behavior which was 
previously described. Furthermore, the driving terms on the right-hand side 
of equations (8) consist of the incident field, as in equations (4) and, in 
addition, terms corresponding to two plane waves propagating tangentially, 
and in opposite directions, along the grating. The amplitude and phase of 
the latter waves depend on the (unknown) field distribution on the contri- 
buting cylinders. The solution x, of equations (8) will thus depend explicitly 
on the incident field and the interaction excitation embodied in the tangentially 
propagating plane wave terms. 

An analysis with a similar physical interpretation has been employed by 
Karp (1955) and Karp and Radlow (1956) in connection with scattering by 
an infinite grating. In their approach, however, it is necessary to assume 
that the scatterers are separated by at least several wavelengths, and that 
each subtends only a small angle at a neighboring cylinder. This is in essence 
equivalent to the assumption, in equations (8), that G(v,A) = 0 if v ¥ X, the 
conclusion drawn being that each element of the grating acts as though in 
isolation, excited only by the incident, and two tangentially propagating plane 
waves. 

Equations (8), on the other hand, are rigorous, and involve no intrinsic 
restriction on separation, shape, or orientation of the cylinders. The assumption 
that G(v,A) = 0 if v # X is valid if the separation is sufficient, in which case 
the analysis is equivalent to that of Karp (1955) and Karp and Radlow (1956), 
and involves only the scattering characteristics of isolated cylinders. These 
properties are, in many cases, well known, or measurable, so the method of 
Karp can be applied with relative ease. The present procedure, which does 
not refer to the properties of cylinders in isolation except in the limit of large 
separation, is perhaps not so readily applicable. The chief advantage would 
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appear to lie in its validity no matter what the separation between, or orienta- 
tion of the cylinders, although a solution of the integral equations seems to be 
possible only in the case of small scatterers. 

While coefficients on the right-hand side of equations (8) are unknown, in 
that they depend on the functions x,, the integral equations may be solved 
and the quantities ,(a,0), ¢,(a,7) determined, at least formally, in the follow- 
ing manner. 

Suppose that (a) is the solution of 


(11) rt G(v,A)E(a)ds, = u'(Pa) = e9** Me BUA coset easing) 


Then since G(v,A) is independent of a, the solution of equations (8) is 


(12) x, (a) = —4i& (a) -—€ (0) d c(v—d)o,(a,0) 
—e 5, (2) x c(v—d)o,(a,7), 


in which the first term (which does include some interaction effects through 
G(v,A)) arises from excitation by the incident plane wave, while the remaining 
terms are more directly attributable to interaction between the cylinders. 

Multiplication of equations (12) by ds, exp[—7k(y, cos +2, sin @)], and 
integration around C, determines o,(a@,6) in the form 


(13) an(a,0) = — 4ipr(a,8)—e ™pr(0,0) De c(v—d)o»(a,0) 

—e™px(x,8) 2, c(v—d)os(a,n), 
where ° 
(14) prlext) = fi taladertinem ttn am as, 


In equations (13), the functions ,(a,@) are considered known. That is, 
they are determined by the solution of equations (11). From the physical 
point of view, ~,(a,8) is proportional to the far-field pattern of C, on which 
the wave function vanishes, and on which the prescribed distribution of 
du/dn, is —41&(a); but &(a) is not the solution for an isolated cylinder 
excited by u' except when interaction is negligible or the cylinders are widely 
separated. 

If, in equations (13), @ is set to equal 0 and 7 in turn, then the following 
sets of linear algebraic equations are obtained for o,(a,0) and o,(a,7): 


5, (a,0) = —4ipy (a,0) —e~ py (0.0) = c(v—A)o,(a,0) 


vod 
—e™») (2,0) =: c(v—A)o,(a,7), 
y>r 
ox(a,7) = —4ip,(a,r) —e ™**p (0, 7) x c(v—A)o,(a,0) 


| 
| 
| 
(15) | 
| 
| : 
| —e™*» (4,3) Lev d)o(a,7). 
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The unknowns 0u/dm = x,(a) are therefore determined by equations (12), 
in terms of the solutions of equations (11) and (15). The rigorous solution of 
equations (11) for other than small values of N would appear to be a for- 
midable task and, in general, some method of approximation must be employed. 
There is, however, one case for which an explicit solution may be obtained, 
namely the infinite grating of identical cylinders, and this will be considered 
in the following section. 


3. THE INFINITE GRATING OF IDENTICAL CYLINDERS 


3.1. Solution of the Associated Linear Algebraic Equations 

It has been mentioned previously that equation (1) is valid, whether the 
grating is finite or infinite. With regard to the latter case, the statement 
should, perhaps, be qualified to a certain extent. It is true if neither of the 
conditions (5) is satisfied. If one (or both) of these conditions obtains, then 
the application of Green’s theorem may lead to terms in addition to those 
found in equations (1), because the integral around a large circle surrounding 
the scatterers does not, of necessity, tend to zero as the radius tends to infinity. 
As Karp and Radlow (1956) have pointed out, the solution at precisely the 
“critical frequencies’? (Rayleigh wavelengths) defined by the conditions (5) 
may differ from the limit of the ‘‘non-critical’’ solution which would appear 
to be the solution of physical interest. 

It may be concluded that the equations (15) are valid also for the infinite 
grating of identical cylinders in which the summation index runs from — © 
to +, but periodicity of the structure brings a reduction to two equations 
in two unknowns (¢0(a@,0) and oo(a,7), say). For, since 


(16) [xx(a), Ex(a)] = e** 8 [4 (a), Eo(a)], 


the equations (15) for \ = 0 have the solution 

____ (a, r)p(7,0)0)+—p(a,0)[1+p( 2,7) 204] 

[1+p(0,0)>°-][1+p( 2,7) 04]—p(7,0)p (0,7) 4 0- 

vlan) = 44 -——P(00)p (0.2) E_— plan) [1+p(0.0)E_] 
(1+p(0,0)>'-][1+p(4,7)2+]—p(7,0)p (0,7) D420- 

(in which it is assumed that the denominators do not vanish). In equations 

(17) and in the following analysis, where feasible, the subscript ‘‘0’’ has 

been omitted, while 


a(a,0) = 47 


| 
17) 3 
( 


oo 


(18) 7 2 7 ely) rren, 


y=] 
The function x(a)[=xo(a)] is then determined by equation (12), with \ = 0: 
(19) x(a) = —AiE(a) —£(0)o(a,0) -— E(w) o(a,r) D+. 
To one familiar with the work of Karp (1955) and Karp and Radlow (1956) 


the similarity in form between equation (19) and a corresponding expression 
obtained by these authors is apparent. The difference lies in the fact that & 
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is not the solution for scattering by an isolated cylinder, but is asymptotic 
to such a function when interaction becomes negligible. When interaction is 
of importance, then one (or both) of >>, becomes very large, and is unbounded 
at Rayleigh wavelengths. Nevertheless the individual terms in equation (19) 
remain finite, the limiting forms being readily obtained with the aid of equa- 
tions (17). 

The solution of the boundary value problem under consideration has thus 
been reduced to the determination of the function (a). This in turn is given 
as the solution of equation (11) when specialized to the case of the infinite 
grating. However, before attempting to find an approximate solution to this 
equation, it is worth while to consider in some detail the field of the grating. 


3.2. The Field of the Grating 

The quantity which is possibly of most physical interest (and is certainly 
the most readily observable) is the field distribution in the space away from 
the grating elements. The field at a point P(y,z) not on any of the cylinders 
is determined by equation (1), in which vy runs from — © to +. Periodicity 
of the structure permits all integrations to be performed around Co, and 


(20) a(P) = ul(P)+4i J. ily mete ettacosarr(ZR), 


where 


(21) R; = [y— (va+y0)]"+[2—20]". 
The infinite series appearing in equation (20) may be written in an alter- 

native and more rapidly convergent form by an application of the Poisson 

summation formula [see, for example, Wait 1955, equation (12)]: 


co 1(k cos a+ 2x» /a)(y—yo)+ ix,|2z—zol 


(22) ¥ etoerr(bR,) = 2 > ———___—_—_____—__. 


Y=—co ¥=—co K,a@ 
where 
(23) x, = [k®?—(k cos a+2znv/a)?]? 


2 xsl, k > |kcosa+2znv/al, 
~ \alx,I, 0<k < |kcosa+2nv/al. 


The vanishing of x, for some v implies the satisfaction of at least one of the 
conditions (5) which define the Rayleigh wavelengths. 
The total field is therefore of the form 


ax) ef* cosa+2xv /a)(y—yo)+1tx,|z—zol 


(24) u(P) = u(P)+3if, i 2. “a 


Co K,a 

Equation (24) exhibits clearly the plane wave spectral character of the 
field if the point (y,z) does not lie between elements of the grating, whatever 
the boundary condition on the cylinders. For the particular boundary value 
being considered at present, and when P is outside a strip containing the 


cylinders (so z ¥ Zo for any point on Cp), the field is of the form 
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(25) aCe) = u(P)+> ate (y cos Ot sin Oy) 


the + sign being chosen accordingly as z 2 20. Here 


(26) at = —}io(a,+6,)/(x,a), 


where a is determined by equation (13), with \ = 0, the (possibly complex) 
angle 6, is defined by 


(27) cos 6, = kcosa+2rnv/a, 


Pisin =x, 
and 0 < Reé, < =. 


It may be noted that, although o(a,7) =o(a, —7), in general o(a,6,) a (a,—96,), 
so a,+ #a,-. It may also be verified that o(a,+£0,) ~0 as x,—>0, and the 
a,* possess finite limits. These are found perhaps most readily by employing 
the integral form of o(a,+6,) (equation (10)) in equation (26). If x, 0 for 
vy = n > 0,say, then 8, — 0, the corresponding wave is propagated tangentially 
along the grating, and 


: os o(a,0) 1 0 | 

2 t= —=i] sone ser me 6 . 

(28) lim az 3 im| <a +70 39 7 (% ) Ls 

(This expression is valid whether the limit is approached by variation of a, 

ka, or both, about the critical values. Explicit differentiation with respect to 

a is not required since a tends to its limiting value more quickly than «,! 

tends to zero.) The first term in the square bracket is indeterminate for x, = 0, 

for |>-_| approaches infinity (see equations (17)). Karp and Radlow (1956) 

have noted that, if ka(ltcosa) = 2mxr+6, where m is integral, then 

¥. — [2/(kad,)]! as 65 +0, where the root 6,' is positive, or positive 

imaginary (see also the Appendix to the present paper). Then x,@ = 5} (2ka 

—6_)', and x«,ay~_ — 2. Thus 

a \ 

(29) lim ee 21 ) P(a,)p(m,0) > + —p(a,0) 1+ )(1,7) ; ‘ D, 
Kn 

where 

(30) D = p(0,0)(1+p (2,7) > 4] —p(7,0)p (0,7) >, 

while the appropriate limiting form of 00/06 appearing in equation (28) may 

be found with the aid of equations (13), (14), and (17). 


If, on the other hand, x, +0 for » = —m <0, then 6_, — 7, |X4| >, 


and 


: ie a(a,r) _1 0 
(3 . = + , (a0 1. 
31) lim a> 9! lim | oe ia ag 76% ) x 


The limit of o(a,7)/(x_,a) may be found from the right-hand side of equation 
(29) by interchanging and 0, and replacing >, by }. 





TELE SNE ETE TLE Te RR REE IE TSE SO ee 
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In the case of a ‘double anomaly’’, when both x,, k_» — 0 simultaneously, 
the appropriate limits are readily found. For instance, the limit of o(a,0) / (,a) 
is then equal to the limit, as |3°>,| — © of the right-hand side of equation (29). 

The behavior at a Rayleigh wavelength of the amplitudes of the remaining 
(non-grazing) waves may be noted. For example, if x, —0, » > 0, then, if 
vF~n 


2 
‘ = = 
(82) af > -—=— 1 (a6. 
(0,0) Ip (a,7)p (7,0) — p(a,0)p(2,7)] E.—p(@.0)) 7 D 


+0(.0,)[0(a0)P(0,x)— Plan) (0,0)] Zs / } : 


This limit is similar in form to the corresponding expression found by Karp 
and Radlow (1956), but because the p-functions do not pertain to a cylinder 
in isolation, the two results are not identical. 

A thorough examination of the behavior of the amplitudes a,* for a grating 
of identical cylinders of arbitrary form appears to be out of the question, 
because knowledge of the function £(a@) is required. Nevertheless, some idea 
of the possible variation of a,* may be obtained (even though an explicit 
solution £(a@) is unknown) by assuming that, in the regions of interest, all 
functions with the possible exception of >, are slowly varying. (This appears 
to be a legitimate assumption, since the kernel of the integral equation satisfied 
by &(a) has been chosen essentially with this point in view.) In particular, 
the behavior near the Rayleigh wavelengths may be discussed, and attention 
will be confined to this region for the remainder of the present section. 

It is apparent that a number of special cases needs consideration. With 
reference to the amplitudes a,*, v # n,—m, the following situations arise: 


(1) Kk, 70; 2 > 0; 2 = v; 6, + On. 
(11) «kK» —>0, m> 0; m ¥ v; 0, € O,. 
(iii) KnsK-m —> 0 simultaneously; n,m + v; 0, # 0,z. 


(i) and (ii) are essentially equivalent, and only the former will be considered 
in any detail. (iii) corresponds to a ‘“‘double anomaly”, in which case both 
conditions (5) are satisfied for some pair of integers m,n. In these circum- 
stances, it is necessary that tan? sa = n/m, and ka = (n+m)r. 
For the waves which propagate tangentially at the Rayleigh wavelengths, 

the following cases apply: 

(iv) xk,—70, n>0; 6, —0. 

(v) KkK-m—70, m > 0; 0. — @. 


(V1) KyyK—m 70; 0,70, 0, 2 wr, simultaneously. 


Here (iv) and (v) are essentially equivalent. 
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It will be recalled (equation (13)) that, if interaction is small and }°s 
negligible, then o(a,0) = —4ip(a,0). Also —42£(a) approximates to the dis- 
tribution of du/dn on an isolated cylinder excited by u', so p(a,6) is, for ka 
sufficiently large, other than in the neighborhood of the Rayleigh wavelengths, 
approximately proportional to the far-field pattern of the isolated cylinder Co 
excited by u', Near the critical wavelengths, p(a,6) departs from the polar 
diagram of an isolated cylinder, but may be assumed to be slowly varying. 
Since the purpose of the present investigation is the study of anomalous 
effects, it is reasonable to discuss the behavior of the ‘‘normalized’”’ function 
(k,a)—!w(a,+6,), where 


(33) —4ip(a,0)w(a,0) = o(a,6), 


and it is assumed that p(a,@) ¥ 0 in the interval under consideration. 
An explicit expression for w(a,6,) may be obtained with the aid of equations 
(13) and (17). It is seen that w(a,6,) may be written as 


_ ar eee ae oe 
(34) w(a) = Ve ta 


where X,Y, are complex, slowly varying functions of a, ka. It the quantities 
5, (at least one of which is assumed to be small) are defined by 


(35) ka(1 + cosa) = 2 (ets ; 


where one or other of 6, vanishes at a Rayleigh wavelength, then 


(36 Lt = (2' i ss 
5) + \ aka 5 = 9 


The sum appearing in equation (36) may be transformed into a more 
rapidly convergent series by an application of the Poisson summation formula 
(see Appendix). Then, for sufficiently small |6,|, 


a od (2 Niort JX (del) +4¥ (ta), 5.>0, 


=) wha X (|6x|)-i¥ (ds), 5, <0, 


where 


‘ on\'| ett! : 
(38) X(z)+7¥(z) = (22 | <—cie)-ist) |, 


(39) C(e)+iS(e) = Faw 7 Sat, 


and the functions C(z), S(z) have been tabulated by Jahnke and Emde (1945, 
p. 35). The approximation (37) for }° may also be obtained by an application 
of the Euler—Maclaurin formula (see, for example, Jeffreys and Jeffreys 1956, 
p. 278). 

Since }°4 are now expressed in terms of well-known functions, it is possible 
to give some consideration to the six cases listed above. 





CR epee 
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(i) Here |_| > 1, while >; is relatively small and slowly varying. }>— 
may be approximated by the expression (37). Then w(a,6,) is of the form 


1+ (ai+ib:) + (@2+tbo) (XY) 

1+ (€,+7d1) + (C2+id2)(X+4iY) ’ 

where, for sufficiently large values of ka, the conditions a2+02 « 1, c3+d? 
<1, obtain. The argument of the functions X,Y is |é_|, the + sign being 
chosen accordingly as 6_ 2 0. The quantities a,, b,, c,, and d, depend on the 
p-functions, and without knowledge of &(a), one can only hazard a guess as 
to their values. If second-order terms in small quantities are, in general, 
neglected, then 


(40) w(a,0,) = 


6_ 20 





(41) lo (a8,)|? & 142 (a2X Fb2Y) + (a2+b2)(X*+Y") 
Nae  T42(aX FaeY)+(atene tT) * 
= I, say. 


The slowly varying factor (x,a)~' has been omitted from consideration in the 
previous discussion. 

(ii) The behavior of |w|? is, in this case, similar to that outlined above 
for (i), with 6_ replaced by 6,. 

(iii) Here both |}°4| > 1, and each is approximated by the expression 
(37). It may be shown that, if @ is fixed so that tan? 4a = n/m, while ka is 
varied, then 6_ = 6, tan* 3a, and 64 have the same sign. On the other hand, 
if ka is fixed, while a is varied, then 6,+6_ = 0, and 64 have opposite signs. 
In either case, the possible variations in |w|? near 6, = 0 are similar. The ex- 
pression for w is considerably more complex than (40), but, if 6, are sufficiently 
small that C(|64|) and S(|6,|) may be neglected, then 





fes|a_|P-+F 6 >0, 
‘ \5_|'+h} 
(42) |w(a,0,) |" = es : 
eo +f 5_ <0 


L gold |PEh” ? 
where the coefficients are real and f > 0, h > 0. 

The expressions for |w|? in (i) and (ii) are also of this form when |é_|, [5,], 
respectively, are sufficiently small. The derivative of |w|? (equation (42)) 
with respect to 6_ is ~ sgn (e;h—gif) for 6. = 0+, and — © sgn(esh—goef) 
for 6. = 0—, provided eh ¥ gif, exh ¥ gof. If equality obtains in either case, 
the corresponding derivative is finite. Evidently many different types of 
behavior of |w|* are possible near a Rayleigh wavelength. 

In Fig. 2 are plotted, as functions of 6_, typical curves of J (which is pro- 
portional to the spectral intensity) calculated from the expression (41), for 
a variety of values of the coefficients. A change of sign in be, dz leads to 
reflection in the line 6. = 0. Similar behavior is exhibited by the expression 
(42). Whether all these variations may in fact arise is not known, because 
the complexity of the coefficients makes it difficult, if not impossible, to reach 
any firm conclusions about the signs or magnitudes when the cylinder shape 
and spacing are arbitrary. 
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(iv) The study of case (iv) requires consideration of w(a,@,)/(k,@) as x, > 0 
and @,—+0. With reference to the numerator in equation (34), it is found 
that the coefficient of _ is of order 0, (that is, of order x,, or 6_(2ka—6_)?) 
3 6, — 0. Thus 


wad) |? 1+ 2CCFuS)+(C+w)(CHS) 
mad | |8_|[L+-2(c2XFd2V)+(cot+d2)(X°+Y°)] ’ 


= I’, say, 


where the argument of the functions is |6_|, t, and u being slowly varying. In 
equation (43), it is assumed that ¢?+-u? < 1, c§+d} «1 and, as in equation 
(41), some second-order terms in small quantities have been neglected. 

(v) Case (v) implies similar behavior near a Rayleigh wavelength. 

(vi) In the immediate neighborhood of a double anomaly, it is found that 
|w(@,On)/ (ky@)|? and |w(a,0-m)/(k-ma)|? behave very much like the expressions 
(42). 

Typical curves of J’ as a function of 6_ for several values of t, u, c2, and d2 
(expression (43)) are shown in Fig. 3. These, too, indicate a rapid variation 
in intensity near 6_ = 0. In Figs. 3(a@), (6), and (c), the slope is infinite at 
6_ = 0; in Fig. 3(d), the slope is finite as 6. + 0+, and infinite as 6. ~ 0-. 

The foregoing discussion should give some idea of possible behavior of the 
wave amplitudes near a Rayleigh wavelength for a grating with elements of 
general shape and separation sufficiently large that certain approximations 
are justified. In order to proceed further, some knowledge of &(a) is essential, 
and in the following section, approximations to the solution of the integral 
equation and field distribution are obtained for an infinite grating of elliptic 
cylinders, the cross-sectional dimensions of which are small in comparison 
with the wavelength. 


3.3. An Approximate Solution for Small Elliptic Cylinders 


3.3.1. The Determination of x(a) 
A set of integral equations for the functions £,(@) (equations (11)) has 
been derived in a previous section. For the infinite grating, & = E e!”*¢e8«, 


Fic. 2. Examples of (theoretically) possible variations in intensity of non-grazing waves 
near a Rayleigh wavelength for a grating on which the total wave function is null. Values of 
the parameters in equation (41) are given below. 

(a) (2) (c) (d) 
0.2 0.1 —0.2 0.1 
0.2 0.1 0.2 —0.1 
Cs 0.1 0.2 —0.1 0.2 
ds 0.1 0.2 0.1 0.1 


Fic. 3. Examples of (theoretically) possible variations in intensity of grazing waves near 
a Rayleigh wavelength for a grating on which the total wave function is null. Values of the 
parameters in equation (43) are given below. 
(a) (b) (c) (d) 
t -0.25 -0.25 -0.25 —0.25 
u 0.5 0.5 0.5 0.5 
Ce 0.2 -0.1 O43 0.2 
—0.1 0:2 —0.2 0.2 
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the set reduces to one equation in the unknown function &(a)[= £o(@)], and 
the integrations may all be performed around the contour Cp». 


(44) fepdstXGe**872 = u'(Po), 

where the subscript “0” will now imply a point fixed on Co, and 

(43) on § H(Rryo) —c(v)et*o-0), v2 0, 
a 7” VA (kroo), vy =0. 


The distance r,o is, for all v, given by 


(47) ro = [yo a+y)]'+[z0—2)’. 

The infinite series which defines the kernel of equation (44) is convergent 
for all angles of incidence a, and ka > 0, including such as satisfy either or 
both of the conditions (5). 

An approximate analytic solution of equation (44) for elliptic cylinders may 
be found subject to the restriction that the cross-sectional dimensions of the 
cylinders are very much less than the wavelength. If it is assumed that the 
major axes are all inclined at an angle 6 to the positive y-axis (Fig. 1), then the 
point of integration (y,z) on Co has elliptic co-ordinates (u,y), where yu is 
constant on Co, and 


(48) 


y = b(cosh u cos 8 cos n—sinh uw sin B sin n) = bY, 
z = b(cosh uw sin B cos n+sinh uw cos B sin n) = OZ. 


Here the normalized co-ordinates (Y,Z) have been introduced, and 20 is the 
interfocal distance. The fixed point P» has co-ordinates (u,no) in the elliptic 
system, and (Yo,Zo) in the normalized system. 

If it is assumed that expansions exist of the form 


( o 
bE(a) (cosh"z»—cos")! = >> &,(a)e” 


n=0 


| 
| 

(49) u'(Po) = bx Un(Po)e", 
: 


n=0 
ID : 
} yx (ivka cosa n 
Gye = Ln€ » 
| n=0 
where « = kb <1, while £,(a) (not to be confused with £,(@); this symbol 
was used previously to denote the value of & on C,) and g, depend on log e, 
then £, £1,..., satisfy the integral equations 





= uo(Po), 


ui(Po)— J kei, 














i 
i 
j 
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Here the relationship ds = b(cosh? u—cos? n)*dn has been introduced. (Perhaps 
it should also be pointed out that the expansion of b(a) (cosh? «—cos? 7)? is, 
strictly speaking, in powers of ee“, where 2be* is equal to the sum of the lengths 
of the major and minor axes of the ellipse.) 

The solution of equations (50) is obtained in a straightforward manner, 
the method having been employed in (ft), and details will be omitted. The 
second and third of expansions (49) may be found explicitly by reference to 
equations (5T), (67), (77), (16T), and (177), together with equation (45), 
and it may be verified that the expansion in powers of «¢ of G,, v ¥ 0, is con- 
vergent if |y|a > 26 cosh yw. Thus, in order that the series }-g," be meaningful, 
it is necessary that a > 2b cosh yu (that is, a be greater than the length of the 
major axis), and this imposes a lower limit on the separation a for any given 
6 and uw. Then, 





24 
(51) go = — wot Lola,ka), 
where 
co oo 
Yo = ptu-2 = - (cosh mp cos mn COs Mno+sinh ny sin ny sin no), 
n=1 


52 { 
8) Ip = log (x) Ba, 
llog y = 0.5772157... (Euler’s constant), 
and 
(53) Lo(a,ka) = Y'[H(\v|ka) —c(v) Jes -* @, 


the prime implying the omission of the term for vy = 0. 
Because u}(Po) = 1, (a) is a constant with respect to position on the 


cylinder, determined by 


(54) 2rio(a) = = (p+u)+ Colevka) | ’ 


where the terms in the infinite series are of order |»|~*/? for |»| >> 1. Thus 
£o0(a) does not vanish for any ka and a. Also & (0) = &o(a) = £o, say. 

The determination of the corresponding approximation to x(a) from 
equation (19) necessitates the evaluation of o(a,0) and o(a,r). These 
quantities may be defined by equations (17) with the p-functions replaced 
by the first term fo in their series expansions. In this connection, a few words 
about notation are in order. A superscript ‘‘n’”’, such as in o”(a,0), implies 
the mth-order approximation, while a subscript ‘‘n’’, as in £,(a) denotes the 
coefficient of e” in a series expansion. Here it will be assumed that the angle 
6 is real, or has at most a small imaginary part; thus cos 6 and sin @ are small, 
and the exponential factor in equation (14) may be expanded in powers of e, 
the coefficients of each power being small. If, however, 6 were to have a 
greater imaginary part, then these coefficients might be large. In such a case, 
the exponential should not be expanded, and the resultant integration would 
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lead to Bessel functions. In particular, some of the following results may not 
be valid for the amplitudes of highly evanescent waves. 
According to equation (14), po(a,@) is defined as 


(55) po(a,0) = 2rko(a), 


which is independent of 6. Thus o (a,@) (equation (13)) is independent of @, 
and equal to o (a), say. 
fo(a) 


~ (0) ee hs. 
(56) a (a) Sa osh(S ede) 


and equation (19) gives, as the zero-order approximation to x(a)ds/dn: 


fo(a) 
1+27i0(D4++D-) ° 


It is evident that x(a) tends to zero when either (or both) of |3>4| tends 
to infinity, in agreement with the usual expression for current on an infinite 
grating of small, perfectly conducting wires (see, for example, Wait 1955). 
This agreement, however, appears to be fortuitous, for if the current density 
(I(a), say) is defined as the first term in the formal solution, for an infinite 
grating of small wires, of equation (4), then it is not difficult to show that 


. ds ; £o(a) 

sd Me) iy ~~! 142 xba) (et) 

This expression for the current density, which is essentially the form derived 
several times in the past, is equal to x(a) only when >> are negligible, or 
infinite.* 

The function x(a) tends to zero at a Rayleigh wavelength. In such a 
case, it is of interest to consider the next approximation, and to determine 
£:(a) from the second of equations (50). The function g; may be written in 
the form 


(59) 


(57) EE a: ig 
dn 















= ( Yo - Y)>1(a,ka), 









where 
(60) Di(a,ka) = Yo’ evo[ Ai (|v] ka) +ic(v) Je tk? 08 @, 


€yo = +1 as vy 2 0, and the terms in the sum are, as expected, of order |»|~8/? 
when |»| > 1. Because 












(61) ui(Po) = i[cosh » cos (a— 8) cos no+sinh pw sin (a2— 8) sin no], 





it is not difficult to see that 





(62) 2ré\(a) = —te" cos(a—B8— no) +2re"Eo(a) > 1(a,ka) cos(B+70). 






*It is not intended to imply that x(a) is the unique first approximation, and that J(a) is 
incorrect, for another (unpublished) small cylinder solution obtained by a different method, 
and in which higher-order terms are small, gives J(@) as the first approximation. It would 
appear then that there is no unique small cylinder solution to the problem. Nevertheless, 
the two expressions are asymptotically equal in the limit as e tends to zero. 
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Equation (14) then implies that 
(63) pi(a,e) = 0 
for all a, 8 so 


(64) a) (a0) = a (a) 
and equation (19) gives, for x‘? (a), 


8 ds a ee ee (nS +hO)E. | 

? (1) ee =, (0) ee => SINS / Get T SIN I Ae 

(65) x (a) dn x a te] Ea) 2 mko(a) 1+27rf)(>++>d_) : 

Some algebraic manipulation, and use of the conditions (5), yields the following 

limiting forms of x‘ (a): 
( 


2 
de |=ee"[cos(8-+n0) —cos(8+no—a@)] ‘ |S _l|no, 
ed 


| 9 
| —=ee"[cos(8+n0) +cos(8+no—«@)], [| L+l>@. 


\ 


7 (1) 
(66) x (a) ds 


At a double anomaly, different behavior is found. For example, if 6 > 0 while 


ka is fixed and a varied, so 6,+6_ = 0, it may be shown that 

2: Is  2iee” ; 
(67) x"? (a) - = — [cos(8+0) +7 cos(6+no—a)] , 
while, if 6. > 0, a is fixed and ka varied, so 6. = 6, tan? a and tan? ja = n/m 
then 

| 4] 4 } 

() ds Zee 7 — , 

(68) x’? (a) iy - 5 | (#2 )oos (8+ no) —cos(B+ ah ‘ 


Further approximations to x could be found in the above manner. The 
important point, however, is that, whereas in (ft) one of the driving terms in 
the integral equation which determines the second-order approximation to 
the normal derivative involves a series which may diverge, in the present 
formulation the corresponding infinite series has terms which tend to zero as 
\v|-*/2, Thus equation (65) is a valid approximation if ¢ is sufficiently small, 
regardless of whether or not the conditions (5) obtain. 

3.3.2. Approximation to the Far-field Amplitudes 

An approximation to the amplitudes a,+ may be found from equations (13) 
and (26). Then a,+ = a,- = a,, say, where 


(69) a, = —hio/(k,a), 


with o defined by equation (56). 
If k, 70, n > 0, then |}>_| -@ and x,a>°>- — 2. Thus, in the limit 


(70) a, — —lim[fo(a)/£0(0)] = —1 


(since ka cosa = ka—2nz), while all other a, vanish. 
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Also if km —0, m > 0, and |X4| ~©, then 
(71) dm — —lim[£o(a)/fo(r)] = — 
all other a, vanishing in the limit. 

At a double anomaly, x, and k_m — 0, [04] ~~, and £(a) = (0) = £o(x), 
because ka cosa is a multiple of r. Then 









(72) a,‘ —> —1/(1+r7), 
where 
(73) = }lim«,a>.,. 






7 thus depends on the manner in which the limit is approached (see the 
paragraph preceding equation (42)). For if ka is fixed, and a varied, then 

= 7 accordingly as x, — 0 through real or imaginary values respectively, 
while if @ is fixed and ka varied, then 7 = tan 3a. Therefore, in the former 
case there is an abrupt phase shift in a,“ of r/2 as the double anomaly is 








passed. Also 
(74) a_m — —7/(1+7). 
It appears then, for a grating of small elements on which is satisfied the 
boundary condition “ = 0, that near a Rayleigh wavelength the scattered 
field consists almost entirely of one, or at most two nonevanescent waves 
which propagate along the surface of the grating. 

Additional approximations to a,* may be found, but a, exhibits the chief 
interaction effects. In fact, equation (64) implies that the next approximation, 










a,™, is equal to a,. 
An explicit expression for a, is readily found, with the help of equations 
(53), (54), and (56): 

















(75) a = 2 2i(pt+u)/t+Do 

, Kv [2i(p+m)/t+Do(a,ka)|[2i(p+u)/t+Dot+D++D_]' 
in which 
(76) do = Yo(0,ka) = Yo(x,ka). 






The behavior of a,“ near x, = 0 is determined essentially by the quantity 
(xpd) "[27(p+u)/mt+DotdDi+tD-]-'. If it is assumed that [> 
6. — 0) and }»+d. = r+is, then, since ©_ = [2/(kad_)]}}, it is not difficult 


to show that 









—o (so 












a osgn(1+r), 6. = 0+, 
d 1 (0);2 ] 


(77) = \@n | = 9 
d6_ | — 2 sgn| s+2tog( tre’) | ‘ 5 
[ T t 


Since |r|, |s| <1 if ka is sufficiently large, while the logarithm is negative 
when ee* is small, |a,‘|? will, under these conditions, exhibit a cusp and a 
maximum at a Rayleigh wavelength. With decreasing ka this behavior may 





O=. 







possibly change. 






If the derivatives of |a,“|?, (v ¥ nm) are calculated, (a, — 0), it is found 
that 






(78) = |e, | = po 
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accordingly as 6. = 0+. Thus |a,|?, (v ¥ ), exhibits a cusp with finite 
slope independent of 1, at a Rayleigh wavelength. 

Near a double anomaly, (k,, k-m—>0), for ka fixed (but not necessarily 
large) and @ variable, then the derivatives of |a,|?, (m > 0), with respect 
to 6_ have opposite signs as 6. — 0+. In general, |a,“|? possesses a cusp, with 
infinite slope. Also, for » ¥ n, —m, 


ka 
|xa|"’ 


” d 2 
(79) a. las” | = + 





accordingly as 6. = O+. 

Moreover, in the neighborhood of a double anomaly, with a@ fixed and ka 
varied, the derivatives of |a,“°|? are given by equation (77), where now 
Xo = rt+is. The slopes of the amplitudes which vanish at the anomaly 


satisfy 


d 2 2ka 
(80) dé_'°” 7 |xa|(1+tan}a)”’ 


accordingly as 6. = O+. 

In general, then (and certainly for sufficiently large values of ka), the 
intensities of all the plane waves exhibit cusps, with finite or infinite slope, 
at Rayleigh wavelengths. Only the wave (or waves) propagated tangentially 
along the grating possesses an intensity maximum at a Rayleigh wavelength; 
the amplitudes of all other scattered plane waves fall to zero at these points. 

A particular example of the intensity variations near an anomaly is illus- 
trated in Fig. 4. It is assumed that ee* = 0.01; ka = 52/2 and cosa + 1/5, 
so ka(l—cosa) = 2x+6_, |6_| K 1. Thus the chosen anomaly corresponds 


to n = 1. 














Fic. 4. Variation near a Rayleigh wavelength ( = 1) of lao |? and a, | for a grating 
of small, elliptic cylinders. The derivative of Jao |? with respect to 6_ is finite, although dis- 
continuous, at 6. = 0; the corresponding derivative of |a;|? is infinite. 
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The intensities |ao|? and |a;|? are exhibited as functions of 6_ near 
6. = 0. |a,|? tends to unity, |ao|? to zero as 6_ approaches zero. Both 
possess cusps at 6_ = 0. The calculations leading to the curves of Fig. 4 are 
based on equation (75), together with certain simplifying assumptions, namely: 
that 9 and }o(a,ka) may be neglected; that }>_ is determined by equation 
(37), while 5°, is constant and equal to —0.122 (1—2), its value for 6_ = 0. 
For small |6_| and the selected ka, these assumptions appear plausible. 

It may be seen that |a;|? is greater than 0.5 only in a band of width 
0.02 in 6_. In the present circumstances, this corresponds to a variation in a 
of about 0.2°, or a fractional change in wavelength of approximately 0.003. 
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APPENDIX 
A More RAPIDLY CONVERGENT EXPANSION FOR 4 


functions }°4 are defined by equation (18). Consider the sum 


iné 


where, for the present, 0 < 6 < 2z. 
Let 


f(e) = a. . 


’ 
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(2)°F soos ay a, y>0, 


Name). ans 


2 (Afo+ Fly o—9)}) 
(?) Vor) + Vas) /’ 0<d<», 


where F(z) = S,e®dn, and (*) denotes complex conjugate. f(x) satisfies the 
conditions of Titchmarsh (1948, Theorem 47, p. 67). Therefore, with a = 1, 
B = 2x 


co 


= > [f(n+0)+f(n—0)] = 


n=1 


F ‘ifdaeen- thy) 
V (24n—8) : 


Thus 


F[V2an+6)], FLV 2an— s))) 


Vv (2an+5) Vv (240-6) 


ee et $2) s Ay —200)) ie / (2an— 5)] 


atest V/(b—2an) * ASS. “eon nF? 


from which >>, are readily found by appropriate choice of 6. 
In this latter formula, 6 may take any value. If 6 is sufficiently small, then 


6 > 0, 


6 <0, 


which is the behavior found by Karp and Radlow (1956). 
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R. F. MILLAR 


ABSTRACT 


The analysis of Part I is repeated for the second boundary value problem 
in which the normal derivative of the wave function vanishes on the elements 
of the grating; the existence of anomalies is again inferred. The behavior of 
the spectral intensity near an anomaly for a grating of small elliptic cylinders 
is considered and found to be much different from the case studied in Part I. 

The infinite reflection grating is discussed. Weak anomalies are predicted 
in the spectra for the case in which the wave function vanishes on the grating; 
strong (Wood) anomalies are found in the spectra for the second problem. 

The finite transmission grating is treated very approximately. Anomalous 
behavior, dependent now on the number of elements, is inferred. 


INTRODUCTION 
The study initiated in Part I is continued. In Section 1, a less detailed 
development is given for the second boundary value problem. The infinite 
reflection grating is discussed in Section 2, while the finite grating is considered 
in Section 3. 


1. du/dn = 0 ON THE CYLINDERS 
1.1. Derivation and Formal Solution of the Integral Equations 
The notation of the previous part (henceforth referred to as I) will be em- 
ployed in the present discussion. 
Equation (I,1) gives, for the total field at a point P not on one of the 
cylinders, 


(1) u(P) = 1! (P)+4iD { uS-H(kr,)ds. 





If P is now permitted to tend to a point P, on C, then the integral equation 


satisfied by u is seen to be 
; 0 ; 
(2) 2iu(Pa)+ x. i, we A (kroa)dsy = 4iu'(P,), 


where the integral for vy = \ is a principal value. 
(It may be noted that, if at the outset the cylinders are assumed to be 
coplanar strips, then equations (2) reduce to the identities 


u(Pk)+u(Px) = 2u'(Pa), 


where P¥ represent limiting values as P — Px through values of z 2 0, re- 
spectively. The appropriate analysis leads to a set of differential-integral 
equations, but this case will not be discussed here.) 
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The equations (2) may be modified in a manner similar to that employed 
in I. Then, if ¢, =u(P,), 


(3) dx = 44f,(e) —e 8, (0) X ¢v—d)r-(a,0) 


—e™™y(4) D0 c(v—d)r-(a, 7), 
y>r 


where {,(a) is the solution of 


f P a 
(4) 2ita@+¥O J, f(a)s-Gl, Ads, = u(Ps), 
(5) T (a 6) = j ¢ _9_ ik, cos 6+2, sin ds 
e ¥ ’ — p Cy "On, Sy, 


and G(v,A) is defined by equation (1,9). The physical interpretation of the 
above equations is analogous to that of equations (I,11) and (1,12). The 


functions 7,(a,@) are determined by 
(6) 1(a,0) = 4ig,(a,0) —e7 "gq, (0,0) D> c(v—d)7(a,0) 
vod 


—e "9, (1,0), cly— \)r,(a,7), 


y>r 


where 
, 0 
a ‘ OC —ik ros 6 in 6) 
(7) g(a) = | Ex (ax) ——e Mr co8 “ten sin Ts, 
JC) On, 


Sets of linear algebraic equations for the determination of 7,(@,0), 7,(a,7) 
may be found from equations (6) by setting @ equal to 0 and z in turn. As was 
the case in I, the rigorous solution of the set of equations would appear to be 
practically impossible unless V is small, or the grating infinite. This latter 


case will be next considered. 


1.2. The Infinite Grating of Identical Cylinders 

When the grating is infinite, and the cylinders identical, then the number of 
unknowns in the linear algebraic equations is reduced to two (r(a@,0) and 
t(a,r), sav, where the subscript ‘0’ has been omitted). These may be found 
from equations (1,17) by the transformation « — —r, p— gq (see equations 
(18) of Part II). Then the field [¢@(a@)] on Co is determined by equation (3), 
with A = 0: 
(8) g(a) = 4i¢(a) —£(0)r (a0) © — F(a) r(a,z) Yo, . 


The field of the grating may be found directly from equation (1,24): 


(9) u(P) = u'(P)+ >. He elt 008 0, £2 sin er) 
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the + sign being chosen accordingly as 220, it being understood that P lies 
outside a strip containing the cylinders. Here 


(10) b* = lir(a,+0,)/(x,a2), 


and the angle @, is defined by equations (I,27). 

Limiting forms of 5+ at a Rayleigh wavelength may be found by application 
of the transformation at — b+, o — —r, p— q to equations (I,28) through 
(1,32). 

A comparison of equations (1,26) and (10) makes evident the possibility of 
similarity in the behavior of at and b+ near a Rayleigh wavelength. For 
example, Wood (1902, 1935) observed bright and dark narrow lines, as well 
as intensity variations somewhat like Fig. 2(d) of I in the H-polarized spectra 
of a reflection grating. (In Section 2, it will be seen that, for this polarization 
(du/dn = 0 on the cylinders), the spectra of reflection and transmission 
gratings are qualitatively similar.) One concludes, therefore, that an infinite 
transmission grating with identical elements of arbitrary form upon which is 
satisfied either of the boundary conditions « = 0 or du/dn =0 may be 
expected to exhibit anomalous behavior near the Rayleigh wavelengths. The 
precise form of the anomalies is, of course, dependent upon the shape, size, 
and spacing of the elements, and the boundary condition, but the discussion, 
which follows equation (1,32), of the possible variation of a= near a Rayleigh 
wavelength is equally valid for the coefficients 5+. 

The equation satisfied by ¢(@) may be obtained from equation (4): 


° 0 vKa cop @ 
(11) aig J dss Ge" = (Po), 


where G, is defined by equations (1,45), the normal derivative operating on 
y, z. For the case of small, elliptic cylinders (see Fig. 1 of 1) it is assumed that 


+o 


(12) ti) = 2 tale’, 


where again e = kb <1, and 26 is the interfocal distance. Then ¢o, ¢1,... 


satisfy the equations 


> 
c 


: a F a 
2u1+ dst g0 = ui(Po) — J dsfoo 8, 


“Co Co 


( » 0 

| 2160+ J dsfu- Bo us(Po), 
Co 

| 


| , 
in which the integrals are principal values, while the functions g, are defined 
by the third of equations (1,49). 
The normal derivative of go which appears in (13) may be found from 
equations (1,51) and (347), where (7) again refers to Millar (1960): 
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0 %,90 
(14) ds~ £0 = = ans vo = tas +2 e cos ntetn) | 
Because u',(Po) = 1, it follows that 


(15) Sola) = — fi. 


¢i1(a) may be determined in like manner. According to equations (1,59), 


0 oY 
(16) ds~ 81 ae dn >: (a,ka), 


which implies the vanishing of the integral on the right-hand side of the 
second of equations (13). Then 
(17) é1(@) = fe" cos (n — a+). 
It is apparent that, to terms of order ¢ inclusive, the function ¢(@) does not 
differ from the corresponding solution for the field on an isolated cylinder. 
To determine an approximation to ¢(a) (equation (8)), it is necessary to 
calculate 7(a,0) and r(a,7) to the same order. As mentioned previously, these 
functions are obtained from equations (1,17) by the transformation o — —r, 
p — q, with qg defined by equation (7) 


g(a, w)q(m, 0)2+—¢(a,0) [1 + 0)[1+q(x, 7) d+] 





sia r(a.0) = —4 55 (0,0)r_Il+4(=.=)S4]—9(x,0)90,2) 5. 
aa = (a,0)q(0,7)2)-—g(a,7)[1+9(0,0)2] 
$900.0) 5-1 +9(m,7)D4]—9(4,0)90,7) Dad 


It may be shown that the series expansion of q(a,6) begins with the term 
€7g2(a,0), where 


9 


(19) g2(a,0) = — if re Z(¥ cos 6+Z sin @)dn 


a2r 
-3} | to SY cos 6+Z sin 6) "dn 


70 


1Q(a,0), say. 


Q(a,8) is a real function, and Y, Z are defined by equations (1,48). 

At first sight, it would appear that the zero-order approximations r (@,0) 
and 7 (a,7) are zero since the g-functions are of order e?. This is indeed so if 
both Ss are negligible, but if, for example, |S>-e%g2(0,0)[>>1 (a condition 
which may well be realized if «#0), then 


7 (a,0) 3° — 4tige(a,0) ‘q2(0,0). 





This quantity, which appears in equation (8), is of order zero in ¢. Thus it is 
necessary, even in a first (that is, zero-order) approximation, to retain the 
terms of order e? in numerators and denominators of the expressions (18). 
¢ (a) may then be defined (see equations (8), (15), (17)) by 
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(20) (a) = 1+ Flr (0) E- + (a) Es] 
+ee*{icos(n — a+8) — }[7 (a0) S-~ — 7 (a,x) 504] cos(n +8) }. 


It should be pointed out that, although equations (18) (with 7, g, replaced 
by 7, eg2, respectively) are correct to order e? inclusive, ¢ (a) is correct 
only to order ¢, because the second-order term in ¢(a) has been omitted. 
Nevertheless, sufficient terms have been retained in equation (20) to make 
equations (5), (20), and the zero-order form of equations (18) consistent in 
the quantities ¢ and 7, 

Various special cases arise, dependent upon the magnitudes of }>,, but these 
will not be considered. 

Because the major effects of interaction are described by %, it is un- 
necessary to consider further terms. ¢ will be a valid approximation if ¢ 
is sufficiently small regardless of whether or not interaction is of importance. 

The first approximation to 6* (equation (10)) is 





(21) bt = dir (a, +6,) / (ka). 


If x, —~ 0, 2 > 0, then 6, — 0, and 


| 
' 
' 
4 
i 
: 
: 
k 
i 


1 ra yt 0), | | 
99 OY Sen, 
(22) b 5 | an +h 267 (a0) poh Om) , 


Here the relationship x, = R sin 6, has been employed. 
If k_n — 0, m > 0, then 6_,, — 7, and 


1 ee i @ 
—1 —_——— FS a 
St Kot ka 06 








(23) bt = 7” (a,0) etn 


O= 





The behavior of 5+‘ when v ¥ n, —m, may be found by consideration 
of equations (21) and (6): 







(24) bE = Li(x,a)~'e*[4igo(a,+0,) 
—q2(0,+0,)7” (a,0)E- —qo(4,+0,) 7” (a, 2) E 4). 







Equations (24) imply that the d+ are, in general (but not everywhere, as 
will be shown subsequently), of the second order in ¢. It has previously been 
indicated (see the discussion preceding equation (20)) that, in the limit, 








b= and b+, are of order zero in «. 
The expressions for 6* are rather more complex than the coefficients 


¥v 







at, Nonetheless, a few remarks may be made about their behavior near 
>, 2 ’ 
>| > 1; for according to equations (6) and (18), 





say, k, = 0, where | 






(25) —hir (a0) = €{1Q0(a,0) — €*((O(a,0)O(r,7) — O(a,r)O(7,8) | > 






+[0(a,9)0(0,0) — O(a,0)0(0,8)] ©_)} 


[1+7e?[Q(a,7) 32+ +0(0,0) 2 -]} +O0(€), 







where Q(a,@) is the (real) function defined by equation (19). 
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If | S_| > 1, while | }°4| is small by comparison, then 


(26) Yin" (a,8) + Ohad he Me AE eM QO Mae, 
where Q>0 is defined by 
(27) Q = —Q(0,0) = —Q(a,r) = $2x(cosh 24 —cos 28). 


The denominator of the expression (26) may become quite small. For 
if 6. <O (where 6_= ka(1—cosa)—2m7m), and |5_| is sufficiently small, then 
~~ = —i[2/(kals_|)}?, and the real part of the denominator vanishes if 


6_ = bmax < 0, where 


(28) (ka|Smax|)? = W22Q/[1+eQ Im Y,]. 
Since the imaginary part of its denominator is small, and slowly varying, 
|6£|? will exhibit a maximum for 5_ = dmax determined by equation (28). 
Then 
2 4 Q(a,0)9°(0,+6,) 2 
29 bx. PP = ae SES H+00), xn. 
(29) | yma | \kya|" >d.- ( ) v 


It is evident that the position of the maximum depends explicitly on neither 
v nor m, while the magnitude at the maximum is essentially independent of e. 

The numerator of 7 (a,+6,) may likewise be examined, and there arises 
the possibility of minima in both |d+|? and |d>|*. For 7 (a,+6,) may be 
approximately zero when 6_ = 6*,,< 0, where 


(30) (ka|6x1n|)* =~/2e[0+0(a,0)0(0,0,)/O(a,0,)], 


the first term of which is essentially (Ra|8nax|)', and |6+,,| is assumed sufficiently 
small for the above approximation to }>_ to be valid. For the existence of 
6+, it is necessary, then, for the right-hand side of this equation to be positive, 


min’ 


with |Q(a,6,) | sufficiently greater than zero. Evidently 5+, is not independent 
of v. 

The integrations in equations (19) may be performed, and it is seen that 
(31) Q(a,0) = $x[sinh 2u—e*cos(a—8) +cos(a+é—28)] . 


Thus 65,,, Which is obtained by changing the sign of 6, in the right-hand side 
of equation (30), is not equal to 6+,,, and the positions of minimum intensity 
of corresponding waves in s 2 0 are not coincident. 

The condition that |Q(@,@,)| be sufficiently greater than’ zero is not of 


necessity satisfied. It may be shown that Q(a,@) = 0 if 

(32) cos(x—xo) = [e#—2e*cos 2(a—8)+1]-? sinh 2u, 
where 

(33) x = 6-8, 


cos 


(34) ‘ (3 = [e“—2e*cos 2(a— 8) +1] can( % \ia—), 
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and the angles x, xo are always real. For example, if the cylinders are circular 
(u— o), then Q(a,0) = 0 if cos(a—@) = $. 

In addition to the condition on Q(a,@,), it is evident, according to equation 
(30), that Q(@,0) Q(0,0,)/Q(a,6,) must be sufficiently large that the positions 
of minimum and maximum are not so close as to invalidate the arguments 
employed in their derivation. Furthermore, it is not difficult to show that 


a 


dé_ 


(35) pe |2 . ee aN é = 0+ 
vo |Oy = 


| Le eosgn[(a,0) 000,46.) /O(a,+0.)], 5 =0-. 
Then if Q(a,0)Q(0,+0,)/Q(a,+6,) <0, 6+, lies between dma, and 0, and the 


min 
slope of |b*|? is positively infinite at 6. = O—. On the other hand, if dnax is 
between 6+,, and 0, then the derivative at 0— is —«. Whether or not 
there is a cusp at 6_ = 0 is determined by sgn[Re }°,], if Re }0, is sufficiently 
large that the terms O(e?) in equation (35) are negligible. 

The amplitude a of the wave which tends to grazing as xk, — 0 likewise 
may be examined. It may be noted that the form of equation (22) indicates 
the existence of a maximum in |b£|? (of order e~*) at a point determined by 
equation (28). On the other hand, the condition which determines a minimum 
for |b+|? (that is, the vanishing of certain second-order terms) turns out to 
be (kaé_/2)! = —4kaQ(a,0)/Q’(a,0), where the prime denotes differentiation 
with respect to 6,. Thus 6_ must be positive, so the minimum found for all 
other amplitudes on the long wavelength side of the anomaly is absent. More- 
over, the right-hand side of this expression is not small in general, nor positive 
of necessity. Nevertheless, it is satisfied, for example, in the case of small 
circular cylinders (u— © in equation (31)) for a value of cosa slightly less 
than 3. Under these conditions, |b*|? possesses a minimum on the short 
wavelength side of the anomaly, and a similar minimum occurs for |6>“|? 
when cos @ is somewhat greater than 3. 

The variation in intensities near a double anomaly may be considered in 
like manner. However, because both |}°,| > © it is necessary to employ 
the complete expression for 7 (a,@) determined from equations (6) and (18), 
rather than the more approximate equation (25). This aspect of the problem 
therefore will not be considered further. 

To illustrate some of the foregoing results, numerical calculations of the 
intensity variations near an anomaly have been performed. The cylinders are 
circular, of radii r. The anomaly chosen is that for which x;— 0; it is assumed 
that ka = 5/2 and cosa = 1/5, so ka(1—cosa) = 2r+46_, |6_| 1. 

The behavior of |b} |? is exhibited in Fig. 1 for kr = 0.005 and 0.05; these 
values correspond to ee* = 0.01, 0.1, respectively. The calculation is based on 
equation (26), with > approximated by [2/(kaé_)]?, and 4 assumed 
constant and equal to —0.122(1—2), its value for 6. = 0. The abscissae 
of the maxima (and minima) are, for the two cases, in the ratio (0.05/0.005)4 = 
104 (equations (28) and (30) indicate that the abscissae of maxima and 
minima are in this ratio); other than in the neighborhoods of the maxima and 
minima, the intensities, as functions of 10”6_ differ only by the same factor 
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Fic. 1. Variation near a Rayleigh wavelength (m = 1) of log,0|b¢ |? for gratings of small, 
circular cylinders of radii r; kr = 0.005 and 0.05. The insert illustrates on a linear scale the 


behavior of {b}|? near 6. = 0. 
Fic. 2. Variation near a Rayleigh wavelength (m = 1) of logio| 


b+ |2 for gratings of small, 


circular cylinders; kr = 0.005 and 0.05. The insert illustrates on a linear scale the behavior 
of [bt |? near 6_ = 0. 
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of 10‘. The magnitudes of the maxima (0.595) are independent of kr (equation 
(29)). To the present approximation, the minima are zero; if higher-order 
terms are considered, the minima will be found to be of order (kr). 

The rapid variation in intensity near 6_ = 0 is masked by the logarithmic 
scale in Fig. 1. The insert, drawn to a linear scale, illustrates this phenomenon. 

Figure 2 exhibits the behavior of |b{“|? (the intensity of the wave which 
becomes grazing for 6. = 0), for the same values of the parameters. To carry 
out the calculation, the expression for 7 (@,0,) (equation (26)) was expanded 
about 6, = 0 to terms of order 6, inclusive, a being assumed fixed. For small 
61, Kk, = RO, so 0; = [26_/(ka)]*. Other than in the neighborhood of the strong 
maximum, previously seen to be of order (kr)~‘, the intensity, as a function 
of 10”6_, is independent of kr. (It may be noted that this maximum is not 
observable, associated as it is with an evanescent wave.) The previous con- 
tention that there is no sharp minimum in this case is borne out by the figure. 
The rapid variation of intensity near 6_ = 0 is plotted to a linear scale in the 
insert to Fig. 2. 

2. THE INFINITE REFLECTION GRATING 

As is well known, the results obtained both in I and the present paper may 
be employed to analyze the behavior of certain reflection gratings. 

Suppose that the wave function which vanishes on the cylinders is denoted 
by wi(a;y,2), while u2(a;y,z) represents the wave function whose normal 
derivative is null on the cylinders. Further, assume that the scatterers forming 
the grating are symmetrical about the plane z = 0 (so 8 = Oor $z for elliptical 
cylinders). 

Consider the reflection grating defined by the strips (S) of the plane z = 0 
lying between cylinders, and that portion (C) of the cylinders lying in z < 0. 
Then the solutions (defined for z < 0) to two infinite reflection grating problems 
are determined by the functions 


f Ux(asy,2) = ur(asy,2) —u1(—ay,2), 
\Us(aiy,2) = u2(ayy,z) +u2(—a;y,2), 


(36) 
where U;, U2 satisfy the following boundary conditions: 


(i) Uy = O0on C+S 

(ii) 0U2/dn = 0 on C+5. 

Cases (i) and (ii) correspond respectively to scattering of E- and H-polarized 
waves by a perfectly conducting reflection grating. 

Through considerations of symmetry, together with equations (1,10), (1,14), 
(1,26), and (1,44), the following relationships may be proved for a grating 
with elements symmetrical about the plane z = 0: 

x(aiy,2) = x(—aiy,—3), 
E(aiy,2) = &(—aiy,—2), 
a(a,0) = ¢(—a,—8), 
p(a,0) = p(—a,—8), 


| at(a) = a;(—a). 
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In a similar manner (see equations (5), (7), (10), and (11)), it may be 
shown that 


[ o(a:y.2) = $(—a;y,—2), 
| S(a;y,2) = $(—a;y,—2), 
(38) t(a,0) = r(—a,—8), 
g(a,0) = q(—a,—89), 
| b¢(a) = b5(—a). 


The above relationships are useful in the discussion of cases (i) and (ii). 
For simplicity, only the amplitudes of the plane wave spectra in the region 
z <0 below the protuberances will be considered. 

(i) The field below the protuberance is, according to equation (1,25) 


ik(y co8 a+z sin a) 


(39) Ui(a;y,2) = e 


a i 4 a eke cosa—z tn)s, A, ' ets cos @,—2z sin ¢) 
[1-Av(a)] ¥ Av(@) 
where the equality of 0) and a (equations (I,27)) has been invoked, and 


(40) A,(a) = a, (a)—a, (—a@) 
2[p(a,0,) —p(a,—4,)]/(xa), 
the latter equality being a consequence of the symmetry relations (37). Thus 
there is no explicit dependence on }°>4 and much of the anomalous behavior 
attributable to these functions will be absent from the spectrum of the reflec- 
tion grating. However, in the neighborhood of a Rayleigh wavelength, the 
function p(a,6) does depart to some extent from the polar diagram of an 
isolated cylinder; thus weaker anomalies might be expected, and such have 
been observed by Wood (1912, 1935) and Palmer (1952). Theoretical work of 
Twersky (1956) and Meecham (1956) also indicates minor anomalies. 

The limiting form of A,(@) when x, — 0 may be found from equation (40). 
In particular, for vy = n> 0, 
(41) A, (a) > 4/(ka) lim p’(a@,0), 
where the prime indicates differentiation with respect to 4. 

If the protuberances are small and elliptical, then equations (1,55) and 
(1,63) imply that 4,(a@) = O(e?), and in equation (39) only the incident and 
specularly reflected terms a. 2 appreciable. 


ll 


(ii) In this second case, the field is of the form 


ik(y cos a+2 sin a) 


+[1+Bo(a)]e*” cos a—z mis, he Biuae**™ 6,—z sin Oy)» 
v0 


(42) U2(a;y,z) = e 


where 

(43) B,(a) = by (a)+b; (—a) 

ay {2[¢(a,0,) +9 (a, —9,)]+i9(0, —6,)r(a,0) >> 
+ig(4,—6,)r(a,7) 43 /(ma), 
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the final expression being a consequence of the relations (38), and equations 
(6) and (10). Thus B,(a) will exhibit anomalies similar to those considered in 
Section | of the present paper. In particular, for small elliptic protuberances, 
there will be a maximum of |B,(a)|* for separation, wavelength, and angle of 
incidence determined by equation (28). However, the position of the minimum 
of |B,(a)|? is not given by equation (30). It is readily shown that, for the 
reflection grating, the value of dyn(< 0) is determined by 


(44) (ka|8min|)? = V26?{0+20(a,0)0(0,0,)/[O(a,8,) +Q(a,—4,)]}. 


As may be observed from equations (27) and (31), dmax and dpm are both 
dependent upon the value of 8 (0 or $7). 

The existence of maxima in the intensities has also been demonstrated by 
Artmann (1942), Karp and Radlow (1956), and Twersky (1956). The position 
of the minima appears to have been noted only by Twersky (1956). 

If the protuberances are semicircular, with radii r (where kr <1), then 


oa Tv 9 1 2 
(45) (ka|6max|)? = 2.79 (Ar) /(L+gx(kr)"Im 7. 
2 (1—cos @,) (1—cos a) 
1—2cos6,cosa ’ 


stn 
V/2 
which are in essential agreement with Twersky (1956, equation (117)). 

The variation in intensity near an anomaly of the spectra associated with 
this particular grating should be qualitatively similar to Figs. 1 and 2, although 
the position of the minima will differ from those shown in the first figure. The 
maxima and minima are apparently much more sharp, and the ratio of inten- 
sities at maximum and minimum much greater than observed by Wood (1935) 
(for example, Wood mentions an intensity ratio of 15 to 20). This may be due 
to the fact that the present theory implies broad grooves and relatively narrow 
space between, while the gratings employed by Wood presumably had narrow 
grooves, with relatively wide spacing. Figures 1 and 2 do appear to indicate 
a tendency for the maxima and minima to broaden, and the intensity ratio 
to decrease, with increase in kr. 


(46) (ka|5 nial)? = 


(kr) 


3. THE FINITE GRATING 

Although of more practical interest than the preceding results, the solutions 
pertaining to a finite grating are severely complicated by end effects intro- 
duced through the non-periodic nature of the structure. It has been mentioned 
in I that the rigorous solution to the linear algebraic equations appears to be 
impracticable for large V, and at best an approximate solution may be expected. 

It is unfortunate that the obtaining of even an approximation to the solution 
of the equations is made more difficult by the very property of the Hankel 
functions (discussed in the paragraph preceding equations (I,5)) which neces- 
sitated the present approach to the problem. Nevertheless, some progress can 
be made in the analysis, and the two boundary value problems, formulated 
previously, will be discussed more fully, attention being confined to small 
scatterers of elliptic section. 
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3.1. u = 0 on the Cylinders 

The equations to consider are the integral equations (I,11) (which determine 
the distribution on the cylinders through equations (I,12)), and the linear 
algebraic equations (1,15). The former will be considered first; the index v 
runs from —WN to N (rather than from 0 to VN—1), where V > 1. Thus the 
grating consists of 2V +1 elements. 

It will be assumed that &(a@) and G(v,A) possess expansions of the form 


(2i/m)[Yo(A, A) +¥i(A,A)e +... J, v= , 


Ms 


Gal, A)e’, vx. 


n=0 


4 


Here (u,,m,) represent elliptic co-ordinates with origin at the center of C, and 
My = mw (a constant) on each cylinder. Yo(A,A) may be found by replacing 
nno by m,na respectively in the first of equations (1,52), while 


(48) Go(v,A) = H(\y—Al|ka) —c(v—d). 


If the incident field also is expanded in powers of ¢ it is found that the 
£ (a) are the solution of the linear algebraic equations 


(49) 2 (p+ n+ D [A (p—dlea) —c—a) e = res, 
Tv 3 ov 


\= —-N, —N+1,...N—1, N- 


Equations (49) are in form similar to equations (217). In the latter, however, 
the coefficient of the unknown in the summation was merely H(|y—A\ka), 
of order |y—A|~?, while in the above equations, the coefficient is of order 
\y—d|-*/2. It is this characteristic which makes feasible the solution of 
equations (49) by iteration (successive substitutions) with £&9(a) = 
—1i(ptnu)—te%** 84 as a first approximation. The series solution so obtained 
may be truncated after its first term provided ka is sufficiently large and, 
provided the factor H(|»—\|ka)—c(v—X) may be replaced by the first term 
in its asymptotic expansion, the process is convergent (uniformly in a) if 


(50) (ka)*/"|p-+u] = $n) —N-!). 
For instance, if ee = 0.01, this condition implies that ka 2 1.5, so the process 
is certainly convergent if ka is sufficiently large to justify use of the asymptotic 


expansion of H(|y—A|ka). 
For the remainder of this discussion it will be assumed that e and ka are 





such that 


bE, (a) (cosh"u—cos’m)! = & (a), 


(a) os —li(p+n)*e™ cos ue 


(51) 
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so to this order of approximation, —47& (a) is equal to the normal derivative 
of the total wave function on a small, isolated cylinder C). 
To the same degree of approximation, 


(52) pr(o,0) = 2m (a), 


and o,(a,0) = o,(a), which is independent of 6, is determined by 


(53) an(a) —5i( btu)” 2 ce—d)ov (a) = —87it{"(a), 


A} = -—N, —N+1,...N—1, N. 


Because of the slow decay of the coefficients c(v—X), a solution of equations 
(53) by the former iteration procedure appears to be convergent in N, ka, 
and a, only if interaction is unimportant, in which case the sum is small, and 
o, = —8ié is a good first approximation. In order to obtain a solution by 
iteration valid when interaction is not negligible, it would appear essential to 
transform the equations to a system in which the off-diagonal terms of the 
coefficient matrix are more rapidly diminishing 

A more direct way to obtain an approximate solution is to separate the 
equations into blocks (Zin number, say), in each of which the o, are assumed 
to differ by only the phase factor appropriate to the infinite grating, and to 
solve for the central unknown in each block. As M increases from unity, the 
approximation steadily improves, and yields the rigorous solution when 

{=2N-+1. 

Twersky (1952) found it necessary to neglect end effects in order to proceed 

with his analysis, and essentially the same approximation (7 = 1) will be 


employed here. Then 
(54) a,(a@) = ao(a)et”*4 ome. 


where oo(a) may be found from equations (53) on setting \ = 0. It is then 
apparent that oy(a@) is determined by the right-hand side of equation (1,56) 
(which pertains to the infinite grating), with (a) and & replaced by & (a), 
while the summation index in }>. runs from 1 to V, rather than from 1 to ©. 
The approximation (54) should be best for small values of v, but undoubtedly 
the neglect of end effects will lead to some error in the field on the cylinders, 
and in the far zone to which region attention will henceforth be confined. 

The field at a point P(R,@) (see Fig. 1 of I) is determined by equations 
(1,3) and (1,12). If the point of observation is sufficiently distant from the 
grating so that R> Va, RR> 1, then H(kr,) may be replaced by the first 
term in its asymptotic expansion, and 


hi KR N 


es Siete a ; - trka cos 0, 
(55) u(P) ~ u'(P) 2./(2akR) de »(a,6), 


where a, is defined by equations (1,10) or (1,13). To the order of approximation 
here considered, ¢,(a,9) is independent of 6, and equation (54) implies that the 
intensity of the scattered far field is equal to 
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oo(a)|” {alee ntien- ces a)}\? 


8xkR sin[}ka (cos a—cos 6)] 


It is eviaent that, to the present order of approximation, the variation in 
scattered int-nsity (other than due to the Fraunhofer factor in the curly 
brackets), will -» mucl iike that of the functions |a|? which were discussed 
previously in connc “tion with the infinite grating, while the intensities |a|?, 
ja |?, which refer to the grazing plane waves, correspond to 6 = 0 and « 
respectively. For each of these values of 6, the Fraunhofer factor attains its 
maximum of 4(V +4)? at the corresponding Rayleigh wavelength. 

Equation (56) is essentially equivalent to the result obtained in a different 
manner by Twersky (1952, equation (17)), whose analysis of the function 
ay(a) predicts the existence and position of strong minima in the intensity 
of u® (Wood anomalies). The reader is referred to this paper for a detailed 
discussion including several figures which illustrate the above phenomena. 
Minor differences between |a‘|? and |oo(a)|? are apparent. The displacement 
of the position of the minimum from the Rayleigh wavelength is zero for the 
former case, and inversely proportional to N for the latter. Furthermore, 
|ao(a)|? (being of order N~-') does not drop to zero or possess a discontinuous 
slope at the minimum, while several subsidiary extrema, dependent on V and 


flanking the major anomaly become apparent. 


(56) lu" (P)P = 


3.2. du/dn = 0 on the Cylinders 
In this case, it is necessary to consider the integral equations (4) and the 
algebraic equations which may be derived from (6). If it is assumed that 


(57) hla) = Sade, 


n=0 


then, because on C, the normal derivative of Go(v,A) vanishes if v ¥ X (see 
equations (47), (48)), equation (14) implies that ¢{° (a) is identical with the 
corresponding term for the infinite grating. The same is true for the function 
&{) (a), so according to equations (15) and (17), 


3-(0) - idk 

“ th (a) as 1 ie’ ka re. 

(9 ) 7% 1» tka cosa s , 
ti" (a) = fee cos(y,—a+ 8). 


Furthermore, the solution ¢(a) is, to order e, identical with the field determined 
in (t) (see equations (38+) for the scattered field). However, while in (7) it 
was assumed that interaction effects could be safely neglected, and equations 
(38+) gave the entire scattered field on the cylinders, here ¢,(@) is but one 
part of the field on the scatterer, the total field being determined by equation 
(3). 

The series expansion of q(a,6) (equation (7)) begins with the term 
ie°O(a,0)e** 8, where Q(a,8) was introduced originally in equation (19) and 
is defined explicitly by equation (31). Thus, even to a first approximation, 
7(a,0) will be dependent on 6, unlike the zero-order approximation to o(a,6). 
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If end effects are again neglected, and it is assumed that 
(59) 7(a,0) oes T0(a,0)e™*4 One. 


where 70(a,9) is determined from equation (6) with \ = 0, then several of the 
expressions pertaining to the infinite grating may, with minor modification, 
be employed here. For example, 7o(a,0) and 7o(a,7) are determined by the 
right-hand sides of equations (18), if the subscript ‘‘0” is placed on the q- 
functions, and the summations involved in }>4 run from 1 to V. Furthermore, 
if not both |}°,| are too large, and the functions q(a@,6) are replaced by the 
first term in their series expansions, then equation (25) gives the zero-order 
approximation [r{ (a,0)] to 7o(a,@), in which end effects are neglected. 

The far field of the grating is mails obtained from equation (1): 


et'e ikR x 
(60) u(P) ~ u\(P) + 5 GakR) Qu cn ore les 6). 


To the present degree of approximation, the intensity of the scattered far 


field is equal to 


ee 0” (a,6) |" N+4)k G 
(61) w(P)}? = [7 reals sin[(N-+4)ka(cos a—cos el 


sin[}ka (cos a—cos @)] 


Thus, in this case also, the variation in scattered intensity (excluding the 
effects due to the Fraunhofer factor) will be similar to the behavior of the 
functions |b+|?, while |b*|? and {b= |? correspond to @ = 0 and 7, respec- 
tively. Without doubt, the neglect of end effects, and the finite value of V 
will modify this behavior to some extent, but the presence of a maximum and 
a minimum of intensity on the long-wavelength side of an anomaly is to be 
expected (and was originally observed by Wood (1902) in the field scattered 
by a finite reflection grating). 
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THE EFFECT OF QUENCHING AND NEUTRON IRRADIATION ON 
INTERNAL FRICTION OF ALUMINUM-5% MAGNESIUM ALLOY! 






W. G. NILSSON 











ABSTRACT 


Low frequency internal friction data were obtained on the alloy aluminum-5% 
magnesium to determine the effects of quenching and neutron irradiation on 
solute movement. A damping peak near 150° C, attributed to stress-induced 
reorientation of solute atoms, was found to be shifted to lower temperatures by 
these treatments. This behavior corresponds to a reduction in relaxation time 
for the damping process, and is compatible with the idea that the solute atoms 
act as traps for vacancies. 








INTRODUCTION 


It has been suggested that in substitutional solid solutions, solute atoms 
can act as traps for vacancies when their atomic size is appreciably different 
from the solvent (Seitz 1950). An excess concentration of these defects may 
enhance solute atom diffusion. Recent work used this argument to explain 
certain phenomena which occurred during recovery, precipitation, and strain 
ageing of binary aluminum-—magnesium alloys (Perryman 1955, 1956; 
Westwood and Broom 1957). 

To study the effect of an excess concentration of vacancies on diffusion it 
is necessary that the experiments be conducted at temperatures where rapid 
annealing out of the defects does not occur. Conventional diffusion experi- 
ments at elevated temperatures are therefore not suitable. Atomic mobility 
may be studied at lower temperatures by utilizing the anelastic properties 
of certain solid solutions (Nowick 1952a). This method is based upon the 
measurement of the relaxation time associated with stress-induced reorienta- 
tion of solute atoms. An anelastic relaxation can be examined experimentally 
by observations on the damping capacity of a material. Although the exact 
nature of the local ordering is somewhat uncertain (Zener 1947; LeClaire 
and Lomer 1954) it seems necessary that the atomic diameters of solvent 
and solute be substantially different. In binary aluminum—magnesium alloys, 
an internal friction peak appears between 100° and 200°C at a vibration 
frequency of the order of 1 cycle per second (Berry 1956; Maringer et al. 
1956), and the magnitude of the peak is dependent on solute concentration. 
For a fixed frequency, quenching displaces the peak maximum to lower 
temperature, thus indicating a reduction in the relaxation time. These effects 
are characteristic of a relaxation produced by stress-induced local ordering 
(Berry and Nowick 1958; Li and Nowick 1956; Nowick 1951; Nowick and 
Sladek 1953; Roswell and Nowick 1953). It appeared, therefore, that a binary 
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aluminum-—magnesium alloy would be a suitable material on which to study 
the effect of excess vacancy concentration on atomic mobility. Such defects 
can be produced by irradiation with fast neutrons as well as by quenching. 
Inasmuch as the radioactivity of aluminum and magnesium resulting from 
irradiation with pile neutrons is low, the use of such an alloy was particularly 


attractive. 


EXPERIMENTAL 
Torsion Pendulum 

Internal friction data were obtained as a function of temperature. The low 
frequency torsion pendulum used was similar to that described by Ke (1947). 
The wire specimens were 6 in. long and 0.025 in. diameter. The total tensile 
load on the specimens was 350 p.s.i. The vibration amplitude used was such 
that the maximum shear strain at the specimen surface was 1.3 X 10-°. Measure- 
ments on a few specimens at room temperature using maximum shear strains 
somewhat above and below this value showed no appreciable amplitude 
dependence of the damping. 

The temperature variation along the specimen length was maintained within 
approximately plus or minus 1°C at 200°C. The thermal inertia of the 
furnace allowed heating rates of 5° C per minute. The free cooling rate was 
exponential with a decay time of about 20 minutes. 


Material Used 

High purity aluminum—5% magnesium alloy in the form of hot-rolled slab 
was drawn to wire with a final diameter of 0.025 in. Spectrographic analysis 
gave the approximate impurity content as 0.03% silicon, 0.004% copper, 
and less than 0.005% iron. After they were cut into lengths of about 6 in. all 
specimens were annealed at 500° C for 4 hours for straightening and also to 
produce a large grain size. A large grain size was desired to suppress a high 
background that might occur from grain boundary relaxation (Nowick 19520). 
The resultant average grain diameter was of the same order of magnitude as 
the specimen diameter. 

Specimens were usually heat-treated in argon. However, in preliminary 
tests using air heat treatment, the surface oxide so produced did not seem to 
have any obvious effect on the damping. At 500° C the temperature variation 
along the specimen length in the annealing furnace was about plus or minus 
2°. Quenching was accomplished by blowing the specimen rapidly into a 
water bath at room temperature. 


Neutron Irradiation 

The irradiations were carried out at The Atomic Energy of Canada, Ltd. 
(Chalk River, Ontario) in NRX reactor fuel rod positions using a transformer 
rod similar to that described by Cook and Cushing (1953). Air cooling main- 
tained the temperature of the specimens at about 60° C, as measured with 
iron—constantan thermocouples. Calculations indicate that within the irra- 
diation assembly the neutron flux above 500 ev is about 3.1 X10" n/cm? sec 
with the reactor operating at 40 megawatts. 
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Prior to irradiation the 6-in. long wire specimens were given various heat 
treatments, described later. After removal from the reactor and before making 
the damping tests the specimens were stored for several weeks at room 
temperature. The resultant activity of the wires was then sufficiently Jow to 
permit direct handling with rubber gloves when the torsion pendulum was 
being loaded. 










RESULTS 






Effect of Quenching 
Internal friction data was taken at numerous temperatures on heating from 


room temperature to almost 200° C. Tests were carried out on specimens 
with thermal and irradiation treatments listed in Table I. The initial anneal 
of 500° C for 4 hours preceded all those shown. 










TABLE I 
Specimen treatments 









Irradiation, 
400° C, 200° C, n.v.t. Storage 
Specimen 1/2 hr 1/2 hr 60° C (at 60° C) conditions Notes 




















A Slow FC+ — _— — —_ 1 
B WQ? — — — — 

c WQ — — — _ 2 
D WwQ — — — — 2 
F WQ — 15 days — — 

H WQ WQ — — = 

I WQ Slow FC — — _~ 1 
J WQ Fast FC 60 days — —40° C, 28 days 3 
kK WO = = 4.4xX10" — 

M wo con 1.110” ss 4 
N WQ Fast FC — 1.110” —40° C, 29 days 3 
O WQ - st FC 1.110” —40° C, 21 days 3, 5 
P _WQ ast F C - 1.1X10” —40° C, 48 days 2,3 





" Nores: aFC, furnace cooliria 
WQ, water quenching. 
1. Slow FC is exponential to room temperature with 2 hours decay time. 
2. Used for isothermal annealing tests near 100° C. 
3. Fast FC is exponential to room temperature with 30-minute decay time. 
4. 
5 






Chemical pickling for 3 minutes at 80° C occurred prior to irré adiation. 
. Data confirms results with specimen N. 





The internal friction curve for a specimen which had been slowly cooled 
from 400° C is shown in Fig. 1. On first heating to 200° C the damping below 
90° C was relatively high. This behavior was not seen on repeating the run. 
In both cases, however, a peak maximum was seen at about 150° C. With a 
fast water quench from 400° C, a broad maximum was seen at about 100° C 
plus a smaller one at 150° C, Fig. 2. On retesting a second and third time, a 
stable maximum at 150° C was observed. Quenching from 400° C followed 
by ageing at 60° C for 15 days resulted in a broad maximum at about 125° C, 
plus a lower one at 150° C, Fig. 3. A second run with such a specimen showed 
a stable maximum at 150° C similar to that shown in Fig. 2. It appeared that 
quenching had the effect of either shifting the stable peak or introducing a 
peak at lower temperatures. Ageing at 60° C resulted in displacement of the 
low temperature peak towards the stable temperature (150° C), while a few 
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minutes near 200° produced complete stability. This suggested that only a 
single peak actually occurred; quenching resulted in its shift to lower tem- 
peratures, and annealing after quenching caused its migration towards a 
stable temperature. An explanation of the appearance of two peaks in a single 
experimental run, as in the first heating data of Figs. 2 and 3 would be that 
annealing took place during the test. The time taken in going from 100° to 
150° C was about 1 hour. The difference between peak heights at lower and 
higher temperatures could be mostly accounted for in differences of back- 
ground damping. Isothermal annealing experiments are described later which 
show this peak migration. 

It was anticipated, therefore, that quenching from 400° C followed by 
annealing at 200° C and subsequent quenching would give only a stable damping 
peak, and this is shown in Fig. 4. However, when a sample was slowly cooled 
from 200° C, then in addition to the stable peak a relatively high damping 
appeared below 90° C, Fig. 5, similar to that of Fig. 1 for furnace cooling 
from 400° C. It seemed that this high damping just above room temperature 
resulted only with very slow cooling below 200°C. It was not seen after a 
specimen was quenched or even allowed to cool in the torsion pendulum 
from 200° C. A fast furnace cool from 200° C, followed by ageing at 60° C 
for 60 days produced the stable peak, Fig. 6, and a very small peak barely 
resolvable in the vicinity of 50°-70° C. In all tests this small peak seemed quite 
broad; the magnitude varied somewhat among the tests, but not in a manner 
that was readily related to prior treatment. 


Effect of Neutron Irradiation 

A specimen quenched from 400° C and exposed to an irradiation of 4.4 10!° 
n.v.t. showed on first heating a peak maximum at about 135° C. On reheating, 
it appeared in the usual stable position at 150° C. The position of the maximum 
on the first heating of this quenched and irradiated specimen was at a higher 
temperature (135° C) than for quenching alone (100° C). However, since the 
irradiation temperature was in the vicinity of 60° C, the effect of irradiation 
without the concurrent thermal ageing was uncertain. Ageing a quenched 
and unirradiated specimen at 60° C for about the same time also resulted in 
the peak being closer to the stable position, Fig. 3. 

A quenched specimen irradiated for 1.1 107° n.v.t. showed a peak on first 
reheating at about 130° C. The increase in irradiation exposure would have 
been expected to move the peak maximum towards its stable position at 
150° C due to thermal ageing alone. This was not the case, however, for the 
effect, if any, of the longer irradiation was to move the peak to a slightly 
lower temperature. This suggested the possibility that defects were being 
introduced by irradiation and retained at 60° C. 

In an attempt to observe the effects of irradiation alone, specimens were 
exposed after quenching from 400° C plus fast furnace cooling from 200° C. 
Such a specimen if unirradiated and aged at 60° C produced only a stable 
peak, Fig. 6. However, with an irradiation of 1.110? n.v.t. the results from 
two specimens showed a peak maximum at about 135° C rather than 150° C 
on first reheating, Fig. 7. 
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Fic. 7. Internal friction vs. temperature. Specimen N, 400° C, } hr; WQ+200° C, 3 hr; 
fast FC+neutron irradiation 1.1 X10” n.v.t. 


An explanation for the marked lack of symmetry of the peak of the first 
run in Fig. 7 would be that annealing during the test has caused the peak 
to shift. About } hour elapsed while data between 130° and 150°C were 
being taken. 

It appears, therefore, that both quenching and irradiation displace the 
internal friction peak from its stable position to lower temperatures. Such a 
shift implies that these treatments decrease the relaxation time characteristic 
of the process responsible for the peak. 

The height of the damping peak in any individual specimen (after sub- 
tracting the room temperature background value) did not seem to be influenced 
by ageing during a test. Its magnitude among all specimens was usually in 
the range 0.5-0.7X10-* in Q- units. Variations within this range did not 
appear to be related to the various ageing and irradiation treatments. 


Activation Energy for Stable Peak 

Two methods were used for determining the activation energy associated 
with the stable internal friction peak. 

The first method was based on the observed temperature change for the 
peak maximum when the frequency was changed. Increasing the vibration 
frequency by a factor of about 23 resulted in an increase of the stable peak 
maximum temperature from 150°C to about 160° C. It was then assumed 
that the relaxation time follows an Arrhenius type of relationship, 
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(1) + = ro exp(H/RT) 


where 7 is the mean relaxation time, 
H is the activation energy. 

From the temperature shift of the peak when the frequency is changed the 
activation energy was calculated. Since there seemed to be no distinct separa- 
tion between values for unirradiated and irradiated specimens, or even any 
marked effect of the prior treatments used, an average of all the results gave 
27.7 kcal/mole with a mean deviation of 1.3 kcal/mole. This is in agreement 
with the value of 27.8 kcal/mole previously reported (Maringer et al. 1956) 
for this peak in an alloy of very similar composition. 

The second method used for determining the activation energy from data 
on the stable peak was to analyze the shape of the peak. For low damping 
the internal friction is given by (Zener 1948; Nowick 1953) 


(2) (Q- observed) —(Q-! background) = tan ¢@ = Af{wr/{1+(wr)?*]} 
where ¢ is the phase difference between stress and strain, 

w is the angular speed of vibration, 

A is the relaxation strength; in this case it is twice the peak maximum 
tan ¢. 
Solving equation (2) for 7 gives 


(3) t = (1/w)-[Z+V(Z2—-1)] 


where 
Z = A/(2-tan ¢) 


Equation (3) is valid only when the process has a unique relaxation time 
(at any particular temperature). Making this assumption the equivalent r 
was calculated for measured values of the internal friction from which were 
subtracted the estimated background damping. The peak maximum corre- 
sponds to wr = 1. Damping values at higher temperatures correspond to 
wr < 1, while at lower temperatures wr > 1. To reduce the error introduced 
by the rising background at high temperatures only the low temperature 
side of the stable peak was analyzed. Values of log r so determined were 
plotted against the reciprocal of the corresponding absolute temperatures. 
The activation energies were then calculated from the almost linear slopes 
of these lines. Again there seemed to be no marked differences between irra- 
diated, unirradiated, and the variously heat-treated specimens. The results 
gave an average of 24.0 kcal/mole with a mean deviation of 1.8 kcal/mole. 

The activation energy from the peak shape analysis is lower than that 
determined by the frequency shift method. This indicates that the peak is 
broader than it should be for unique values of 7. This is a characteristic of 
this type of relaxation and can be ascribed to a distribution of relaxation 
times (Nowick 1953; Berry and Nowick 1958). 

The difference between activation energies determined by peak shape 
analysis and by the frequency shift method signify that equation (2) is, 
therefore, not valid for the shape of the stable peak. 
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Annealing of the Peak Instability 

Several attempts were made with quenched and with irradiated specimens 
to follow the isothermal change in damping as the peak moved from the 
unstable position to its stable position at about 150°C. With a quenched 
specimen the unstable peak maximum was near 100° C, Fig. 2. Isothermal 
data were taken on such specimens by heating them quickly to temperatures 
between 100° and 150° C and noting the subsequent change of damping with 
time. If the 100° C peak was a second one in addition to the stable maximum 
at 150° C, then the isothermal damping at intermediate temperature should 
initially decrease. Such a decrease would indicate that the low temperature 
peak maximum was diminishing without necessarily changing temperature. 
However, data taken with quenched specimens at 111°C and 132°C show 
an initial increase to a maximum, followed by a decrease, Fig. 8. This indicates 
that the 100°C peak is moving upwards in temperature during the anneal. 


Oo mec 
@ 132°C 





oO 50 100 150 200 
MINUTES 


Fic. 8. Internal friction vs. annealing time. Specimen C (111° C data), 400° C, § hr; WQ. 
Specimen D (132° C data), 400° C, 3 hr, WQ. 


The initial damping values of Fig. 8 are on the high temperature side of the 
original peak, corresponding to wr < 1. The maxima correspond to wr = 1. 
Annealing thus resulted in a gradual increase in the relaxation time of the 
quenched material. The explanation for the appearance of two peaks in the 
first run of Figs. 2 and 3 is, therefore, that such annealing took place during 
the experiments. 

Data were also taken with an irradiated specimen. Irradiation had shifted 
the peak to lower temperatures, as in Fig. 7. Subsequent isothermal holding 
at 132°C produced the peak shift indicated by Fig. 9. 
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Fic. 9. Internal friction vs. annealing time. Specimen P, 400° C, 3} hr; WQ+200° C, 3 hr; 
fast FC-+neutron irradiation 1.1 X10” n.v.t. 


DISCUSSION 


Effect of Quenching 
The effect of quenched-in vacancies on reducing the relaxation time for 


the stress-induced reorientation of solute atoms has been observed by others 


as mentioned. As a result of this the internal friction peak is shifted to lower 
temperatures providing the defects do not anneal out rapidly at room tem- 
perature. This has been demonstrated in the present case for aluminum-— 
magnesium alloy where annealing was required to remove the quenching effect. 

Work by Panseri and co-workers (1958) on the effects of quenching alumi- 
num—magnesium alloys with up to 1.7% magnesium shows that the presence 
of the solute atoms inhibits the recovery of excess electrical resistivity at 
room temperature. A recovery stage occurred at 100°-150° C. From their 
results, as well as those of Westwood and Broom (1957) on strain ageing, they 
suggest that at room temperature solute atoms migrate to dislocations, and 
that quenching promotes this movement through the introduction of vacancies. 
The recovery of resistivity in the vicinity of 100° C was then ascribed to a 
release of the entrapped excess vacancies from solute atoms. 

The present internal friction results are compatible with this view. The 
reduction in relaxation time for stress-induced solute movement by quenching 
thus appears to be due to increased solute mobility when associated with a 
higher than equilibrium concentration of vacancies. Annealing at 100°-150° C 
to remove the excess vacancies resulted in a decrease in solute mobility and 
consequent increase in the relaxation time. This was indicated by the damping 
peak shift of quenched material from lower to higher temperatures during 
such annealing. 

Maringer and co-workers (1956) have given a different interpretation to the 
shift in damping peak by quenching. They observed that quenching an 
aluminum--5$% magnesium alloy specimen from 500° C produced, on heating, 
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a low frequency internal friction peak with maximum at about 100° C; after 
ageing at 250° C for 18 hours it occurred at 160° C. These authors suggested 
that the temperature change was due to magnesium atoms migrating to dis- 
location sites where stress-induced movement required a greater relaxation 
time. However, Panseri and co-workers (1958) suggested that in quenched 
material the movement of solute atoms to dislocations occurred rapidly at 
room temperature. In the present internal friction experiments the specimens 
had been aged for comparatively long times at room temperature prior to 
measurement and, therefore, the magnesium atoms were presumably already 
at dislocation sites. It is likely, therefore, that the shift observed by Maringer 
et al. (1956) may be the same as observed in the present case where it is 
attributed to the effect of excess vacancies on increasing solute mobility. 


Effect of Neutron Irradiation 

Inasmuch as neutron irradiation can also induce lattice defects, the peak 
shift to lower temperatures after irradiation was not entirely unexpected. It 
is noteworthy, however, that the effect did not anneal out during irradiation 
or long storage at room temperature. No effect of irradiation was found by 
Li and Nowick (1956) on solute mobility in an alloy of 17 at.% aluminum in 
copper. In that material the relaxation strength was almost an order of magni- 
tude greater than for the aluminum-5% magnesium alloy. Those authors were 
thus able to use elastic after-effect measurements for direct determinations of 
quenching and irradiation effects on the relaxation time. In the present experi- 
ments with aluminum-—magnesium the after-effect method would have been 
insensitive to the relaxation. Li and Nowick (1956) found that quenching 
markedly increased solute mobility. However, no effect was found after 
neutron irradiation to an integrated neutron flux of about 10!*n.v.t. No 
details of the fast flux relative to the thermal flux were given. Specimens 
were irradiated at 50° C, 35° C, and at liquid nitrogen temperatures, but were 
tested at and above room temperature. These authors attributed the negative 
results to the annihilation of vacancies by the more mobile interstitials also 
produced by the irradiation. 

In the present case the effect is still very much less than that of quenching; 
compare Fig. 7 with Fig. 2. This is possibly a result of thermal ageing at the 
temperature of irradiation, 60° C, as well as defect annihilation by interstitial- 


vacancy combination. 


Damping Peak near Room Temperature 

In two instances a relatively large damping was found near room tempera- 
ture (Figs. 1 and 5). In both cases the prior heat treatment was one of slow 
furnace cooling from at least 200°C to room temperature (20°-25° C). For 
the specimens cooled from 200°C three measurements were initially taken 
at room temperature. The internal friction decreased with each succeeding 
measurement. Unfortunately, this was not done on the specimen cooled from 
400° C to show whether the same trend would occur. Upon completing a test 
with each specimen, this high damping disappeared. Only a small peak 
remained, as was seen in other tests. The nature of this damping was not 
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investigated. It is conceivable, however, that it may have originated from 
some type of stress sensitive solute segregation. Damask and Nowick (1955 
have suggested that applied stress may interact with stresses that exist in 
regions of coherency between matrix and precipitate. 

Inasmuch as the magnesium concentration was above the solid solubility 
limit, some segregation may have occurred at any early stage of precipitation. 
Fast cooling suppressed this while slow cooling promoted it. Its disappearance 
after a single heating to 200° C followed by the fast cooling in the torsion 
pendulum might have been due to a re-solution of whatever preferential 
arrangement had occurred. Geisler et al. (1943), LaCombe (1944), and Perry- 
man (1951) have indicated that at such lower temperatures the formation 
of 6 phase (Al;Mge) is preceded by an unstable transition structure. The 
observed high damping might have been a result of a relaxation originating 
in regions between matrix and segregates in an early stage of precipitation. 
















SUMMARY 


1. The experimental information for the low frequency internal friction 
peak near 150°C in an aluminum-5% magnesium alloy indicates that it is 
likely due to stress-induced local ordering of the solute atoms. Its observed 
movement to lower temperatures after either quenching or neutron irradiation, 
corresponding to a reduction in relaxation time for the damping process, is 
compatible with the idea that the magnesium atoms act as traps for the 
vacancies produced by these treatments. 

2. The annealing out of the damping effects produced by quenching and 
irradiation occurred around 100°C. This corresponds to the recovery of 
quenched-in excess electrical resistivity attributed to the release of the defects 
from solute atoms (Panseri et a/. 1958). 

3. The activation energy of 27.7 kcal/mole determined for the stable peak 
was in agreement with internal friction results of others (Maringer et al. 
1956). 

4. A high damping observed near room temperature in slowly cooled 
material may be due to a stress sensitive solute segregation, for example, 
some change in structure in the very early stages of precipitation. 
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TURBULENT DIFFUSION IN TWO AND THREE DIMENSIONS 
BY THE RANDOM-WALK MODEL WITH MEMORY! 







R. C. BoURRET 







ABSTRACT 


A lattice model used for the derivation of the telegraph equation for diffusion is 
extended to two and three dimensions. Appropriate generalizations of the 
telegraph equation are obtained. These equations give a fine-grained chronological 
description of diffusion. From these equations, the velocity autocorrelation 
functions of the diffusing particles are obtained. 










I. INTRODUCTION 


This paper is one of a series dealing with the problem of establishing the 
equations of turbulent diffusion. By turbulent diffusion is meant diffusion in 
which the movement of the diffusing particles is not completely incoherent. 
This implies that the velocity autocorrelation functions of the particles, or 
tagged fluid elements, have finite values for finite correlation times. It is 
possible to assume the form of these velocity autocorrelation functions and 
then proceed to seek appropriate diffusion equations embodying them as 
characterizations of the diffusive process. This procedure is followed in other 
papers of this series (see, for example, Bourret 1960). 

In this article, we wish to apply the model of the random walk in a lattice 
in which the direction of the random step is a stochastic function of the 
direction of the previous step taken. This means that although the actual 
direction chosen is a statistical matter, the relative probabilities of the various 
directions are determined by the previous direction. In this sense memory is 
operative. This model was first employed by Taylor (1921) and more fully 
developed by Goldstein (1951) for the case of one dimension. It has been further 
investigated by Gupta (1959), Michelson (1954), and Davies et al. (1954). The 
last two authors mentioned state the two-dimensional problem but do not 
solve it. Here we shall derive the two- and three-dimensional diffusion equations 
implied by the use of the Taylor—Goldstein model. 

The procedure used is to employ a two-, and later a three-, dimensional 
lattice model, or space, in which particles are imagined hopping from site to 
site according to some stochastic rule. A simple description of this process 
gives a set of finite difference equations. These are then reduced to partial 
differential equations by making the lattice infinitely fine-grained. A few 
auxiliary quantities are defined in making the transition to the continuous 
lattice. The lattice is the scaffold on which the quantitative description is 
erected, but the physical process imagined must be independent of the scaffold. 
The transition to a continuous lattice removes part of the scaffold’s effect upon 
“‘woof’’, i.e., the 

































“a 


the resulting description, but not all. The “warp” and the 
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directions of the lattice symmetry axes, remain. If the resulting diffusion 
equations are to be applied to isotropic diffusion, and not to diffusion in a 
crystalline or otherwise anisotropic medium, the favored axes must be sup- 
pressed. This is simply accomplished by averaging the anisotropic differential 
expressions over all directions. This procedure is equivalent to averaging over 
all scaffold or lattice orientations in the underlying description. In practice, as 
will be seen, this proves easy to accomplish. 


II. THE TWO-DIMENSIONAL CASE 


Figure 1 shows the lattice envisioned. Diffusing particles may hop from 
site to site, one at a time, along the lattice axes. For convenience in notation, 
the directions will be designated by N(north), S(south), E(east), and W(west). 


N 


(i,j) (i+1,}) 


Fic, 1. 


The diffusing particles are divided into four classes, according to the direction 
in which they made their last transition. Thus, at the site (i,j) there may be 
Nj particles arrived by a northward step, Sj/ by a southward step, and so on 
for Ej’, and W;”’. The superscripts indicate location and the discrete time 
variable k is shown as a subscript. Time is measured in units 7 and distance 
in units A. If a particle is at, say, site (7,7) it may make its next hop in any 
of four directions. The probabilities of these four alternatives are not generally 
equal, nor are they weighted in terms of absolute directions. They are weighted 
in a fixed way in the co-ordinates determined by the direction of the preceding 
hop. Thus, they may be designated by: p34, p_, and po, representing the 
probability for a step in the same direction as in the previous step, a reversal 
of direction, or a turn to the right or the left. The left- and right-hand turn 
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probabilities may readily be chosen to be different, but we take them to be 
equal here, although if a description of diffusion in currents influenced by 
magnetic or Coriolis forces were contemplated, this refinement might be worth 
making. 

Since the particles at any one site must have arrived from one of the four 
adjoining sites where they were located at the previous time, we may write the 
following — from an examination of the figure: 
= pi Net'+p_-Set + pF +poWet", 

= p_Net +p. Set' + pocket +poWes, 
= poNii’+poSpa1+pyEx1 !+p_-Wir, 

a pers 14 py Sithi4p EMMI 4 5 with, 

These equations, together with a specified set of probabilities p,, p_, and po, 
completely determine, along with boundary conditions, the nature of the 
diffusion in the lattice. Since the site-to-site transition probabilities are deter- 
mined by the direction of the immediately preceding transition, it is seen that 
the process is Markovian. The velocity autocorrelations, however, prove to be 
sums of simple exponentials rather than single exponential functions. The 
more usual result that the correlation functions are simple exponentials is 
true only in one dimension. 

The next step is the reduction of equations (1) to differential equations by 
explicitly introducing the distance and time intervals \ and 7, expanding to 
first order in the space and time intervals, and dividing by the time interval. 
This process yields the following set of differential equations in the limit 


7— 0: 


(1) 


aN r_y ON 
“=” r,N+nE+rS+roW—v ay’ 


os ij os 
=o r_N+nE+r4,S+roW+v ay’ 


dE . : dE 
_* roN+r,E+roSt+rW—v ‘Ox’ 


ae = roN+r_ E+nS+rW+oe., 


In taking the limit 7 — 0, we have introduced the following quantities: 


(3) | 
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The set of equations (2) is formally soluble by transform methods, but the 
solutions are excessively complicated to be of use. The course we shall adopt 
here is to express the content of equations (2) in the form of a single equation 
in the total concentration of particles at a point. The decomposition into four 
directed ‘‘species”’ is unnecessary in any application that can be foreseen. The 
total particle concentration is the sum of the four ‘‘species’’ concentrations: 


(7) Q = N+S+£E+W. 

By a straightforward sequence of additions and subtractions of equations (2) 
followed by appropriate cross-differentiations, a single equation in Q may be 
obtained: 


ee Lee, {2 ) ae" 20.2 
(8) 2 sats +4) at —v ry +r a Q—2rw av 2 


a 
—2rrw°V (O+0'5 39,20 = 0. 


We have now taken down the scaffold, but we have left the original anisotropy 
in the fourth-order derivative. This can be averaged over all co-ordinate 
systems obtained by rotations. The result is the replacement of 

a°Q ls 
(9) ax ay by 3” Q. 


The final equation now reads: 


a Vie. 10 of @ )2v%0- pa 
(10) (2 +r) (2 +4n) at “(2 tr} 3 V O-2ra 5 VO 


—2rra'VQ+i0'v'0 =0 


where there has been used the abbreviation 
(11) r= 7-1. 
If the approximation to equation (10) in which all time derivatives higher than 
the first and all space derivatives higher than the second are neglected there 
remains the classical form 
0Q v° 2 
(12) ak VQ. 
If terms to second order in both space and time derivatives are retained, there 
remains 
d v2 1 ,2\a° 
(13) oF aw 299 (4) =. 
ot 2r 4ro r/ ot 
This equation is, in form, the same as the naive generalization of the one- 


dimensional Goldstein—Michelson equation obtained by averaging space 
derivatives over all directions as described before. 
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It is interesting to see what velocity autocorrelations are implied by the 
model we have utilized. This can be determined by calculating the second 
moments of the distribution of diffusate, i.e., («,x,) defined by 


(14) (x X,) = J fx sxx Qdxdy. 


The velocity autocorrelations can then be found by the well-known kinematical 
theorem (see, for example, Pai 1957). 


a PAYSYYYYSAY 
(15) dt (x Xx) = 2u ,(t' ov, (t’+#) = 2Rix(t). 


The wavy bar indicates a Lagrangian time average, and Ry is the customary 
symbol for the velocity autocorrelation function. The calculation yields the 
following autocorrelation functions: 


2 


(16) Ralt) = tog [(2ro— ren" ree !""4, 


Ill. THE THREE-DIMENSIONAL CASE 


From a lattice diagram like that of Fig. (1) with additional planes above and 
below that pictured, it is a simple matter to write down a set of difference 
equations analogous to equations (1) which include the upward and downward 
moving species or components. The diffusing particle now has the possibility 
of turning upwards and downwards as well as to the right and to the left. In 
order to avoid unnecessary complication, we shall take these additional turning 
probabilities to be equal to the left-right turning probabilities designated, as 
before, by po. U'?* and D‘/* represent the two new component species. The 
equations obtained in this way are: 


Nati * = piNne+p_Sn" + poEm + poWm + pUn +pDmn™, 
Smit = p_Nm™*+p4Sm?"+poEm + poWn?* + pm +poDm*", 
Emi’ = poNn?*+ poSm + prEm + pW? "+ pom +poDn*", 
Write” = poNn?*+poSm? +p_Em + p4Wr + pU m+ poDm", 
Unmet) = Pom? + poSm?* + poEm + poWm + p+Um +pDm™™, 
Dri = pom *+poSm "+ poEm 2+ poWm + p_Um 2 + ps Dm? 


As before, we must pass to the limit 7 — 0 in order to form differential equa- 
tions. Before doing so, we note the following relationship among the proba- 


bilities: 
(18) p+ t+p_t+4po = 1. 


We introduce the definitions 


lim Sat 


MEFs 
740 T 
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and note that from (18), we have the identity 
(20) re tr_t4ro = 0. 


To simplify the writing of the differential equations obtained from (17), we 
make the additional definitions: 


to = rol, a= r1/To, 
(21) dx = X(r0/), B = r_/To, 


N = ON/dt, N, = ON/dxz, 
with 


(22) a+6+4=0 
following from equation (20). The differential equations are, in the notations 


given above, 
Not N = aN+BS+E+W+U+D, 
—S.,+S = BN+aS+E+W+U+D, 
E,+E = N+S+aE+6W+U+D, 
—WitW = N+S+6E+eaW+U+D, 
U;+U = N+S+E+W+aU+,D, 
—D;+D = N+S+E+W+6U+aD. 


As before, a single differential equation may be obtained from this simultaneous 
set for the total concentration Q: 


24) Q = N+S+£E+W+U+D. 


_ 


By a sequence of additions, subtractions, and cross-differentiations of the 
equations (23) this single equation may be obtained, and it takes the unwieldy 


form: 


(25) (oJ) & T (0- se - HI Cok 


t=1 kt 


where the following notations have been used: 
» ole) 
(26) pm = a}\ an, b}, 
(27) 


(28) 
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The last equalities hold by virtue of equation (22). If this differential equation 
is written out in full, there appear the following differential operators: 

(29) Dy = 01+03+05 = Va, 

(30) D, = 0i+43+43, 

(31) Dz = 9102+0103+ 0305, 

(32) Ds = 040303, 

where we have written 


0 
33 a,=>— 
(33) aq, 


for brevity. In order to make these differential operators assume an isotropic 
form, it is necessary to average them over all possible rotations of the rectangu- 
lar co-ordinate system, i.e., average them over the group of rotations in three 
dimensions. This results in the following replacements: 


3 os 
(34) Di 55V% 


(35) Di 5 


. 1 
(36) D;—> 705" 


Using these symmetrized operators in the expanded form of equation (25) 


yields 


(37) (2-2) sp'-20'vi+4y! Jo ie -| v'-p'vi+!pvi-Lvt lo. 


In the approximation in which all operators of higher than second order are 
neglected, this cumbersome equation reduces to the form of the telegraph 
equation in three dimensions. This approximate result has been obtained for 
the diffusion of heat, i.e., heat conduction, in gases by Catteneo (1958) and 


others. 
The implied velocity autocorrelation functions can be calculated as before in 


the two-dimensional case. The result is: 
2 a (a— 10) rot 4 ft 4 —12 

38 Ret) = 6 ee 0f 449 S70 F 4 —_____pNr08 | 

(38) al) = da”! C4 6)@+12)° tate)  t@+i2) 

From the definition of the quantity @ as given in equation (27), it can be seen 
that in the interesting case in which there is no backscattering in the diffusive 
encounters, one has 

(39) a=—4 


and so equation (38) takes the especially simple form 


(40) Rult) = bx 5 [reset peti] 
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IV. DISCUSSION 


The simple classical diffusion equation (equation (12)) is adequate for most 
applications in which the passage of the diffusive “‘wavefront’’ is not of interest. 
If this latter is of interest, the telegraph-type diffusion equation is a good de- 
scription (equation (13)). Both of these equations can be obtained from simple 
one-dimensional theories extended to two and three dimensions simply by 
including derivatives along the additional co-ordinate axes. This is not, of 
course, a valid way of extending the one-dimensional results because it amounts 
simply to superposing one-dimensional diffusion in all directions. It neglects 
the possibility of turning motions altogether. It seems, however, that the 
complications produced by the more careful treatment given here are of 
limited practical value. The reasons for this are as follows: the equations 
obtained are of inconveniently high order, and they predict results significantly 
different from simpler equations (e.g., equations (12) or (13)), only when very 
high frequencies or transient effects are considered. Usually, however, these 
are of little importance and are, moreover, difficult to verify with any accuracy. 
The equations (16) and (38), which give the mean square spread of the diffusate 
as a function of time, do not differ very importantly from the expression 
involving a single exponential obtained from the simpler telegraph equation. 
All of these results, moreover, describe processes in which the velocity changes 
are Markovian, while the basic problem of turbulent diffusion theory is to 
describe the case in which the hereditary effects are more general than those 
of a Markov process, and spatial as well as temporal in extension. A partially 
successful attempt to describe these more general stochastic diffusion processes 
has been given by the author elsewhere (Bourret 1960), and additional studies 
are in preparation. 


The author wishes to express his thanks to Dr. Maria Steinberg and Dr. 
Bela Lengyel for their help and comments. 


REFERENCES 


Bourret, R. 1960. Can. J. Phys. 38, 665, 1213. 

CaTTENEO, C. 1958. Compt. rend. 247, 431. 

Davies, R. W., Dramonp, R. J., and Smitn, T. B. 1954. American Institute of Aerological 
Research Report, OSR-TN-54-62. 

GOLDsTEIN, S. 1951. Quart. J. Mech. and Appl. Math. 4 (2), 129. 

Gupta, H.C. 1959. J. Math. and Phys. 38 (1), 36. 

MicHeEtson, I. 1954. American Institute of Aerological Research Report, Contract AF 
18(600)-476. 

Pat, Suru-I. 1957. Viscous flow theory, II, turbulent flow (D. Van Nostrand Company, Inc., 
New York). 

TayLor, G.I. 1921. Proc. London Math. Soc. 20, 196. 





MAXWELL’S EQUATIONS AND MATRIX ELEMENTS 
IN QUANTUM ELECTRODYNAMICS! 


H. A. VENABLES 


ABSTRACT 
Matrix elements of second-order processes in quantum electrodynamics are 
obtainable directly from the use of Maxwell’s and Dirac’s equations. 


INTRODUCTION 

Several spinor formulations of the electromagnetic field have been given 
(Moliére 1949; Archibald 1955; Good 1957; Moses 1959). When it is demanded 
that the spinor formulation lead to a spin of 1 in the same way as the electron 
theory of Dirac (1958) leads to a spin of 4 then the choice of formulation is 
limited. 

In the case of the interaction between the electron and the electromagnetic 
field, a theory need only provide a spin of 3. By considering the interaction 
exclusively a suitable spinor formulation can be developed for obtaining 
second-order matrix elements in a manner which appears to have been over- 
looked hitherto. The technique is of interest because the Hamiltonian and 
Poynting vector densities as well as a generalized electromagnetic force enter 
the theory automatically. 


SPINOR FORMULATION 


Maxwell’s equations can be written as 


(1) (2 ae aly (EXiH) = 44(+p(x)—6. j(x)) 


where ¢ denotes Pauli’s matrices 


ane 1) ot “a oe . 
“Si OF, 1 0/, oe —/I/, 


and c = 1. 
In order to obtain the equation in conventional form, multiply out the left- 


hand side, collect the terms together which are associated with the same 
resulting matrix, and then separate real and imaginary parts for the required 


equations. 
The two equations of (1) with upper and lower signs may be put into one 


equation 


([ Ste.2 —¢. (E—@) | sh~e, tte 


0 0 
—-—-é.— ) 6. (E+7H x)+6.j(x 
+ -38.= (E+iH)) — \p(x) +6. 40) 
‘Manuscript received July 27, 1960. 
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This will be written more briefly as 
0 ; 
r2o(x) = derj(x), 
i i 
(2) 
= x,t, 
isp, 
where the y matrices are 
=< we ') 
—é 0 i @. 
Equation (1) has a Hermitean conjugate with differentiation acting to the 
left 


(3) o(e)rg: = —4ayi(x). 


The Hamiltonian and Poynting vector densities occur in 
(4) oto = (E?+H")+2ys7(E XH) 

and the electromagnetic power and force is the real part of 
(5) Re(yj@) = —(E.j)+ysy.(0E+j XH). 


Equation (2) has a form similar to Dirac’s equation, which will be written as 


(6) (+2-+im) 0c wil 


If we premultiply (6) by ¢(x) and postmultiply (3) by ¥(x) and then add 
we obtain the equation of interaction 


(7) 6(2)(12-+im) 400 = 0. 


The most general] solution of this equation would be difficult to find. However, 
it will be shown that by choosing a reasonable Green’s function matrix elements 
are obtainable, agreeing with those given by more elaborate methods (for 
example, Akhiezer and Berestetsky 1953; Kallen 1958). Equation (7) leads to 
the desired spin, 3, for the interaction between the two fields. 


MATRIX ELEMENTS 
Let the integral form corresponding to (7) be 
(8) b(x)W(x) = o(x)Po(x) +4af G(x,x") yj (x W(x’) dbx’ 


where G(x,x’) is an appropriate Green’s function. 
Multiply equation (8) by its Hermitean conjugate to give, where a minor 
term is omitted, 
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Y" (x) "(x) d(x) v(x) — Wax) G0(x) do(x) Yo(x) 
= Affe" (e’)v7Gj(e’)G* (x’ wx) d*x’ ho (x) Yo(x) + Wa(x) box) [G(w,x’) 


yi(x’)(x')d*x’}. 
The two terms on the left-hand side are seen from (4) to be probability densities 
of the Hamiltonian and Poynting vector densities. The difference of these 
two terms can be regarded as the change in these densities due to scattering. 
The terms on the right-hand side with the factors ¢yj are seen from (5) to 
be generalized forces. Figure 1 shows the corresponding scattering diagrams. 


S 4 
a 4 ~e 
% af a Ss 


x... , 
The matrix elements of second-order processes consist of two terms. The 
first term is derived and then by analogy a second term is fitted to the second 


diagram of Fig. 1. Here such an argument is not required since two terms 
appear. With a minor modification to the second integral we have 


Fic. 1. 


4a f p(x") fyt7(x')G* (x' x) bo(x) + Gd(x)G(x,x") yi (x’)} Wo(x)d*xd ‘x’. 


Matrix elements are usually evaluated in the momentum representation, 
for which the following substitutions are required, 


v(x) = (1/24)*°?(m/2E)?u(ps)e”” 
vt (x) = (1/20)*(m/2E) ut (poem? 
j(x’) o(x) = Aj (ko) o(Rie Oe *” 
$* (x)j(x’) = Ag* (ke) j(Rie 1? 


ei ee Fe 
Gee") = Gas I Gp? 


px =p.x—Et. 


The normalization constant A will depend on the number of absorbed and 
emitted photons. For one such photon as in Bremsstrahlung 


A = e(}m)9?(hc/2)'7(1/w)'”. 
For two such photons as in Compton scattering 


A = 6%($m)*(fic/2)(1/ww!)”. 
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After substitution and integration the following is obtained 


ua nit i= 6, + 6 bay MCh bu(o)8(Pr— Pets ky) 


fi = (pi +h), fe = ($2—f:1). 


If only j and E, the factors of electromagnetic power E.j, are considered 
then we obtain 


(on vd (ea) et : E(ki) +va7 : Be) ae TT. ice} 


u(p1)6(pi-— po +k — ke). 


This can be compared with the expression for the Compton scattering in which 
the four potentials appear in place of the current and the electric field vector 
(Akhiezer and Berestetsky 1953; Kallen 1958). 

If the Lorentz force factors are considered, then the matrix element of 
Bremsstrahlung is found. Also in a similar manner by using positron wave 
functions the matrix elements of pair production and two-photon annihilation 
are derived. 


The author would like to thank the International Nickel Company of 
Canada for a fellowship. 
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AN ELECTRON SPIN RESONANCE STUDY OF 
MANGANESE IMPURITY IN BRUCITE! 


W. A. PiEczonkKa,? H. E. PEtcH, AND A. B. McLay 


ABSTRACT 


A single crystal of brucite, Mg(OH)s, containing manganese impurity to 
the extent of 100 parts per million, has been studied by means of the electron 
spin resonance (esr) technique. The study was made at room and liquid air 
temperatures. The observed absorption spectrum has been successfully inter- 
preted in terms of parameters found in the appropriate spin-Hamiltonian. The 
measured values of these parameters at room temperature were found to be: 


g\ = 2.0001+0.0005, g, = 2.0005+0.0005, 
D —7.20+0.25X107 cm™, a +10.82+0.45X1074 cm", 
A —85.7+0.4X107 cm™, B —84.9+0.6107 cm”, 


INTRODUCTION 


When paramagnetic ions are located in a solid, they are influenced by the 
magnetic and electric fields produced by their surroundings. Certain aspects 
of the interaction between a paramagnetic ion and its diamagnetic neighbors 
may be studied using the electron spin resonance (esr) technique, provided 
the interaction between the paramagnetic ion and its paramagnetic neighbors, 
which broadens the resonance signals, is kept very small. This is accomplished 
by working with very low concentrations of paramagnetic ions. 

The extent to which the energy levels of the paramagnetic ion are affected 
by the crystalline electric field depends upon the species of ion in question and 
upon the strength and symmetry of the electric field. Most esr studies involve 
highly symmetrical atomic groupings which produce fields of spherical or near 
spherical symmetry. A spherically symmetric field is referred to as a cubic 
field. A field that departs from spherical symmetry through a slight distortion 
along one axis can be considered to be composed of, primarily, a cubic field 
plus a small axial field component. The strength of the electric field inter- 
action is important in that it may very strongly affect the magnetic behavior 
of the ions of the various transition groups. For example, the ‘F ground state 
of a free Cr*+ ion is split by an electric field interaction into three widely 
separated levels with an orbital singlet lying lowest. Thus, the effective 
magnetic moment of the ion in the field is reduced to a “spin-only”’ value. It 
is customary to express the strength of the electric field interaction relative 
to some other interaction within the free ion. In the case of manganese, as 
well as the other 3d transition elements, it is moderate, i.e., it is larger than 
the spin-orbit but smaller than the Coulomb interaction. 


1Manuscript received September 13, 1960. 
Contribution from the Departments of Physics and Metallurgy, Hamilton College, 


McMaster University, Hamilton, Ontario 

2Holder of a Shell Oil Company Scholarship (1958-59) and a Cominco Fellowship (1959-60) 
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Company of Canada, respectively. 


Can. J. Phys. Vol. 39 (1961) 





146 CANADIAN JOURNAL OF PHYSICS. VOL. 39, 1961 


Rabi (1927) provided the first experimental evidence of S-state splitting in 
an electric field when he observed small anisotropies in the magnetic suscep- 
tibility of manganese salts. Soon after, Bethe (1929) predicted from group 
theoretical considerations that the ground state of an S-state ion would be 
split by an electric field even if the field possessed cubic symmetry. Later, 
Van Vleck and Penney (1934) suggested that a mechanism involving spin- 
orbit coupling with excited states might be responsible for this splitting. With 
the advent of esr it became possible to study this effect with greater precision 
than could be achieved with susceptibility measurements. 

The first detailed esr experiment involving Mn?+ was performed by Bleaney 
and Ingram (1951). They studied the manganese ion in a nearly cubic electric 
field and found that the ground state was split into doublets corresponding 
to different +M values, where M is the magnetic spin quantum number. The 
observed ratio of the so-called axial to cubic field splitting was approximately 
15:1, which is much larger than could be accounted for in terms of the mech- 
anism suggested by Van Vleck and Penney. Thus it became apparent that an 
additional mechanism was operative in the case of axial field splitting. Abragam 
and Pryce (1951) qualitatively interpreted this axial field splitting in terms 
of an axially distorted spherical electron cloud distribution and spin-spin 
interaction within the ion itself. In theory, this interpretation postulates ad- 
mixtures to the S-state of electron configuratious which yield resultant non-zero 
orbital angular momenta. Qualitative approaches to this problem have not been 
entirely successful. Because the Mn?* ion is an S-state ion, it has been studied 
by esr techniques to a greater extent than any other paramagnetic ion. 

It is clear that the basic mechanisms responsible for the S-state splitting 
are not completely understood, and more work is required. Much of the early 
work on manganese dealt with cases where the axial field effects were greater 
than those of the cubic field. Recently, Low (1957) has embarked on a program 
of investigating the Mn?* ion in cubic fields in an effort to study only the cubic 
field contribution to the ground state splitting. In the present case we have 
studied the ion in a field of axial symmetry such that the two effects, axial 
and cubic, happen to be of the same order of magnitude. 


THEORY 


The spin-Hamiltonian generally used to describe an S-state ion situated 
in an electric field of axial symmetry and a uniform magnetic field is one 
given by Pryce (1950a). For S = 5/2 the spin-Hamiltonian is written 


(1) D = Blg\H.S.+g2, (H,5.4+H,5,)}+D( st) 


+9(st+si+st-™2) +AI,S,+B(IpS:+ I,Sy) 
where 6 is the Bohr magneton, 
g\ is the component of the g tensor parallel to the symmetry axis, 


g, is the component of the g tensor perpendicular to the symmetry axis, 
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D is the axial field splitting parameter, 

a is the cubic field splitting parameter, 

A is the component of the hyperfine splitting parameter parallel to 
the symmetry axis, 

B is the component of the hyperfine splitting parameter perpendicular 
to the symmetry axis, 

x,y,z is an orthogonal, crystal co-ordinate system, 

u,v,w is an orthogonal, magnetic complex co-ordinate system. 

For trigonal crystal symmetry the co-ordinate systems are chosen so that 
the symmetry axis, z, is the (111) direction in the u,v,w system. 

From the spin-Hamiltonian the six electronic energy levels corresponding 
to S = 5/2 can be derived. Allowed transitions between these levels according 
to the selection rule M = +1 result in a spectrum of five so-called ‘‘fine lines’. 
In addition, because the manganese nucleus also has a spin, J = 5/2, each 
fine line is split into six hyperfine lines. Thus a complete Mn?+ spectrum of 
30 lines results for each unique ionic site. It can be shown, Bleaney (1951), 
that for axial symmetry the resonant fields for the fine line transitions can 
be expressed as follows: 


2) Hy ou = Hy—-D(M—- 1) (a cos'#-1) 


+B ag + flasis+1)- 24M (M—1)—9]cos’é sin’6 
D 
~ 8A, 


where @ is the angle between the symmetry axis and the applied magnetic 
field, f(a) is a function of crystal symmetry, and H» and g are respectively 
defined by g8H»o = hy and g’ = gi cos*@+g' sin’@. Each fine line splits into 
hyperfine lines whose field positions, relative to their parent fine line, are 


-(t2) [2.5(S+1)-—6M(M-—1)—3]sin‘9+/(a) 


given by 


1 [4?-B"}? augs | 22 a 
ae K mT g m'sin’6 cos @ 


where m is the nuclear magnetic spin quantum number and K is defined 
by K*g? = A*gi cos*@+ B’g* sin*é. Since for the Mn** ion gy ~.g,, the fine line 
positions for the case Hy > D can be written, 


Ag5j20043/72 = HoF2D(3 cos'6—1) 2D cos’6 sin ore sin‘@2Pa, 
0 


(4) Algs.s41,2 = HoFD(3 cos6—1) +7, = ~ cos ‘6 sin’6— 5p sin ‘942 2Pa, 


9 


Agij24-12 = H+ oe cos? “9 sin” 


0 
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where P = 1—5¢ and ¢ = p*°¢+¢@r?+rp* and p,g,r are direction cosines of 
the applied field direction referred to the axes u,v,w. Also, since A = B and 
Hy > A, expression (3) can be well approximated by 


2 2 a 2 
(5) m+- ~)(% m') +2-(4) oat—1)m | 


The magnitudes of the various parameters in the spin-Hamiltonian can be 
easily obtained upon equating the measured line positions to those given by 
(4) and (5). The signs of the field parameters can be obtained by observing 
the spectrum at low temperatures since by virtue of Boltzmann distributions, 
the intensity of the —3/2 <> —5/2 transition will be greater than that of 
the +5/2 — +3/2 transition. This feature can be used to identify the lines 
and to assign correct signs to D and a. One must, however, be careful with 
regard to the possible occurrence of a phase transition since it is conceivable 
that the sign of D could change as the crystal is cooled through the transition 
temperature. The signs of A and B can be determined from second-order 
effects in the hyperfine structure. From (5) it can be shown that for A positive, 
transitions involving positive m occur at lower fields than transitions involving 
negative m. The converse applies for A negative. Now the separation at 
6 = 0 between the outermost hyperfine lines arising from the +5/2 << +3/2 
transition are 54+10B?/H, for positive A and —5A —10B?/Hp for negative 
A. Similariy, the separations between the outermost hyperfine lines arising 
from the —3/2 «+ —5/2 transition are 54 —10B?/H» for positive A and 
—5A+10B?/Ho for negative A. Provided that the fine lines can be identified, 
the signs of A and B can easily be determined because the second-order 
correction, 10B?/HZo, for Mn?* is of the order of 25 gauss when the experiment 
is performed at X-band frequencies. 


THE BRUCITE CRYSTAL 

The crystal structure of brucite, Mg(OH)», was first determined by Aminoff 
(1919) and was shown to be of the Cdl, type with space group P3m1. The 
unit cell is trigonal and contains one formula unit. The magnesium ions lie 
in the (0001) planes, while the oxygen ions lie in planes 0.22c above and 
below the (0001) planes. The hydrogen atom associated with each oxygen 
ion lies on a line through the oxygen parallel to the c-axis and at a distance 
of 0.98 A removed from it (Elleman and Williams 1956). As can be seen 
from Fig. 1, the magnesium ion is surrounded by six oxygen ions situated at 
the corners of a near perfect octahedron. With a manganese ion in place of a 
magnesium ion this octahedron constitutes the so-called magnetic complex 
and, in usual esr terminology, is designated as [Mn(OH).,]*~. The magnetic 
complex is distorted from octahedral symmetry through a slight compression 
along the crystallographic c-axis, which is the (111) direction in the u,v,w 
co-ordinate system. 

Brucite crystals are usually found as thin, colorless plates: a variation 
called nemalite or broom brucite is also found, but is not as common. The 
c-axis lies in a direction perpendicular to the plates. The crystal has good 
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Fic. 1. Brucite crystal structure. 


cleavage perpendicular to the c-axis, but the cleaved sections are soft and 
brittle. 

Samples of brucite from three geographical locations—New Mexico, Penn- 
sylvania, and Quebec—were investigated. The Quebec sample, containing 
approximately 100 parts per million manganese impurity as determined by 
spectrographic analysis, exhibited an absorption spectrum in which the 
individual lines were best resolved. The other samples exhibited a less resolved 
spectrum, perhaps because they were not as perfect and(or) contained a 
higher concentration of manganese. 

Really good single crystals of brucite are difficult to obtain because a 
substructure, in which the small domains have their individual c axes oriented 
over a small angular range about the morphological c-axis, is very common. 
X-Ray analysis showed that the Quebec sample was representative of a 
reasonably good single crystal and this crystal was used throughout this 
investigation. The size of the crystal was approximately 4X41 mm. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The X-band spectrometer used in this study was constructed in this labora- 
tory. As can be seen from the spectrometer block diagram, Fig. 2, it is of the 
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Fic. 2. Block diagram of esr spectrometer. 


WAVEMETERS 


superheterodyne type. The actual spectrometer design was modelled to a 
certain extent on one described by Hirshon and Fraenkel (1955); it does 
differ, however, in the type of signal frequency control system used. Varian 
X-13B and V-290 klystrons are used as signal and local oscillators respectively. 
The theoretical minimum number of manganese ions that could be detected 
under ideal conditions in a brucite crystal with such a detection system is 
approximately 3X10". The actual number that could be detected in brucite 
with a signal-to-noise ratio of 2:1 was 10". 

As is customary in esr work, the applied magnetic field, produced by a 
Varian 6-in. model V-4007 electromagnet, was swept through the absorption 
spectrum at a desired rate and the frequency of the incident radiation was 
held constant. The magnetic field was calibrated at 25-gauss “intervals by 
means of a proton resonance probe. An absolute calibration was obtained by 
relating the proton calibration points to the field at which a picryl hydrazyl 
absorption occurred. Over-all field calibration was accurate to within +1.0 
gauss. 

Most of the experimental work was done at room temperature. Some work, 
however, was done at liquid air temperature to determine the dependence of 
the spin-Hamiltonian parameters on temperature. Also, spectra were observed 
at 67° K in an effort to identify the absorption lines. This temperature was 
reached by pumping on the volume over a liquid air surface. 

In the room temperature experiment the sample was mounted on a lucite 
rod and held at the center of a rectangular cavity which resonated at 9128 
Mc/sec in the TE,o2 mode. The crystal was rotated about three axes which 
were, in turn, maintained perpendicular to the applied magnetic field, and 
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spectra were recorded at 10° intervals. These rotation axes were the a-axis, 
the c-axis, and an axis inclined at 30° and 90°, respectively, to the a and ¢ 
axes. In some regions where the absorption line positions varied rapidly with 
the angle of rotation, spectra were also recorded at 5° intervals. 

For the low temperature experiments the sample was glued to an H-plane 
wall, a quarter wavelength from the bottom, of a cavity whose resonant 
frequency in the TE,os mode was 8567 Mc/sec at 90° K. The cavity was 
made long so that by immersing almost its complete length in liquid air, the 
sample temperature could be held constant. The sample could be oriented 
by rotating the whole cavity. Only the rotation about an a-axis was performed 
at 90° K. 


EXPERIMENTAL RESULTS AND ANALYSIS 


Typical room temperature spectra obtained with the a-axis perpendicular 
to H and 6 = 0° and 90° are shown in Figs. 3a and 30 respectively. The narrow 
line at the center of each spectrum is a hydrazyl marker. Interpretation of 
each spectrum is also given on the figures. Here, the hyperfine lines belonging 
to each fine line are drawn to the theoretical intensity scale of 5:8:9:8:5. 
Quantum numbers were assigned to the lines on the basis of changes in the 
integrated intensities of the outermost lines at 6 = 0, T = 67° K, and second- 
order effects in the hyperfine structure. Although at 67° K the theoretical 
intensity ratio of the —3/2 <> —5/2 to the +5/2 + +3/2 transition is only 
1.05, it was possible to make positive identification after several scans through 
the spectrum. 

The magnetic field intensities at which the various transitions at room 
temperature for 6 = 0° and 6 = 90° occur are given in Table I. From ex- 
pressions (4) and (5) it can be shown that certain relationships exist between 
the ‘‘centers of gravity” of the two central hyperfine lines and the fine lines 
to which they belong. These relationships were used to calculate the fine 
line positions. The points on Figs. 4a and 4b show the angular dependence of 
the fine line positions for rotations of the crystal at room temperature about 
the a-axis and the axis at 30° to the a-axis, respectively. The former dependence 
repeats after 180° and the latter after 90°. 

Results for rotation about the c-axis are not given because the line positions 
should not change. In the actual experiment, very slight shifts in the line 
positions were observed. These were attributed to error in crystal alignment 
which was accurate only to within +1°. Figure 5 shows the angular dependence 
of the fine line positions for rotation of the crystal, maintained at 90° K, 
about an a-axis. 

The following methods were used to determine the various spin-Hamiltonian 
parameters. The g-values, g);, and g,, were obtained from values of Ho at 
6 = 0° and 6 = 90°. At either orientation an average value of Ho was obtained 
as follows. From the positions of the hyperfine lines belonging to the central 
fine line the ‘‘centers of gravity’’ of each pair of hyperfine lines, designated 
by +:m, were found. Relationships between these fields and Hy were used 
to calculate values of Ho. From the average of these Hy values the g-values 
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at 90° to c-axis 





PIECZONKA ET AL.: ELECTRON SPIN RESONANCE 


TABLE I 


Position of esr absorption lines in gauss for Mg(OH)2:Mn at room tempera- 
ture and frequency 9128 Mc/sec. Line positions accurate to +1.5 gauss 


ie Fine line Fine line 
Transition ¢6=0 position 6@=90 position 


—5/2- —3/2 5 2973.8 u 
é 3064.7 u 

3158 .7* u 

3265.7° 3217. u 

3355.0 u 

3460.6 u 


u u 

u u 

3206. 3214. 
3307. 
3402. 
3501. 


3031. 
3116. 
3203. 
3294. 
3386. é 
3481. 


—1/2 + 41/2 


OO II 


+1/2 — +3/2 5 /: u u 
4 u u 
2 3202. 3195.0* 
+1/2 3291. 3257 .é 3283.0* 3247.6 
+3/2 3383. 3372.1 
+5/2 3477.5 3461.6 


+3/2 — +5/2 —5/2 3080. * u 
—3/2 u u 
—1/2 3252. u 
+1/2 3336.8 3303.8 u 
+3/2 3425. u 
+5/2 3514.7 u 


Note: Line positions marked (*) are accurate to +3.0 gauss, 
Line positions marked (u) are unresolved. 


were calculated. From expression (5) it can be seen that the separation between 
the outermost hyperfine lines belonging to the central fine line is A. From 
several values of K, several values of A and B were determined and averaged. 


The negative signs of these parameters were determined from the observation 


that the hyperfine separations belonging to the —3 2 «+ —5/2 transition are 
larger than those belonging to the +5/2« +3,2 transition. Preliminary 
values of the field parameters D and @ were obtained from expression (4) 
when these were equated to the actual fine line positions at @ = 0°. The 
value of D thus obtained was substituted for D in terms of (4) that contain 
D?, These modified expressions were then used to solve for D and a at several 
values of 0. The average values of these, along with the other parameters, are 


given in Table I. 
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Fic. 4. Angular dependence of esr “‘fine line’’ positions for brucite at room temperature. 
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Fic. 5. Angular dependence of esr ‘“‘fine line’’ positions for brucite at 90° K. Crystal 
rotated about a-axis. 


TABLE II 


Parameter Gauss 10-4 cm Gauss 10-* cm 


D —7.2040.25  —6.77+0.25 -13.740.25 —12.8+0.25 

a +10.8240.45 +10.15+0.45 +12.840.25  +12.040.25 

A —91.4+0.4 —85.7+0.4 —91.6+1.0 —85.9+1.0 

B —90.6+40.6 —84.9+0.6 —90.640.6 —84.9+0.6 
2.0001 +0. 0005 2.0007 +0. 0010 

gy 2.0005 +0 .0005 2.00200 .0010 


It is also of interest to determine the zero field splitting of the ground 
state. From the spin-Hamiltonian it can be shown that the energies of the 


three doublets are given by 


D—-<a, 


10 ] 
3 3 


E 12 = 

or 3 
Table III gives the zero field energies at the two temperatures. It is interesting 
to note that the order of the +1/2 and +3/2 levels reverses in going from 


room temperature to 90° K, 
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TABLE III 


Zero field splitting of the ground state of the 
Mn?* ion in brucite 


295° K 90° K 


Gauss 10-4 cm Gauss 1074 cm 


—27.61 —25.91 —49.92 — 46.66 
+15.62 +14. 66 +21.93 +20.53 
+12.00 +11.29 +28.00 +26.13 





DISCUSSION 

Certain obvious conclusions can be drawn immediately from the experimental 
results. The good agreement between experiment and theory confirms the 
validity of the spin-Hamiltonian for a crystalline field case which results in 
D| = a|. The absorption spectrum is consistent with trigonal symmetry, 
which shows that the manganese ions substitute for the magnesium ions in 
the structure without introducing any significant distortion. 

Although it was difficult to make precise measurements of line intensities 
because of poor resolution, it was found that the intensity ratios agreed with 
the theoretically predicted ones. Absorption line half-widths were of the 
order of 10 to 15 gauss. Much narrower line widths have been observed for 
Mn?*; it is most likely that the large widths in the present case are a result 
of crystal imperfections. 

The hyperfine splitting parameters are isotropic and quite typical of results 
for Mn?+. On the basis of Van Wieringen’s (1955) correlation between covalency 
and the magnitude of the hyperfine parameters, it can be concluded that 
brucite is about 90% ionic. 

The magnitudes of the crystal field parameters D and a can be qualitatively 
understood on the basis of Pryce’s (1950) or Watanabe’s (1957) theories. The 
fact that even for D small, the two effects, axial and cubic, are distinct and 
separable, confirms that they must arise through separate mechanisms. The 
large change in D with temperature can be interpreted in terms of the large 
anisotropy in the coefficient of expansion of brucite. The ratio of the coefficient 
of expansion along the c-axis to that along the a-axis is approximately 4:1 
(Megaw 1933). One should thus expect large increases in the magnitudes of 
the axial field and axial field parameter with decreasing temperature. 

The g-value is isotropic but differs by more than the experimental error 
from the free electron value. The results are, however, typical of g-values 
for the Mn?** ion. There seems to be a slight positive shift in the g-value at 
90° K; this may not be significant because actually the room temperature and 
low temperature vaJues agree within experimental error. 
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MAXIMUM OF THE FACTOR OF ENCIRCLED ENERGY! 


Guy LANSRAUX AND GERMAIN BoOIvIN? 


ABSTRACT 


It is recognized that the most favorable distribution of radiant energy ina 
diffraction pattern is that which corresponds to the best concentration around 
the center O. This hypothesis is expressed by an extremal condition on the factor 
of encircled energy E(W), that is, the ratio of the energy inside a circle of radius 
W and centered on the diffraction pattern, to the total energy in the same. 

A study of the effects of spherical aberration on this factor of encircled energy 
has shown that aberration always tends to decrease the factor from the value 
obtained with an Airy pattern. However, this factor may be increased by the 
use of an amplitude filter at the pupil of the optical system. 

In treating the case of amplitude filters one may use a rigorous analysis in 
terms of Taylor’s series in (1—x?)?! or a polynomial 7,(x) of degree n—1 in 
terms of (1 —x?). 

The corresponding amplitudes in the diffraction pattern are .(W) and T,(W); 
the maximum factor of encircled energy E(Wm) and E,( Wm). The following 
convergences are established: E,(Wm) ~ E(Wm), Tn(x) — T(x), and T,(W)—> 
r(W)asn—- oo. 

When the interval (0, Wm) of the diffraction pattern is made to correspond 
to the interval (0,1) of the pupil by means of a suitable normalization the 
amplitude distributions T(x) and '(W)—with W = W,»x—are identical. Some 
properties are deduced from this relation; for example, the Airy pattern is the 
limit of P(W) when Wm — 0; on the other hand, the Gauss function e~(¥m/2)z 
is an asymptotic expression of T(x) when Wy —o. In any case, the factor 
of encircled energy is connected to the marginal amplitude in the pupil by the 
relation E(W,p) = 1—7%(1). 

The numerical determination of E(W) given up to W = 10 and W,, = 2, 3, 
4, and 5 can be extended by use of an asymptotic expression of the factor of 
encircled energy. 

Finally, a curve M(W) has been obtained, which is an envelope of the curves 
E(W) corresponding to various values of Wm. This gives the locus of the maximum 
factor of encircled energy and represents the limiting performance of optical 
systems. 


INTRODUCTION 

The image of a point is never a point but is spread into a diffraction pattern 
in the observation plane. The consequences of this are well known: limitation 
of resolution, distortion of the structure of fine details in the image of an 
extended object, degradation of contrasts. ... These degrading effects are the 
more important the larger the diffraction pattern into which the radiant energy 
is spread. Conversely, the quality of optical images increases as the radiant 
energy is better concentrated into the central region of the diffraction pattern. 
Thus, one is allowed to suppose that the most favorable energy distribution 
is that which corresponds to the greatest concentration of energy in the near 
vicinity of the center of the diffraction pattern. 

As a measure of this concentration of energy we may take the ratio E(W) 
of the energy distributed inside a circle of radius W centered on the focus of 
the diffraction pattern to the total energy in the pattern (Fig. 1). 

‘Manuscript received May 31, 1960. 
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Fic. 1. View in perspective of a diffraction pattern of revolution. The factor of encircled 
energy is the ratio of the energy inside the circle l to the total energy in the diffraction pattern. 


To make E(W) a maximum for a certain radius W is to gather as much 
energy as possible into the circle [ and thereby to optimize the diffraction 
pattern. 

This idea was utilized and studied in brief by Straubel (1935). We have 
deemed it necessary to enlarge upon and to extend this work. 

This function E(W) has been named by one of us (Lansraux 1946) as the 
factor of encircled energy by reason of its definition. 

For an axially symmetric diffraction pattern of which the radial intensity 
distribution is 7(W) the factor of encircled energy is 


ow 
{ I(W)d(W’) 


(1) E(W) 
| 1(W)d(W’) 
v7 

Whatever the intensity distribution 7(W), the factor of encircled energy 


E(W) vanishes at the origin (W = 0), and increases monotonically, approach- 
ing unity asymptotically as W tends to infinity (Figs. 5 to 9). 
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I, EFFECTS OF SPHERICAL, ABERRATION AND DEFECT OF FOCUS 

The absolute maximum of the factor of encircled energy at chosen abscissa 
W = W, is attained only with an optical system which is free of spherical 
aberration and of defect of focus. 

Before proving this statement we shall recall the classical expression for 
diffraction in optical instruments. 

The spherical wave = (Fig. 2) emitted by an axial point object H is trans- 
formed into an emergent wavefront 2 whose departure from the reference 
sphere S may be described by the phase 


2x— 
¢(P) = —PM. 
r 
The defect of focus is the distance FC between the center of curvature C 
of the optical system and the intersection F of the observation plane II with 


Fic. 2. Schematic diagram of the formation of a diffraction pattern in an optical instrument. 


the axis Z’Z of the optical system. The coefficient of defect of focus is 
a = t(FC/OC) (Lansraux 1952). 

If the amplitude varies from point to point along the wavefront Q2 by 
reason of a non-uniform transparency of the optical system for various light 
paths HQPMC the transmission coefficient is 


Ae _ amplitude at P 
7 amplitude at Q 


For radial co-ordinates x and W in the pupil and in the observation plane 
respectively, the complex amplitude in the diffraction pattern is 


al 
(2) 1W) = (W) tin) = f Tie"? Fo(We)d 


with V(x) = ¢(x)+ax’, and where Jo(Wx) is the Bessel function of the first 
kind and of order zero. 
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We shall now proceed to show that the factor of encircled energy 


J nian+4anua 
() E(W_) = $——__——— 


J rion+viomaa 


for a system affected by spherical aberration and defect of focus cannot be 
an absolute maximum. 

Consider first two optical systems free of aberration and correctly focused 
and having transmission functions 7,(x) = T(x) cos ¥(x) and 7;(x) = T(x) 
sin V(x). Let the amplitude of the respective diffraction patterns be y,(W) 
and y;(W) so that 


| “ana 


Jo ana’) 
(4) LL) 6 E\(Wa) = 


Jona’) J rina 
All integrals which appear in either numerator or denominator of E,(Wn) 
or of E,;(Wm) are positive. 
Comparing with (3) we have 


E(Wm) a E, (Wa) if E\(Wm) < E,(Wm), 


” E(Wm) <Ex(Wm) if Ex(Wm) < Ex(Wn). 


Thus for any system with transmission 7(x) and corresponding to either 
situation it is possible to find a system free of aberration which has a factor 
of encircled energy greater than that of the aberrant system. 

For sake of completeness we must consider the particular case of E,(Wm) 
= E,\(Wm) = E(W,). This means that there are three different systems which 
give the absolute maximum of encircled energy, two of these being free of 
aberration. But it is shown in Section VI that there is a unique non-aberrant 
system which yields the absolute maximum of encircled energy, two systems 
being, however, equivalent, when the amplitudes y,;(W) and y,(W) are pro- 
portional. Whence, we may write 


(6) yv(W)=Cg(W), vwi(W)=Cig(W), y(W) = [C,+4C,]g(W). 


The amplitude y(W) = y,+7y; may thus be written as the product of a 
real function g(W) and a complex coefficient C,+iC;. This means that a 
constant phase change is introduced at the pupil of a system free of aberration 
and correctly focused. The three systems differ only in this respect. 

In consequence of this manifest superiority of aberration-free systems we 
shall consider in the following parts of this paper only systems which are 
free of aberration and defect of focus. We shall consider only variation of 
E(W,~) which arises from changes in the transmission 7(x) obtained by an 
amplitude filter (Lansraux 1946, 1953). 
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II. CONDITION T(x) >0 
In principle the function T(x) should be positive in order that it may 
represent a transmission coefficient. It will be shown that the extremal con- 
dition on E(W,,) excludes negative values of T(x) at least for Wy < Z = 3.83 
,Z being the first zero of the Airy pattern. 
In a paper on the numerical evaluation of E(W) (Lansraux and Boivin 
1958), we have shown that 


el al 
J, i T(s)T(t)D(W, s, t)dsdt 





(7) E(W) = 1 
2 J T’ (x)d(x”) 


where D(W, s, t) is real and positive for 0 < W < 3.83,... for all values of 
s and ¢ in the domain of integration (0, 1). 

If T(x) changes sign as x varies from 0 to 1 we may separate this function 
into positive and negative parts 7+ and 7~ respectively. In abbreviated 
notation we then have from (7) 


_ ffrtr*p , f{r-T-p ae T*|D 





8 E(W) 
8) ( 2fT° 2fT° oT 
For comparison consider the positive transmission t(x) = 7+—T7™~ with the 


same total energy transmission. The factor of encircled energy is 


aw) = LE TD {rr D_ rer +T7 rp 


(9) 3 3 2 
2fT° oT 2r 
Since 7+ and D are uniformly positive and 7~ negative it follows that 
iF *D T Ki "2 re 
(10) JJ ~>0, Sf. pe, Sy ee Ml i o. 
aT 2fT? Pi 
Hence 
(11) 


e(W) > E(W). 








Thus, for any transmission function T(x) containing negative values the 
factor of encircled energy can be increased by changing the sign of the negative 
parts to positive; from this we conclude that the function T(x) corresponding 
to the extremal condition must be positive. 

This property is proved only for W, < 3.83... but the numerical values 
given in this work for W, = 4 and W,, = 5 show that it is not restricted to 
the range 0 < W < 3.83. 

It may be noted that the values obtained for T(x) are all positive; never- 
theless, negative values of 7(x) have a physical meaning which shall be 
obvious if we consider that —7(x) = 7(x)e*. In other words, negative values 
of T(x) imply a transmission together with a phase change of 7, and may 
be realized in practice by covering the relevant region of the aperture with 
a half-wave plate. 
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III. ANALYTICAL EXPANSION OF THE PUPIL FUNCTION 7(x) AND OF 
THE DIFFRACTION AMPLITUDE 7(W) 

In his paper of 1935, Straubel made use of a linear expansion in terms of 
polynomials (1—x?)'. 

One of us used this type of expansion in preceding work (Lansraux 1947). 
An ambiguous remark of Osterberg and Wilkins (1944) induced Wolf (1951) 
to question the validity of such expansion. Later Dossier (1954) expressed 
the doubts about the validity of the expansion. However, one of us (Lansraux 
1953) proved conclusively that the representation as given below is quite 
valid in general. 
















p=c 
(12) Te) => D phy(—x"y" 
- 







(13) VW) = 52 koln(W), 


where » is a normalization coefficient, k, are expansion parameters, and L, 
is a function defined in terms of the Bessel function of the first kind by the 
relation 






(14) L,(W) = p J (2°) *Jo(Wa)a(x*) = 2p). 





Further, one of us (Lansraux 1947) has shown that finite expansions may 
be used with accuracy increasing with order n. 







i= 


(15) T,(x) = ‘> pki(i—x")? 


V p=1 







p=n 


(16) 1n(W) = 2 kpL,(W). 


In the following paragraphs we obtain the maximum values of the factor 
of encircled energy E,(W,,) and the corresponding distribution y,(W) and 
T,(x) in successive order of approximation n = 1, n = 2,.... It is shown 
that the functions E,(Wm), Y¥n.(W), and T7,(x) converge respectively to the 
greatest value E(W,,) and its corresponding distributions y(W) and T(x). 













IV. MAXIMUM FACTOR OF ENCIRCLED ENERGY E,( Wm) 


The factor of encircled energy £,(W) calculated from the n-term expansion 
(16) of y,(W) is 










w p=n g=n 
J xa) ¥ > ees (W) 
(17) E,(W) = “* = Ei ei 





|, va(W)d(W") XX Prk 9(«) 





with 





a 
af(W) = L,(W)L,(W)d(W’). 


0 
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The extremal condition on E,(W) requires the vanishing of the n partial 
derivatives JE, (Wm) / dks at the chosen abscissa W = Wy. This gives after 
calculation 

q=n ee 
dE, ( . d play Waa) — En(Wm)az(”)] 
(8) [oe 


Do Le kek eas (~) 


p=1 g=1 


0. 


The denominator of the partial derivatives (18) is always finite and non- 
vanishing since it represents the total energy in the diffraction pattern. Con- 
sequently, the maximum value of E,(W,) is the solution of the set of homo- 
genous equations 


(19) 1l@i(Wm) —En(Wm)ai(@)]+... +knlai(Wn)—En(Wm)ai( )] = 0, 


Bilan (Wim) —En(Wmm)an()]-+ ... +Ralan (Wen) —En(Win)an( > )] = 0. 


No solution of this set—apart from the trivial solution k® = 0—will exist 
unless its determinant vanishes 


ai(Wm) —En(Win)ai( © ) see a1(Wm) —En(W)ai(@ ) 
(20) A= 
dn( Wn) —En(Wm)an( © ) eee On(Wm) — En( Wr )an( © ) 


This condition is an equation of degree nm in terms of E,(W,) and its n 
roots are extrema of the factor of encircled energy. We are here interested in 
the greatest of these roots. Substitution of this value of E,(W,) into equations 
(19) yields a set of proportional values of k7...* one of these parameters 
being left undetermined. In order that the solution be completely determined 
it is necessary to impose a supplementary normalizing condition which, of 
course, does not limit the generality of the solution. In order to compare 
pupil function 7;,(x) for successive orders » for maxima of E,(W,») at various 
abscissas W,, it is convenient to choose the normalization so that the pupil 
function is unity at the origin: 7,(0) = 1. 

The corresponding amplitudes in the diffraction pattern y,(W) are not 
then normalized since they are related to 7,,(x) through a Hankel integral 
analogous to relation (2). Therefore in order to compare diffraction patterns 
it is further convenient to introduce normalized amplitudes T,(W) = vy,(W) 
with normalizing coefficient v fixed by the condition of unit amplitude at the 
ongin: TO) = 2. 

In order to avoid any possible confusion we list our conventions as follows: 

Normalized amplitude in the pupil 


(21) Ta(e) = 235 pky(1—xty" 
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. =e 
with T,(0) = >> pk, = 1. 
p=1 


Amplitude in the diffraction pattern corresponding to the normalized pupil 
function 


ma(W) = f Tals) J0(We)d(e), 
(3a) ome 
Ya(W) = 52 bola(W). 


Normalized amplitude in the diffraction pattern 
p=n 
(23) Tn(W) = vyn(W) = 2) bpLy(W) 
p= 


p=n 
with T,(0) = vy,(0) = = k, = 1. 
p=1 


Normalization coefficient 


p=n 


- "= RC) ~ ya(0) ~ 2 Phe 


p=1 


It is important to note at this point that the greatest value of E,(W,») 
uniquely determines the normalized amplitudes 7,,(x), T,(W), and their 
expansion coefficients k*. In particular, we shall use the following property: 
any function of order n, satisfying the integral equation 


Wn oO 
f 8,(W)d(W’) — Ex (Wm) f 5,(W)d(W’) = 0 
0 J 


must be proportional to T,,(W) for any W. 


V. CONVERGENCE OF EXTREMAL VALUES OF E,(Wn) FOR INCREASING n 

The extremal values of E,(W,,) converge to a limit E(W,,) when 2 > 
because the set of extremal values £,(Wy) ... En—1(Wm), En(Wm) constitutes 
a sequence of increasing positive and finite terms. 

The sequence of extremal values E,(W,) is certainly increasing since the 
inequality F,-1(Wm) > E,(Wn) is absurd. Any m—1 term expansion is a 
special case of a u-term expansion with k® = 0 and cannot give a value of 
the factor of encircled energy greater than the extremum of £,(W,). 

Also the uniquely determined extremal values of E,(W,) imply a uniquely 
determined sequence E,;(Wm), E2(Wm) . . . En(Wm) and a unique limit E(W,). 

Table I contains a set of values of E,(W,) and differences AE,(Wm) = 
Ex (Wm) — En-1(Wm). It exhibits the rapid convergence of the extremals of 
the factor of encircled energy with increasing order n. It may be seen that 
the convergence is more rapid for smaller values of Wy. 
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TABLE I 


Absolute maximum E,(Wm) of the factor of encircled energy and the differences AEn( Wm) 
with respect to the order n 








E,(2) AE,(2) E,(3) AE,(3) E,(4) AE,(4) E,.(5) AEn(5) 


0.617261 0.817412 0.837910 0.861151 
0.012347 0.068977 0.132463 0.121334 

0.629608 0.886389 0.970373 0.982485 
0.000022 0.000660 0.004547 0.012630 

0.629630 0.887049 0.974920 0.995115 
0.000001 0.000031 0.000226 

0.887050 0.974951 0.995341 
0.000001 

0.995342 


VI. CONVERGENCE OF THE FUNCTIONS [f,(W) AND 7,(x) 
WITH INCREASING n 


The convergence of E,(W,) implies that of T,(W) and of 7,(x). 
Consider two normalized functions T,_;(W), T,(W) of consecutive orders 
n—1, n and having respective total energies 


(26) mi= fTa@aw) n= J rime. 


The functions 


Tn(W)_ Tr1(W) 


Pe) MD and 8,(7) = TF 
n n—-1 


VTn-1 . Vin ; 


have the following properties: 


a fsOfeary =m faa = ne 


(8) f #UM)d(W") = E(Wa) + Exa(Wa) 


J 2 
VT aT n-1 
2 


(29) J “8?(W)d(W*) = 2—- J “DT, (W)T,_1(W)d(W’). 


Wm 


T,(W)Tn(W)d(W"), 


V TaTo—1 
But the set of equations (19) from which E,(W,) and T,,(W) are obtained 
is equivalent to 
~Wm 


with p=l,...,m. 


From a linear combination of relation (30) one obtains 


Pa(W)L,(W)d(W*) —Eq(Wy) { “Ta(W)Lp(W)dW*) = 0 


Wm ns 
(31) J T,(W)Tn-1(W)d(W*) — E, (Wen) J P,(W)Tn-1(W)d(W’) = 0, 


whence the relation between integrals (28) and (29) 


Wm cD 
(32) f 5,(W)d(W’) — Ex(Wa) f 5,(W)d(W’) = E,-1(W)—E,(W). 
0 7 
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The convergence of E, when » —© implies 
Wn 


(38) lim J s(W)d(W*)—E, (Wa) J “3°(W)d(W?) = 0. 


Now, from (25) the solution of (23) can only be the product of T,(W) by 
a constant C. That is, 
: a Tn(W) Tr-i(W) ae 
(34) fon 5.(W) = im a eee - CT,(W). 
The constant C is determined by the normalization conditions T',_,(0) = 
r,,(0) = 1 and one finds 


(35) lim [T,(W) —T,-1(W)] = 0. 


This relation establishes the convergence of T,,(W) to a limit of T(W). 
Expanding : (35) 


p=n—1 
(36) im La W) + z Gay 2,00) | = 0. 


N-c0 p=1 
It is concluded that k” +0 and k"—k*-! +0 when n >. Consequently, 
all coefficients k” +0 when p and m independently increase and approach 
infinity. This is a necessary condition for the convergence of limit function 


r(w) = > koLa( W). 


All these properties are apparent in the numerical values of &% shown in 
Table II. 


TABLE II 
Coefficients k} in the -term expansion of normalized amplitudes 
T',(W) corresponding to the absolute maximum E,( Wm) 
p=n 
r,.(W) = z, kpL,(W) with 1T,(0) = =kp = 


p=1 


kn ke k” k’ 


Wm = 2 





1.00000 
0.75370 . 24630 
0.76730 . 20550 0.02721 


Wa = 3 
.00000 
.47544 52456 
53868 .33365 0.12767 
53514 35488 0.09229 0.01769 


Wn = 4 
. 00000 
17725 . 82275 
33628 .31954 0.34418 
.31969 41862 0.17912 0.08257 


Wa = 5 
. 00000 
.00285 0.99715 
. 21643 0.11841 0.66516 
. 16718 0.40436 0.18825 0.24022 
17124 0.36367 0.31031 0.09782 0.05696 
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The convergence of T,,(W) implies that of the corresponding pupil functions 
T, (x). Figures 3 and 4 show the course of the functions 7,,(x) for various 
values of W,,. Also, the second diagram of Fig. 4 exhibits the convergence 
of the plots of the factor of encircled energy E,(W) for various order m and 
for Wy = 5. 

All those curves are plotted from the numerical values of Table III. 


TABLE III 


Normalized amplitudes 7,(x) corresponding to the absolute maximum 
E,(Wm). Limit values of the amplitude T(x) 


T(x) = Spi =pk"(1—x?)P1 with 7T,(0) = 1 
Pp 


T(x) T2(x) T3(x) T(x) T3(x) T(x) 


Wm = 2 


.0000 1.0000 1.0000 1.000 
.0000 . 9482 0.9819 0.982 
-0000 . 9368 0.9287 0.929 
.0000 .8577 0.8443 0.844 
.0000 7478 0.7348 0.735 

0 


.0000 .6048 . 6090 


Wn = 3 
. 0000 . 0000 . 0000 
. 0000 .9725 .9643 
.0000 . 8899 .8618 
. 0000 7523 . 7065 
.0000 .5596 .5214 
. 0000 .3119 .3390 


Wm = 4 


.0000 . 0000 1.0000 .0000 
.0000 . 9639 0.9470 .9438 
.0000 8556 0.7977 . 7892 
.0000 .6750 0.5818 .5740 
.0000 . 4222 0.3487 3488 
. 0000 .0972 0.1675 . 1579 


Wm = 5 


.0000 .0000 1.0000 1.0000 1.0000 
.0000 . 9601 0.9322 0.9251 0.9241 
. 0000 .8402 0.7446 0.7254 0.7235 
.0000 .6405 0.4841 0.4669 0.4663 
.0000 . 3609 0.2288 0.2304 0.2302 
.0000 .0014 0.0884 0.0668 0.0683 


We note, also, that the uniqueness of values E,(W),...E,(W),... E(W) 
implies the uniqueness of the sequences [;(W),...1T,(W),... T(W) and 
Var C3) ames i eer! (i (ol 

In particular there exists but one normalized pupil function T(x) and but 
one normalized diffraction pattern which yield the absolute factor of encircled 
energy E(W,,). 

Expression (6) for the functions y,(W) and y,(W) satisfying the integral 
equation (4), Section I, are thus justified. 
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- | Oo +1 


Fic. 3. Curves of normalized amplitudes 7,(x) for various order n and Wm = 2, 3, 4. 
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Ta( x) 


o 1 2 3 4 5 


Fic. 4. Curves of normalized amplitudes 7,(x) and E,(W) for Win, = 5and n = 1, 2, 3, 4, 5, 6. 
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VII. AN INTERESTING PROPERTY OF THE LIMIT FUNCTIONS 7(x) AND I(W) 

By means of suitable normalization the light distribution in the pupil is 
identical with that of the diffraction patterns inside the circle of radius W, 
centered at the focus. Analytically that property can be written 


T(x) = T'(Wax) @<2< 1 


W with x = 
rw) = (~) 0<W< Wa 


(37) Na ; 


To prove this, we will assume that the portion of the diffraction pattern 


inside the circle of radius W, is a new pupil whose diffraction pattern is 


Wn 
(38) ae) = fran) so(we yaw’. 
It will be proved that 6(x) is proportional to 7 (x) in the interval 0 < x < 1. 


Applying Parseval’s theorem to the pairs of transforms T(x) and y(W), @(x) 
and y(W), (1—x?)?-!, and L,(W)/p we have 


go) J r@a-sae) =F J vonzcmacw', 


(40) ff oceya—s*y ace" - ; J “y(W)L,(W)d(W"). 


The extremal condition 0E(W,)/dk, = 0 can be written 


Wm - 
41) f vOML,(aWw)-EWe) J -1W)L Wa W") = 0. 
Hence 
(42) J (oe) 4807) Pe) = 2a x = 0. 

That integral can be satisfied whatever p may be, if 


(43) O(x) = 4E(Wy) T(x). 


Plancherel’s theorem applied to y(W) and @(x), y(W) and 7 (x) gives 


Wm : ma 
J y'(W)d(W*) = iJ 6°(x)d(x"), 
(44) 0 ; 


{ -vonaaw’) = 4 J T*(x)d(x"*). 


Using (43) which connects 7(x) and @(x), we have 


Fe ham ern 2 
(4 J 71 (W)d(W’) = 4E" (Wm) « " (x)d(’). 
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Hence 


J “6 (x)d (x?) | 


J von 
ee 


J vanaw’) fecac’) 


(46) E(Wa) = 


Siew (x”) 


[: 6°(x)d(x*) 


Since ['(W) is unique and the auxiliary pupil @(x) gives a factor of encircled 
energy equal to the absolute maximum, both 6(x) and ['(W) must be identical 
(apart from a normalization factor); but @(x) and 7(x) being proportional 
for 0 <x <1, T(x) = IT'(Wax) as shown in Tables III and V. 

We can conclude that the differences D,(x) = T,(x)—T,(Wmx) — 0 when 
n—o, Some calculated values of D,(x) are given in Table IV for the case 
Wn = 5 to show how close the expansion of 7,(x) and [,,(W) are to their 
limits T(x) and ['(W) respectively. 

The physical meaning of that property has to be mentioned. The pupil 
T(x) (x < 1) gives a diffraction pattern y(W) spread out to infinity in the 
observation plane II. If we put a circular diaphragm of radius W,, centered 
on the optical axis, a new diffraction occurs through that new pupil which 
is identical with T(x) for W < W, by means of a proper normalization of 
the abscissas and amplitudes. 

More generally, an arbitrary number of diffractions can be produced without 
changing the light distribution in each successive diffraction pattern. 

Besides that, it is possible to get the same geometrical dimension in the 
pupil and in the diffraction pattern. It is known that a dilatation or a con- 
traction of the pupil by a constant & is followed by a contraction or a dilata- 
tion of the diffraction pattern by the constant 1/%. Consequently, there exists 
a constant k = W,, = R so that the intervals (0, 1) and (0, W,,) of the pupil 
and diffraction pattern respectively can be transformed into the intervals 
(0, R) and (0, R). 

That normalization of x and W will be better expressed by a slight modifi- 
cation in our convention. Let x, be the radial co-ordinate of the diffraction 
pattern lying on the observation plane II,. The light distribution included in 
the circular domain 0 < x < R will be considered as a pupil of order n. 

According to this new convention two pupils of successive order m and 
n—1 have proportional amplitudes An(x%,), An—1(%n-1) when x, = Xy-1. 

The transformation connecting 6(x) and 7(x) shows that the constant of 
proportionality between A,(x,) and A,—1(%,-1) is the square root of the factor 


of encircled energy 


(47) = E(Wn) = Eo(1). 


(48) An(%n) = V E(R)Aq-1(%p-1) with x, = Xp 





€z890°0 €8990°0 62120'0—- 
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TABLE V 


Limit values of the amplitudes ['{W) and 7(x) corresponding to 
the absolute maximum E( Wy) 


Wn = 0 Wn = 2 Wa = 3 Wm = 4 


ws 
™ 





+1.000 +1.000 +1.000 +1.000 
+0.969 +0.972 +0.974 +0.978 
+0.880 +0.8909 +0.901 +0.913 
744 +0.764 +0.787 +40.812 
577 +0.609 +0.645 +0.686 
398  +0.441 +0.490 +0.545 
226 +0.277  +0.336 +0.403 
079 +0.134 +0.198  +40.271 
033 +0.021 +0.084  +0.158 
103 —0.055 +0.002 +0.070 
131 —0.094 -—0.048 +0.009 
124 -0.100 —0.068 —0.026 
092 0.081 -—0.064 -—0.039 
047 —0.048  —0.046  —0.036 
001 —0.012  —0.020 —0.023 
036 «=6©+0.020 40.005 —0.007 
059 +0.041 +0.024  +0.007 
064 +0.049 +0.033 +0.017 
+0.055  +0.044 +0.033 +0.020 +0.009 
+0.034 +0.030 +4+0.025 +0.018  +0.010 
+0.009 +0.011 +0.012 +0.011  +0.008 


oanono aoe 


or 


oP rR WWN NK KF OO 
o 
oe 


a 


Conn an cn 
aoonc vu 


= 
Oo 


© 
Cuonmon 


lo 


That relation can be justified by considering the definition of the factor 
of encircled energy and the conservation of energy between the pupil of 
order n—1 and the diffraction pattern of order n (Lansraux 1953); that is, 
(49) energy of pupil 2 = E(R) Xenergy of diffraction pattern n, 

energy of pupil n—1 = energy of diffraction pattern n, 

eR 

J Ai@oae’) 


energy of pupil 0 


energy of pupil eS an ae ee See oe 
J An—1(%n—1)d (Xn-1) 
) 


Or shortly, 
(50) An(%) = WE(R)An-i(%p-1) =... = [E(R)]% Aye, = [E(R)]"?7 (x) 
WAC Be KS a OM 

That interesting property will be the matter of another paper on the 
limiting performance of optical instruments. 

VIII. SOME PROPERTIES OF 7(x) AND r(W) DEDUCED FROM 
THE RELATION 7(x) = l'(Wnx) 

The properties derived from the relation T(x) = T'(W,.x) will be the matter 
of the present section. 

(a) The normalization coefficient 1s 


(51) yp = W,,/24/ ECW). 
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Equations (23), (44), and T(x) = 





T'(Wmx) give successively 





{ vanaw) 3 ff “ronaw’) 
2) &£W,) -=———— 
Jorma) 4 f reac) 






1 
_ Ws J raven ace’) _w 


“as 9 






4y” J “T%(x)d (x) 





which proves (51). Some numerical values of vy and y(0) = 1/» are given in 


Table VI. 







TABLE VI 


Coefficient of normalization, amplitude at the center of the 
diffraction pattern, coefficient of total transmission, and 
intensity relative to a unit total transmission 
















3 






2 
1.260 
7(0) : 000 0.794 


T 1.000 0.643 
y(0)/r 1.000 0.980 











593 2. 2.506 
628 0.494 0.399 
431 0.302 0.229 
.914 0.808 0.694 









ree 










It can be seen that v increases with W,, while y(0), the central amplitude 
of the diffraction pattern decreases. The total transmission 7 = {272 (x)d (x?) 
decreases as W,, increases. The ratio y?(0)/7, which represents the intensity 
relative to a unit total energy, is always smaller than one. In other words, 
the central intensity y?(0) is smaller than 7.4?(0) = 7, which corresponds to 
the amplitude at the center of an Airy pattern produced by a uniformly 
transparent system having the same total transmission r. 

(b) The maximum factor of encircled energy E(W,) is related to the margin 
amplitude 7(1) by 


(53) 


Using the extremal conditions 0F(W,) 















E(Wn) = 1-—T*(1). 






‘0k, expressed by the equivalent 





relation 


Wm % 
(54) f r(W)L,(W)d(W*) —E(Wa) | r(W)L,(W)d(W’) = 
ei ei 





a linear combination leads to 






p=+co oe ® Wm 2 % “ 
a | | r(W)L,(W)d(W")—E(We) | we = 
p=2 " ei) 0 






Ww 
i re can ie) Zc f mi 
(55) J PW) Gap dW *)—E(Wa) | T(W) aw d(W*) 





4(0°(Wa) —1]+3E(Wa) = 0. 
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Hence 


(56) E(Wa) = 1-T?(Wa) = [ 1—r'crax) | = 1-7°(1). 


z=1 

This expression shows that the larger the factor of encircled energy, the 
smaller the margin transmission. This agrees very well with the properties 
of margin area of the diffraction patterns where the intensity is asymptotically 
proportional to the margin amplitude of the pupil (Lansraux 1953). 

(c) From the fact that T(x) > 0 for 0 < x < 1 it can be shown that the 
amplitude is maximum at x = 0 and W = 0 in the pupil and diffraction 
pattern respectively. It is known that Jo(Wx) < 1 so that 


7 ml =| frmsaoae| < fede’ = 10) 
and 
(58) |W) < (0) > [P| < FO) > [P(Wax)| < PO) > Te) < TO). 


This property explains why the normalizations 7(0) = [T(0) = 1 were 
chosen. 
(d) The amplitude in the pupil decreases as x varies from 0 to 1, at least 


fer Wn < S88 sss 
The derivative of y(W) is 


‘ dy(W) _ 
69) GW) ae 
which is negative for W < W, = 3.83.... The same holds for 


aT _ dT (Wax) _ yy A0(W) _ Wa dW) 
dx dx i d(W)~° 


{ T (x)Jo(Wx)d(x*) = 4 xT (x) L1(Wx)d(x*) 


The negative values of the derivatives of T(x) and ['(W) mean a decreasing 
amplitude in the pupil and diffraction pattern with increasing radial co- 


ordinates. 
(e) The amplitude is stationary at the origin of both light distributions. 
The property is evident from (d) since 


dT(0) _ dy(0) _ d&(0) 


dx dW dW ea 
(f) When W,,—0 the diffraction pattern ['(W) corresponding to the 
absolute factor of encircled energy becomes an Airy pattern. 
From (e), the amplitude ['(W) is stationary for0 < W < W,, when W,, — 0 
the corresponding T(x) = T'(W,x) becomes 


lm T(%)= lm I(W,x) =TQ) = 


Wy = 9 Wm=9 
which is typical of the uniform transparency system producing the Airy 


pattern. 
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Even if the Airy pattern is well known we give as a reference the numerical 
values of its amplitude 4(W) and its factor of encircled energy &(W) in 
Tables V and VIII. 

In this case the normalization coefficient v = 1. 
(g) For small values of W, one can use approximate expressions 







2 a2 
(60) T(x) ~ ey? E(We) ~ 42 ae 














The stationary character of amplitude distributions in the pupil and dif- 
fraction pattern (paragraph f) for small values of W,, justifies the approximate 
expressions of T(x), y(W), and ['(W), by means of the two-term expansions 
(21), (22), (23). From these one can easily deduce the equations mentioned 


above. 











(h) When W,, increases the amplitude 7(x) corresponding to the absolute 

maximum of the factor of encircled energy becomes a delta function. In fact, 

the decrease of ['(W) for large W allows to write T(Wyx) -0 as Wy, © 

whenever x ¥ 0, whence 7(x) = I'(W,yx) — 0. However, at the center of the 

pupil, the normalization 7(0) = 1 still holds. Thus lim T(x) = delta function. 
2 






(7) For large W,, the amplitude distribution 7(x«) may be approximately 
represented by the Laplace—Gauss exponential T(x) ~ e~(¥m/2)#?, 

This approximation is derived from the fact that the exponential e~** 
satisfies the condition 7(x) = I'(W yx) as a special case, that is 








(61) f e" J)(Wx)d(x’) = we with k>O. 
e/0 





But for large k the integrand is small for x > 1, and the expression becomes 


vl 
(62) | eo 7,(We)d (x?) & Imre 
Jo 





Hence 











(63) T(x)~e™, (W)~ ie me ULM ae, ome. 


The constant k = W,,/2 is determined from the condition 7(x) = ['(Wyx). 


Thus we finally have 







(64) T(x) = T(Wae) eo Mm! and y= “ ; 













By comparison with the expression vy = W,,/2E(W,,) the approximation 
implies that E(W,,) ~~ 1 which get better the larger Wy. For example in the 
case W,, = 5 for which E(W,,) = 0.9953 the dep .rture of e7?* from T(x) 


is better than 0.06 as Table VII shows; moreover, the larger W, the better 







the approximation. 
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TABLE VII 


Compared values of the limit function 7(x) and of the exponential 
e~2.52° for Wa = 








x 0.0 0.2 0.4 0.6 0.8 1.0 


T(x) 1.000 0.924 0.723 0.466 0.230 0.068 
ese = 1.000 0.905 0.670 0.407 0.202 0.082 


Finally the delta function can be derived again from 7 (x) (equation 64), 
which confirms paragraph (h). 
IX. ASYMPTOTIC EXPRESSION e(W) OF THE FACTOR 
OF ENCIRCLED ENERGY E(W) 


An approaching expression of y(W) can be obtained for large W when 
the expansion (13) is replaced by the first term 


(65) y(W) = > kiLs(W) = TDL). 


This follows from the approximation 
2P"¥p! cos{W=[(2p+1)/4}} | 
V1 


which shows that all the functions L,(W) can be neglected with respect to 
L,(W), whence 


(66) L,(W) = 2°p! a ~ 


J vane) fone 
CG) 20)< 5 ne 


Jovonaw) f° ronacw’) 


wir 


“ =1-7 fy *(W)d(W*) ~ e(W) = -E |" Li(W)d(W’). 
The integral 
[ -Ligyacw’) 
vw 
can be derived from the factor of encircled energy of an Airy pattern: 
i Lana? J Li(W)d(W’) 
(68) G(W) = ee ——a poe 
fre (W)d(W’) J cianaw’) 
0 
= 1-4 f Liga’, 
4 Jw 
whence the approaching expression e(W) of E(W) 


(69) e(W) = j- {0 — &(W)). 
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The approximation e(W) instead of E(W) can be appreciated from Table 
VIII. It can be readily seen that e(W) is valid for W > 10 with an accuracy 
of four significant digits. 

Finally, the coefficient R = 7?(1)/r, which represents the rate of reduction 
of light diffracted in the remote region compared to the Airy pattern. The 
expression of R can be written as 












_T(1) _ 1-e(W) 
(70) ree = ae 







which means 





energy in the diffraction pattern outside a circle of radius W 


R= 
energy in the Airy pattern outside a circle of radius W 






In the cases considered here, that is W,, = 2, 3, 4, 5, R takes the respective 
values: R = 0.58, 0.26, 0.08, 0.02. In other words, those amplitude filters 
allow a separation whose distance from a very bright point is W, and whose 
intensity is 2, 4, 12, 50 times smaller. 

Some applications can be suggested immediately as, for example, the 
separation of points relatively distant but having unequal intensities. These 
cases frequently occur in astronomy and spectroscopy. 

Independently of these particular cases, a high rate of reduction in intensity 
of the outer part of the diffraction pattern should improve the quality of 
optical images. For example, in the image of an extended object this would 
mean reduction of fringes along the edges and hence an increased over-all 














sharpness of the picture. 







X. ENVELOPE E,( Wm, Wm) OF CURVES OF FACTOR OF 
ENCIRCLED ENERGY E,(W,Wn) 

To avoid any confusion in this section the notation [',,(W) will be replaced 
by T,(W, Wm) meaning that the expansion of order m with respect to W for 
the amplitude concerns the diffraction pattern corresponding to the maximum 
factor of encircled energy with W = W,,. In the same way, E,(W,W,) stands 
for the factor of encircled energy relative to T,,(W,W,) with respect to W. 
Finally, [(W,W,,) and E(W,IWV,,) are the amplitude and factor of encircled 











energy when 1 >. 

Figures 5 to 9 show the family of curves E(W, W,,) for Wm = 2,3, 4,5 
and 0 < W < 10. The envelope of these curves is the locus of extrema 
E(Wa. Wm) = M(W). 

This property holds for any order n. In other words, the curves E,(Wm, Wm) 
and E,(W, Wm) are tangent at W = Wa. 

This property can be shown from the definition of E,(W, Wm). We have 
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2 4 6 8 10 


Fic. 5. Curves of the limit functions 7(x), T'(W), E(W) respectively compared to the 
uniform transparency system 7(x) = 1, to the Airy pattern A(W), and the corresponding 
factor of encircled energy ¢(W) for Wa = 2. The envelope of the maxima of E( Wi.) is the 
dotted line M(W). 
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° 2 4 6 8 10 


Fic. 6. Curves of the limit functions T(x), T(W), E(W) respectively compared to the 
uniform transparency system 7(x)=1, to the Airy pattern A(W), and the corresponding 
factor of encircled energy &(W) for Wm = 3. The envelope of the maxima of E(Wm) is the 
dotted line M(W). 
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° 2 4 6 


Fic. 7. Curves of the limit functions T(x), ['(W), E(W) respectively compared to the 
uniform transparency system 7(x) = 1, to the Airy pattern A(W), and the corresponding 
factor of encircled energy &(W) for Wm = 4. The envelope of the maxima of E( Wm) is the 
dotted line M(W). 
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2 4 6 8 10 


Fic. 8. Curves of the limit functions T(x), [(W), E(W) respectively compared to the 
uniform transparency system 7J(x) = 1, to the Airy pattern A(W), and the corresponding 
factor of encircled energy 4(W) for Wm = 5. The envelope of the maxima of E(Wn) is the 
dotted line M(W). 
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E(W) 





Fic. 9. Family of curves E(W) for Wm = 0, 2, 3, 4, 5. 


For a fixed value of W, the partial derivative [0E,(W, Wn)/9W]wew,, is the 
slope of the tangent to the curve of the factor of encircled energy E,(W, Wm) 
for W = Wy. The derivatives of (71) with respect to W at W = W, is 


(72) 2Wal (Wa, Wn) —| 222 Wa | J i(W, Wn)d(W") = 0. 
W=Wy 0 


To find the slope dE, (Wm, Wm) /dWm of the tangent to the curve E,(Wm, Wm) 
we shall differentiate (71) with respect to Wy setting W = Wy, that is, 


-9aTi(W, Win) srazy2 
OWn a(W) 








(73) "ars, Wa) 
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aw,  ¢\W)—Ex(Was Wn) J 


9 7. y, aie 
+2WET (Wey, Wa) 2m We) fp, Wa)d(W") = 0. 
m 0 
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But 


Ww 2 W, 
“oT, (W, Wn) : 2f - or, (W, Wn) 2 
J Bem =2f te ge 


p=n 


= 25, ef “Ta(W, Wa)Lp(W)d(W'), 


or,.(W, Wm) 


fala = 2 fra, Wa) 2 Wada 


p=n ake 2 
=2)) GW “Tr(W, Wan)L(W)d(W"). 


From the system of equation (19) it can be written 
Win co 
75) T4(W, Wy)d(W")—Ex( Wr, Wa) Ta W, Wa)d(W*) 
0 0 


with p=l1,...m 


and one deduces by linear combination that the expression (74) satisfies: 


"ari(W, Wm) 


W, 
™ATn(W, Wa) y¢q77) _ J id 
76) fe aa) — Eq Way Wa) fT Wada’) = 0, 
whence the expression (73) is reduced to 
(77) 2Wal'S(Way, Wa) Ea: Wo) (“p2c0v, Wadd (W*) = 0. 
m 0 


Comparing this relation with (72) it is seen that 


Es Wn) _ 0E,(W, Wa» | 
qdWa = ow W=Wm, 





(78) 
m 
which proves that the curves E,(Wn, Wm) and E(W, Wz) are tangent at 
W = W,. 

The property, being independent of m, holds also for n>, 

The envelope E(W,y,Wm) has an important physical meaning: it is the 
limit of the factor of encircled energy or, the limit of performance of optical 
instruments. 


CONCLUSION 


The formulae, the numerical calculations, and the graphs presented in this 
paper show how amplitude filters can improve the image forming quality of 
optical systems. The improvement results from a concentration of energy in 
the central part of the diffraction image of a point source, and hence a conse- 
quent reduction in background intensity. This helps a better reproduction 
in the image, the contrast of extended objects also. 

These theoretical results are now being subjected to experimental verifi- 
cation. Initial results are found to be encouraging. It is proposed to report 
the final results in due course. 
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It is interesting to note that there is a maximum limit to the concentration 
of energy in the central core of the diffraction pattern, and the locus E(W, Wn) 
as given by the envelope M(W) represents the limiting performance of optical 
systems. 









SOMMAIRE 


On admet que la plus favorable des répartitions d’énergie lumineuse dans 
la figure de diffraction est celle qui correspond au maximum de concentration 
autour de son centre O. Cette hypothése est exprimée par une condition 
extrémale sur le facteur d’énergie encerclée E(W), c’est-a-dire sur le rapport 
de l’énergie contenue dans le cercle de rayon W, centré en O, a l’énergie totale 
de la figure de diffraction. 

L’étude de l’aberration de sphéricité montre que le maximum absolu du 
facteur d’énergie encerclée E(W,) pour un rayon donné W = Wy, n'est 
atteint qu’avec un systéme optique dénué d’aberration, correctement mis au 
point et dont la transmission 7(x) est rendue localement variable par un 
filtre d’amplitude. 

On représente la transmission 7(x), soit de fagon rigoureuse par la série 
de Taylor en (1—x?)?, soit de fagon approchée par un polynéme 7,,(x) de 
degré n—1 en 1—x?. 

Les amplitudes correspondantes dans la figure de diffraction sont I'(W) 
et [,(W) et les facteurs d’énergie encerclée E(W,) et E,(Wm). On établit les 
convergences E,(Wn) — E(Wm), Tr(x) — T(x) et T,(W) — T(W), lorsque 
n—-o, 

Lorsque la normalisation des abscisses W et x, fait correspondre le domaine 
(0, Wm) de la figure de diffraction au domaine (0, 1) de la pupille, les distribu- 
tions d’amplitudes ['(W) et T(x) sont identiques; soit: T(x) = T(W,x) = T(W) 
avec W = Wax. 

De cette relation sont déduites différentes formules ou propriétés concernant 
T(x) et T'(W). Ainsi la tache d’Airy est la limite de [T(W) lorsque W, — 0. 
Par contre, lorsque W,, croit indéfiniment, la fonction de Gauss e~("™/”" est 
une représentation asymptotique de 7(x). Dans tous les cas, le maximum du 
facteur d’énergie encerclée E(W,) est lié a la transmission au bord de la 
pupille par E(W,,) = 1—T7?(1). 

Les déterminations numériques de E(W), faites ici pour 0 < W < 10 et 
Wa = 2, 3, 4 et 5, peuvent étre complétées aux grandes valeurs de W grace 
a une expression asymptotique du facteur d’énergie encerclée. 

Les courbes E(W) correspondant a toutes les valeurs W,, admettent une 
enveloppe M(W), lieu des maxima du facteur d’énergie encerclée. Cette 
enveloppe constitue la limite de performance des instruments d’optique. 
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THEORY OF TRANSLATIONAL ABSORPTION IN GASES! 







J. D. PoLu? AND J. VAN KRANENDONK 





ABSTRACT 


The theory of translational infrared absorption in gases is developed. Invariant 
expressions for the integrated absorption coefficients are derived. The absorption 
coefficients are expanded in powers of the density, and the binary absorption 
coefficients are expressed in terms of a model for the induced pair dipole moments. 
Monatomic gas mixtures, diatomic gases, and diatomic-monatomic gas mixtures 
are considered in detail. As an application the binary absorption coefficient of 
the translational band of hydrogen is calculated. 














INTRODUCTION 

The pressure-induced infrared spectra of gases arise from the dipole moments 
induced by the intermolecular forces in clusters of two or more interacting 
molecules. These induced dipole moments decrease rapidly in magnitude with 
increasing intermolecular separation, and vanish beyond two or three molecular 
diameters. This property of the induced dipole moments of being short-range 
functions of the intermolecular separations constitutes the most characteristic 
difference between pressure-induced infrared activity on the one hand and 
ordinary infrared activity on the other. 

The induced rotational and vibrational absorption bands are due to the 
modulation of the induced dipole moments by the rotational and vibrational 
motions of the molecules. Because of the strong dependence of the induced 
dipole moments on the intermolecular separations, the dipole moments are 
also modulated by the translational motion of the molecules. The translational 
motion is therefore infrared active, and plays an important role in all pressure- 
induced spectra. In the absorption processes responsible for the induced 
rotational and vibrational spectra of hydrogen, for example, the rotational 
and vibrational transitions are accompanied by transitions between different 
translational states of the molecules. This ‘‘translational” effect is responsible 
for the width of the induced infrared lines (Crawford, Welsh, MacDonald, and 
Locke 1950; Van Kranendonk 1957), for the characteristic shape of the 
Q-branch of the fundamental band of hydrogen (Chisholm and Welsh 1954), 
and for the appearance of the phonon branches in the induced spectra of 
solids (Gush, Hare, Allin, and Welsh 1960). 

It is clear that in pressure-induced absorption pure translational transitions 
not accompanied by any rotational or vibrational transitions are also possible. 
The resulting translational absorption band lies in the far infrared frequency 
region, and extends from zero frequency up to frequencies of the order of 
magnitude of the rotational frequencies. Experimental evidence for such a 
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translational band has been obtained by Kiss and Welsh (19598) in the 
rotational spectrum of hydrogen, both in the pure gas and in mixtures with 
foreign gases. The translational absorption band has also been observed in 
mixtures of the rare gases (Kiss and Welsh 1959a). 

In the present paper general theoretical expressions are derived for the 
integrated intensity of the translational absorption bands in monatomic and 
diatomic gases. A comparison of these expressions with the experimental data 
on the integrated intensities yields information on the nature of the induced 
dipole moments. For example, the temperature dependence of the binary 
absorption coefficient (Van Kranendonk 1958) is determined by the nature 
of the dependence of the dipole moment induced in a pair of molecules on the 
intermolecular separation, whereas the intensity of the absorption is deter- 
mined by the magnitude of the induced dipole moments. Ideally, measurements 
of the binary absorption coefficient as a function of the temperature make 
possible an empirical determination of the induced pair dipole moment, in 
much the same way as a knowledge of the second virial coefficient of a gas 
allows a determination of the potential of the intermolecular forces. 

In a monatomic gas mixture only the translational band appears, and no 
other infrared absorption bands are present. In a homonuclear diatomic gas, 
on the other hand, there appear a translational and a rotational band, as 
well as a vibrational band. The translational and rotational bands are in 
general not separated from each other, and form essentially one band which 
we call the far infrared band. We assume that this far infrared band is com- 
pletely separated from the vibrational bands, as is usually the case. The total 
infrared intensity is then equal to the sum of the intensities of the vibrational 
and far infrared bands. A similar separation of the translational and rotational 
bands is not possible, and in general the far infrared band does not consist 
additively of a translational and a rotational part. Such a separation is possible 
only if there are no anisotropic intermolecular forces. In the presence of 
anisotropic intermolecular forces, the translational and rotational motions of 
the molecules are coupled, and no rigorous separation of the far infrared 
band into two separate parts can be made. 

In Section 2 general expressions for the integrated absorption coefficients 
of the far infrared spectrum are derived, and in Section 3 the expansion of 
these quantities in powers of the density is given. In Section 4 the binary 
absorption coefficient of a monatomic gas mixture is expressed in terms of 
the pair dipole moment, and similarly in Section 5 for a diatomic gas and 
for a diatomic—-monatomic gas mixture. In Section 6 the (exp—4) model 
(Van Kranendonk 1958; Van Kranendonk and Kiss 1959) for the pair dipole 
moment is introduced, and the binary absorption coefficient for hydrogen is 
calculated. 


2. INVARIANT EXPRESSIONS FOR THE INTEGRATED 
ABSORPTION COEFFICIENTS 


The general expression for the integrated absorption coefficient of the far 
infrared spectrum, 
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(1) a = fA(v)d», 


where A(v) is the absorption coefficient per unit path length and » is the 
frequency, is given by 


(2) a= VD (P.—Ps) \wis| "hv iz. 


Here x = (82*/3hc), and V is the total volume of the medium. The subscripts 
i and f denote stationary states of the system. For monatomic gases, these 
states are the translational states of the molecules, and for diatomic gases the 
translation-rotational states. We assume that the molecules are permanently 
in the ground vibrational and electronic state. The dipole moment u appearing 
in (2) is then equal to the expectation value of the total dipole moment 
operator of the gas over the ground vibrational and electronic state. This 
dipole moment is a function of the nuclear configuration of the gas, and wi, 
denotes the matrix element of u between the states i and f. The quantities 
P, and Py; appearing in (2) are the normalized Boltzmann factors for the 
states 7 and f, and hy;, = E,—E,, where E; and E, are the energies of the 
states i and f respectively. Finally, the sum in (2) runs over all pairs of states 
i, f for which E, < E;. The terms containing P; and P,; are due to the absorp- 
tion and stimulated emission processes respectively. 

The expression (2) can be written in the form of a trace over a complete 
set of states by making use of the fact that the summand in (2) is symmetric 
in 7 and f, and of the Hermitian property of w;,. In virtue of these properties, 
the expression (2) is clearly equal to 


(3) a= VD P sluiy|"hviz, 


where the sum now extends over all values of 7 and f. The expression (3) can 
be written in the form of the invariant trace, 


(4) a = xV-'Tr{ Pp. [(H,y]}, 


where H is the Hamiltonian of the translational, or translation-rotational, 
motion of the molecules; [7,4] = Hu—wH denotes the commutator; and P 
is the density of the ensemble representing the system in equilibrium at a 
given temperature JT = 1/k8, 


(5) P = exp(—8H)/Trfexp(—6H)]. 


The invariant expression (4) forms the basis of the calculation of the integrated 
intensities of the far infrared spectra. 

In the theory of the induced vibrational (Van Kranendonk 1958) and 
rotational (Van Kranendonk and Kiss 1959) spectra, on the other hand, the 
integrated absorption coefficient @, defined as 


(6) a = fA(»)dy, 
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where A(v) = A(v)A is the absorption coefficient per wavelength in vacuo, is 
used instead of a. The general expression for & is 


(7) & = kV" >> (Pi—P)) wal’, 


i<f 
where « = (87°/3h). From a theoretical point of view, the quantity & is more 
fundamental than the quantity a, because &@ is proportional to the total 
transition probability, whereas @ is proportional to the absorbed energy, pro- 
vided the incident intensity is independent of the frequency. Mathematically, 
& and @ are proportional to the zeroth and first moment respectively of the 
function A (v). 

For a spectrum extending to zero frequency, however, the quantity @ does 
not lead to convenient expressions, and, as we shall show, one must therefore 
use a instead. The expression (7) for & can be written in the form of a trace 
by multiplying the summand in (7) by the unit step function 


+a 
(8) €(Viz) = (1 /i7) t exp(2 rivj,t)dt, 


where the principal value of the integral should be taken. In this way we 
get the following invariant expression for a, 


+a 
(9) a& = (k; inv) f t'Tr[Pu(0) . w(t) ]dt, 


where u(t) is the Heisenberg time-dependent dipole moment. The expression 
(9) for & is much less useful than the expression (4) for a, because the complete 
time dependence of the dipole moment is involved in (9). However, if the 
spectrum does not extend to zero frequency, the expression (7) for @ can be 
reduced to a much simpler expression than the general expression (9). As an 
example, consider the induced vibrational spectrum of hydrogen (cf. Van 
IKKranendonk 1958). In this case, the vibrational excitation energy is much 
larger than the changes in the rotational and translational energy occurring 
during the absorption processes. This means that the vibrational absorption 
band, the structure of which is determined by the rotational and translational 
transitions accompanying the vibrational transition, does not extend to zero 
frequency. The restrictive condition E; < EL, appearing in (7) is then satisfied 
by all transitions contributing significantly to the total intensity, and the 
sum in (7) may then be extended over all translation-rotational states 7 and 
f. When we denote the matrix element of the dipole moment between the 
relevant initial and final vibrational state by M, the total integrated absorption 
coefficient & of the corresponding vibrational band is given by 


(10) & = kTr[P|M|?], 


where Tr indicates a trace over the translation—-rotational states, and P is 
the density for these states, provided all the molecules are originally in the 
initial vibrational state. The expression (10) for & has been used in the theory 
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of the induced vibrational and rotational spectra of hydrogen (Van Kranen- 
donk 1957, 1958; Van Kranendonk and Kiss 1959), since it is much simpler 
than the expression (4) for a. 

For the translational spectrum, however, the expression (10) for & cannot 
be used, since the spectrum extends to zero frequency. The translational 
spectrum can be interpreted as a line at zero frequency broadened by the 
translational effect, and an expression of the type (10) is not even approxi- 
mately true in this case. One must therefore use either the expression (9) 
for &, or the expression (4) for a. In the present paper, we use exclusively the 
simpler expression (4). It is also possible to derive invariant expressions for 
the higher moments of the spectrum, like fA (v)v*dv, but we shall not discuss 
these higher moments in the present paper. 


3. DENSITY EXPANSION OF THE INTEGRATED 
ABSORPTION COEFFICIENTS 

In this section the integrated absorption coefficient (4) of the far infrared 
spectrum of gases is expanded in powers of the density. As in the case of the 
vibrational (Van Kranendonk 1958) and rotational (Van Kranendonk and 
Kiss 1959) spectra, this expansion can be obtained by introducing appropriate 
cluster functions. The expansion is possible in virtue of the fact that the 
induced dipole moments are short-range functions of the intermolecular 
separations, i.e. decrease faster than R-* with increasing separation R. 

We first consider a single component diatomic gas containing N molecules, 
with a total volume V. Let u(1...) be the dipole moment induced in the 
cluster of molecules 1,...,2 when these are present alone in the volume V. 
We introduce the cluster functions U(1...2) by means of the equations 


( (12) = U(12), 
u(123) = U(12)+U (13) +U (23) +U (123), 
(11) ae 


[y(L...) = LUG) + DY UGE)+.... 


These equations can be solved successively for the U’s in terms of the w’s. 
When these expressions are substituted into the last of the equations (11), 
this equation reduces to an identity which then represents the cluster develop- 
ment of u(1... NV). The symbols 1, 2,..., in the arguments of the functions 
u and U denote the nuclear co-ordinates of the molecules, i.e. i = (R;,,), 
where R, is the position vector of the center of mass, and w; = (6;,¢;) specifies 
the orientation of the internuclear axis of molecule 7. Since u(1...N) isa 
function of the nuclear co-ordinates only, uw commutes with the potential 
energy term in the Hamiltonian H, and we may therefore replace H in the 
expression (4) for a by the kinetic energy 


(12) K = Ki), 


where K(z) is the kinetic energy of the translational and rotational motion 
of molecule 7. 
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The expansion of a in powers of the density » = N/V, 

(13) a =an?+aon'+..., 

is obtained by substituting the last of the equations (11), and the expression 

(12), into (4). The binary absorption coefficient a; is given by 

(14) a, = $«V~'Tr[P2”(12)y(12) . 6(12)], 

where P§” (12) is the low density limit of the pair density operator P2(12) 

(De Boer 1948), 

(15) P.(12) = P§$?(12)+P$?(12)n+.... 

The quantity (12) in (14) denotes the commutator 

(16) (12) = [K,w(12)] = [K(1)+K(2), y(12)]. 


Similar definitions hold for f(1... 2) and O(1...2). The ternary absorption 
coefficient a2 appearing in (13) is equal to a sum of three terms, 


(17) a2 = as +as”+ay”, 

where 

(18) a? = $aV~Tr[P$?(12)u(12) . $(12)] 
is the contribution due to the density dependence of P2; 
(19) as” = kV~'Tr[P$” (123)u(12) . #(13)] 


represents an interference effect between w(12) and w(13), and 


(20) as? = 1 yn 128), 9(12) 0 (123) +U (123). #(12) 


+3U (123) 62s) | 
is the contribution from the non-additive part 
U(123) = w(123) —w(12) —y(13) —w(23) 


of the dipole moment induced in a cluster of three molecules. 

For a mixture of two gases, a and 8, the corresponding expressions for the 
absorption coefficients can be easily derived. For a mixture of two monatomic 
gases, the expansion (13) takes the form 
(21) Of = ayNgnytannitannitarnin,tarmantit.... 

The binary absorption coefficient a; is given by 

(22) ay = kV Tr [PS (11’)w(11’) . 811’) J, 

where | and 1’ refer to molecules of the type a and 6 respectively, and 1 = R, 
denotes the center of mass co-ordinates of molecule 1. We shall not write 
down the explicit expressions for the ternary absorption coefficients. Finally, 
for a mixture of a diatomic and a monatomic gas we get 


ey 2 
(23) a= ayn,taingnt..., 
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where a; is given by (14), and aj by (22), where 1 = (Rj,o;) and 1’ = Ri}. 
The binary absorption coefficient (22) for a monatomic gas mixture is 

worked out further in the next section. The case of a diatomic gas and of a 

diatomic—monatomic gas mixture is taken up in Section 5. 


4. THE BINARY ABSORPTION COEFFICIENT OF 
MONATOMIC GAS MIXTURES 

The binary absorption coefficient, a,(7), of the translational spectrum of 
a mixture of two monatomic gases, which is given by the expression (22), is 
a function of the temperature of the gas only. An expression for this function 
in terms of the induced pair dipole moment will now be derived. The tem- 
perature dependence of a; will be evaluated explicitly by introducing a definite 
model for the pair dipole moment and for the intermolecular potential. 

The trace appearing in the expression (22) for a; involves a trace over the 
motion of the center of mass of the two molecules 1 and 1’, which can be 
evaluated immediately, giving 


(24) kvA* r{exp(— BH)u. [K,ul}, 


where Hand K denote the total and kinetic energy respectively of the relative 
motion of the pair of molecules, and the trace also refers to the relative motion 
only; \ =h ‘(2emkT)}, where m is the reduced mass of the pair of molecules. 
The pair dipole moment w lies along the intermolecular axis R and can be 
written in the form 


(25) uv = »(R)(R/R). 
Using the commutation relations 
(26) ( [A,f(R)] = f" +2/R)f' +2f'(9/9R), 
| [4,R] = 2(0/dR), 
where the primes denote differentiation with respect to R, we get 
(27) . [Kyu] = — (&?/2m) [up + (2/R) up’ — (2/R*)u?+2uy’ (0/dR)). 
We write out the trace appearing in (24) in terms of the eigenfunctions 
(28) Wnim = Xnt(R) ¥im(Q), 


of the Hamiltonian, H, of the relative motion of the two molecules. We use 
the notation R = (RX,Q), where Q = (6,6) specifies the orientation of R 
relative to a space fixed co-ordinate system. The wave functions are assumed 
to be normalized to unity in a large spherical volume in R-space with radius 
Ro. The low density limit of the pair distribution function normalized to unity 
at large separations, which we denote by g(X&), is then given by (Uhlenbeck 
and Beth 1936) 


(29) g(R) = lim X Qe wet exp(—BEn)| xn (R)|”, 


Roc 
where £,, is the energy of the state (28), and the sum extends over all the 
energy levels, i.e. over the bound states and over the quasi-continuous spec- 
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trum at positive energies. In the absence of magnetic interactions, the radial 
functions x,; can be chosen to be real. The term arising from the last term 
in (27) can then be integrated by parts, and the resulting expression for the 
binary absorption coefficient is 


(30) ax = (4n"/Bme) flu!?+(2/R)u'le(R)RAR. 


The first term gives the contribution to a; arising from the modulation of the 
dipole moment due to the variation of R during a collision, whereas the second 
term represents the contribution from the modulation of the dipole moment 
due to the variation of Q, i.e. of the direction of R, during a collision. These 
two effects will be referred to as the R-modulation and Q-modulation effects 
respectively. This interpretation of the two terms in (30) can be verified by 
splitting up the kinetic energy K in (24) into a radial and an angle-dependent 
part. The resulting terms in a; are then equal to the two terms given in (30). 
It is also possible to derive an expression for a1, in which no distinction is 
made between the two modulation effects, by using Cartesian co-ordinates 
throughout. In this way one arrives at the expression 


(31) a, = (r/3mc)f|vul2g(R)dR, 


where 


(32) lyul? = > (Vas)* (Vas), 


with V, = (0/dx,) and dR = dx,dxedx3. The two expressions (30) and (31) 
are easily shown to be equivalent. 

The expression (30) is the desired expression for a;(7) in terms of the 
induced pair dipole moment. To evaluate this expression explicitly, we intro- 
duce a model for the dipole moment and for the intermolecular potential. The 
dipole moment induced in a pair of monatomic molecules is due to the overlap 
induction effect (Van Kranendonk 1958), and can be expected to depend 
exponentially on the intermolecular separation R. We therefore assume that 
u(R) is given by 


(33) u(R) = gexp(—R/p). 


The amplitude ~ and the range p are the two parameters characterizing the 
induced dipole moment. For the intermolecular potential we use the Lennard- 
Jones model, 


(34) V(R) = 4e[(¢/R)'!*— (o/R)$). 
Substituting (33) and (34) into (30), we get 

(35) a, = WIy, 

where y is a quantity of the same dimension as a, defined as 


(36) y = (mre?a?/3mc), 









POLL AND VAN KRANENDONK: TRANSLATIONAL ABSORPTION 





e being the elementary charge; \ is the dimensionless parameter 


(37) h = (t/ea) exp(—a/p), 






and J, = I,(T) is the integral 


(38) Ii =4r reso} 2 (e- » | ()'42s fecortas 


where x = R/o. The main contribution to the integral (38) comes from a 
small region around x = 1, and the contribution of the R-modulation effect 
is therefore roughly a factor }(¢/p)* larger than the contribution of the Q- 
modulation effect. For the induced vibrational and rotational dipole moments 
in hydrogen, p/o is equal to 0.13 (Van Kranendonk and Kiss 1959). The 
same order of magnitude can be expected for the reduced range of u(R) for 
monatomic molecules. The Q-modulation effect therefore contributes only about 
3% to the total binary absorption coefficient of the translational spectra of 
monatomic gas mixtures. An interpretation of the translational spectrum as 
a kind of continuous rotational spectrum due to the turning of the dipole 
moment during a collision is therefore not appropriate. 

At high temperatures, the classical value of the pair distribution function, 

















(39) g(x) = exp(— V*/T*), 





where V* = V/e and 7* = kT/e, can be used. The corresponding classical 
values of the integral (38) can be obtained by numerical integration. For a 
number of reduced temperatures and values of p* = p/c, the classical values 
of the integral (38) are given in Table I. If experimental values of a;(7) are 








TABLE I 
Classical values of the integrals J;, K, and J 


p/o p/o 








0.12 0.13 0.14 0.12 0.13 0.14 


I K 10-2 





K x10 J) 1072 


N 
* 


















1 1.54 1.42 1.32 4.27 4.24 4.21 3.44 
2 1.49 1.32 1.19 3.74 3.65 3.57 2.74 
3 1.70 1.47 1.29 3.99 3.84 3.72 2.72 
+ 1.95 1.65 1.43 4.35 4.15 3.99 2.81 
5 2.20 1.83 1.57 4.74 4.49 4.29 2.92 
6 2.46 2.02 ras 5.14 4.83 4.59 3.05 
7 2.71 2.21 1.85 5.53 5.17 4.89 3.18 
8 2.97 2.39 1.99 5.92 5.51 5.18 3.31 
9 3.22 2.57 2.12 6.30 5.84 5.47 3.43 
10 3.47 2.75 2.26 6.67 6.16 5.76 3.56 















available over a certain range of temperatures, empirical values of the para- 
meters p*, \2y, and e can be obtained. As in the case of the second virial 
coefficient this can best be done by plotting on a transparent sheet In a; vs. In T 
and on another sheet In J; vs. In 7* for a number of different values of p*, 
and trying to make the best fit by shifting the two sheets relative to each 
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other parallel to the co-ordinate axes. The curve In J, vs. In 7* giving the 
best fit provides the value of p*; the shift in the co-ordinate direction yields 
e; and the shift in the ordinate direction gives \?y. 

The measurements of the translational spectra of mixtures of the rare gases, 
which have been published so far (Kiss and Welsh 1959a) do not extend to 
sufficiently low frequencies to make a determination of a; from the experimental 
data possible. An extension of these measurements to lower frequencies is 
therefore required to obtain experimental values of the parameters p*, e, and 
\*y. In this connection a theoretical calculation of the induced dipole moment 
in terms of the electronic structure of the molecules would be of great interest. 


5. THE BINARY ABSORPTION COEFFICIENTS OF DIATOMIC GASES AND 
OF DIATOMIC -MONATOMIC GAS MIXTURES 
We first consider a single component diatomic gas such as hydrogen. The 
binary absorption coefficient of the far infrared spectrum which now com- 
prises a translational and a rotational band is given by (14). The trace 
appearing in this expression contains a trace over the motion of the center 
of mass of the pair of molecules, which can be carried out, giving 


(40) ay = $(«A*/Z?) Tr{exp(—BH)yp . [K,u]}. 


\ = h/(2xmkT)?, where m is the reduced mass of the pair of molecules, and 
H and K denote the total and kinetic energies respectively of the relative 
translational motion and of the rotational motion of the molecules. The effect 
of the anisotropic intermolecular forces, which appear only in the Boltzmann 
factor and not in the commutator with yp, is small as long as these forces do 
not mix appreciably the states of different rotational angular momentum of 
the molecules. We neglect the anisotropic intermolecular potential in the 
Boltzmann factor in (40). The quantity Z is then equal to the rotational 
partition function 


(41) Z= p> gs exp(—BEz), 


of a molecule. The anisotropic forces produce a coupling between the trans- 
lational and rotational motions of the molecules, but this coupling does not 
affect the binary absorption coefficient because of the invariance of the trace 
appearing in (40) (cf. Van Kranendonk 1957). 

The pair dipole moment w appearing in (40) is a function of the orientations 
of the intermolecular axis R and of the internuclear axes of the molecules 1 
and 2. The orientations of these three axes can be specified relative to a 
co-ordinate system fixed in space, and these orientations are then denoted 
by Q = (6,6), Qi = (61,61), and Q: = (62,¢2). The orientations of the inter- 
nuclear axes can also be specified relative to the intermolecular axis R as 
polar axis, and are then denoted by w; and w2. The components, ux, of w in 
a co-ordinate system fixed to R can be expanded in terms of products of 
spherical harmonics of w; and @2; the corresponding expansion coefficients are 
denoted by C,(Ayui1A2u2;R) (Van Kranendonk and Kiss 1959). However, in 
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the present context it is more convenient to work with the components, p,, 
of w in a co-ordinate system fixed in space, since the motion of the inter- 
molecular axis R is now also of importance. The dependence of u, on Q, Qy, 
and Q» can be expanded in terms of the complete set of eigenfunctions 









(42) V(SiJoL, J,Jm; Q,2;,Q:), 









of J,?, J*, L?, J 2, J?, and J., where J; and Jz are the rotational angular momenta, 
and L is the angular momentum of the relative translational motion of the 
molecules; J; = Jit+J: and J = J,+L. The expansion of the spherical com- 
ponents y,, vy = 0, +1, defined as 







43 Ho = Bay ‘ 
e 3 = 27? (upbiny), 






takes the form 





(44) uy = (642°/3)? S>  A(Av AL; R)W(ArAoL, Aly; Q,Q;,Q2). 
AyAQAL 






The expansion coefficients 4 (Ay;\2AZ;R) are independent of the co-ordinate 
system, and provide an invariant classification of the induction effects in 
terms of the parameters Aj, \2, A, and LZ. The values of these parameters 
are restricted by the triangular conditions (cf. Rose 1957), 


A(AyA\2A) and A(AL1), 










(45) 











and by the fact that \;+A2+Z+1 must be even. This last property follows 
from the transformation properties of u, under a reflection in a plane through 
the origin. Finally, one can show that for the usual choice of phases of the 
functions (42), the coefficients A (A,;A2AL;R) are all real. If the molecules 1 
and 2 are identical, we have the additional symmetry property 










(46) A (AyA2AL;R) == (- 1) At14 (AA, AL;R) 








The relation between the coefficients A (Ay\2AL) and C,(Ayu1A2u2) is given by 





. 2L+1\3 
(47) A(AvoAL) = (=-2—) SS C(Ade Asus) C(AL1 5x0) Ce(ArurA2u2), 


3 KUIM? 





where C(A,\2Aju1u2) and C(AL1;x0) are Clebsch-Gordan coefficients (cf. 
Rose 1957). 

In the far infrared spectrum arising from the dipole moment (44), we can 
distinguish between four modulation effects, viz. the R, Q, Q1, and Q, effects 
which result from modulations occurring in the variables R, Q, Q;, and Q, 
during a collision. This separation of the total intensity is not unique as far 
as the modulations produced by the rotational motion of the molecules are 
concerned. It is also possible, for example, to consider a separation into R, 
Q, w;, and w2 modulation effects. The separation of the binary absorption 
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coefficient (40) into the four contributions corresponding to the R, Q, Q,, 
and Q» modulation effects can be obtained by splitting the kinetic energy 
in (40) into the corresponding four terms, 


(48) K = —(h’/2m)[d°/aR’+(2/R)d/dR]+ (h?/2mR’)L? 
+ (A? /21)Ii+ (h/21)3;, 


where J is the moment of inertia of the molecules. When the expression (48) 
is substituted into (40), the resulting terms can be evaluated in a straight- 
forward way. The result can be written in the form 


(49) a1 = (20°/3c) fils |A (Arve ALR)’ |? 





A1A2 AL 
Ai(Art1) , Ae(A2t1) , L(L+1) 


where g(R) is the pair distribution function for isotropic intermolecular forces, 
and the prime denotes differentiation with respect to R. The expression (49) 
is the general expression for the binary absorption coefficient of the far infrared 
spectrum of a diatomic gas in terms of the expansion coefficients A (A1\2AL;R) 
characterizing the induced pair dipole moment. 

In the absence of anisotropic intermolecular forces, the far infrared spectrum 
can be split into a translational and a rotational band. The translational 
band is defined as the intensity arising from those transitions in which the 
total rotational energy of the molecules does not change. The binary absorption 
coefficient of the translational band defined in this way receives contributions 
from all those transitions in pairs of molecules for which AJ; = —AJ2, where 
AJ; = J;-—J;, is the change in the rotational quantum number of molecule 
i. The contribution of these transitions to the binary absorption coefficient 
(40) can be calculated, and the result can be written in the form 


(50) arr = (24°/3mc) DY DO La, (AJ) La, (—AJ) 





MANDAL “AT 
J rt Ame ALR) +A Ode ALR) *|pcayR'ar, 
where 
(51) L,\(AJ) = 2") gy exp(—BEs)C(J,4,J +4J;0,0)", 


C(J,r,J’; 0,0) is a Clebsch—Gordan coefficient (cf. Rose 1957), and Z is defined 
by (41). The binary absorption coefficient of the rotational band, ayo, can 
be obtained by subtracting (50) from (49). We note that the second and 
third term in (49), proportional to Ay(Ai +1) and Az2(A2e+1) respectively, 
contribute only to aro, and not to a;,4, since these terms are absent in 
(50). However, the sum of these two rotational terms and the translational 
term (50) is not equal to the total intensity (49), since in general © 4;Zy, (AJ) 
Ly,(—AJ) <1. The typical translational terms in (48), viz. the first and 











21, 
sy 
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fourth term containing the reduced mass m, thus give a non-vanishing con- 
tribution to the intensity of the rotational lines. This is due to the fact that 
we work with @ rather than with & Because of the translational effect, the 
rotational lines are broadened asymmetrically and the mean frequency in a 
rotational line is larger than the rotational frequency, and aj ,, is therefore 
larger than the sum of the pure rotational terms in (49). This concludes the 
derivation of the general expressions for the binary absorption coefficients 
of a diatomic gas. 

We next consider a diatomic—monatomic gas mixture. The binary absorption 
coefficient aj defined by (23) can be obtained from (49) by putting A» = 0 
and multiplying by a factor 2. In this way we obtain 


(52) = (49° /3¢) J 141. 


patna 

mR* J 
where J is the moment of inertia of the diatomic molecule, and m is the 
reduced mass of a diatomic-monatomic pair. The corresponding expression 
for the translational band is given by 


































(53) aver = (44°/3mc) X 1y(0) j ee 4 
AL 7) 





+= 1A (NOAL; R)| (RR R°aR. 





The binary absorption coefficients (49), (50), (52), and (53) are functions of 
the temperature, which can be evaluated explicitly by introducing a model 
for the induced pair dipole moment, i.e. for the magnitude and R-dependence 
of the expansion coefficients A (A,A2AL;R). This will be discussed in the next 
section for the (exp—4) model which has also been used for the vibrational 
(Van Kranendonk 1958) and for the rotational (Van Kranendonk and Kiss 


1959) spectra. 











6. EVALUATION OF THE BINARY ABSORPTION COEFFICIENTS OF DIATOMIC 
GASES AND OF DIATOMIC-MONATOMIC GAS MIXTURES 
IN TERMS OF THE (exp —4) MODEL 

We first consider the translational spectrum of a pure diatomic gas. In 
contradistinction to the case of monatomic molecules, the induced dipole 
moment for diatomic molecules contains, in addition to the short-range part 
due to the overlap induction effect, a long-range part. We take into account 
only the part of longest range, which arises from the quadrupolar induction 
effect (Van Kranendonk 1958), and which varies as R-*. We assume that the 
overlap part falls off exponentially with increasing separation R, and we take 
into account only the non-vanishing terms corresponding to the simplest 
angle-dependent overlap terms. This leads to the following set of non-vanishing 
coefficients A (A;\.AL;R), 
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(54) A (2021) = —A(0221) = &, exp(—R/p), 
A (2023) = —A (0223) = & exp(—R/p)+3?(aQ/R4), 

where Q is the quadrupole moment and a the average polarizability of the 
molecules, and &, and £3 are the parameters describing the overlap moment. 
We note that the coefficient A (0001) corresponding to the angle-independent 
overlap moment, which gives the main contribution in the case of two different 
molecules, is equal to zero here because of the symmetry relation (46). Sub- 
stituting (54) into the expression (50) for the translational binary absorption 
coefficient, a1,4r, we find 


(55) ane = [Li +A5Is+u"T+udsK ]L2(0)+. 
The dimensionless quantities A, \2, and w are defined as (cf. Van Kranendonk 
and Kiss 1959) 


(56) Ais = (1,3/e0) exp(—a/p), uh = (aQ/eo'), 
and the quantity 


(57) y = (re*a?/3mc) 


has the dimension of a binary absorption coefficient. The integrals 7,, J, and 
K are defined as 


( ep ‘ 2 ‘ 
\I,=4r J exp| mien 1 1) ELEN |o(e)etae, 
| 0 p p x 


{ J = 3367 f x °g(x)dx, 


K = 32m /3 fre ~%¢4—1) | £43 lecerse, 


where x = R/o. The quantity Z2(0) is defined by (51). At high temperatures 
the classical value (39) of the pair distribution function may be used. At 
intermediate temperatures g(x) can be expanded in powers of Planck’s constant 
(cf. De Boer 1948). Corresponding to this expression of g(x), the integrals 
(58) can be written in the form 


(59) Fem 1 REP ARE heck 


and similarly for J and K, where A* = (h?/meo?)*. For a number of reduced 
temperatures and values of p/o the classical values J,, J, and K™ of the 
integrals (58) are given in Table I. We note here, that the quantities £; and Aj, 
and the integrals J,, J, and K defined in this paper are not the same as those 
used in a previous publication (Van Kranendonk and Kiss 1959). 

We now discuss the binary absorption coefficient of the translational spec- 
trum of hydrogen at 300° K. We use the values p/a = 0.126, A; = 0.6X 104, 
and \,; = 10-4 obtained from the rotational spectrum (Van Kranendonk and 
Kiss 1959). For the expectation value of the quadrupole moment over the 
ground vibrational state we use the theoretical value Q = (0.46+0.03)eao? 
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obtained from the calculations of Kolos and Roothaan (1960), the second 
term representing the correction due to the anharmonicity of the vibrational 
motion. For the average polarizability the experimental value a = 5.44a° 
(Essen 1953) is used. It turns out that the contributions from the terms ),? 
and \ 3” in (55) are of the order of 1% of the term u?, and we therefore neglect 
these terms. For the binary absorption coefficient of equilibrium hydrogen 
at 300° K we find, after inserting the numerical values mentioned above, 


(60) 1. = (3.3+0.7) X10-* sec— cm5. 


The first term in (60) is the intensity due to the quadrupolar induction effect, 
and corresponds to the term yp? in (55). The second term in (60) represents 
the interference effect between the quadrupolar and overlap moments, and 
corresponds to the term ud; in (55). Because of the uncertainty in the value 
of d3 derived from the rotational spectrum, it would be interesting if the 
value (60) could be checked experimentally by extending the existing measure- 
ments of the translational spectrum of hydrogen (Kiss and Welsh 19598) to 
lower frequencies. 

For diatomic-monatomic mixtures the quadrupolar induction effect is 
characterized by the coefficient 


(61) A (2023) = 3?Q,a2R-4, 





















where Q; is the quadrupole moment of the diatomic molecule, and age is the 
polarizability of the monatomic molecule. For two different molecules, the 
relation (46) no longer holds, and an angle-independent overlap moment of 
the type 4(0001) appears. As this term gives the main contribution to the 
overlap moment we neglect the angle-dependent part, and we put 

(62) A(0001) = Eexp(—R/p). 

Substituting the expansion coefficients (61) and (62) into the expression (53) 
for ait, we find 

(63) ater = [NT +n JL2(0) hy, 

where 


(64) d= (E/ec) exp(—o/p), uw = (Qra/eo), 














and the remaining quantities are defined as in (51), (57), and (58). From 
experiments on the translational absorption of diatomic—monatomic gas mix- 
tures as a function of temperature the parameters \ and p/e can be found. 







7. CONCLUDING REMARKS 






The theory of the translational absorption bands in gases developed in 
this paper should be compared to the theory of the equation of state of 
gases. The binary absorption coefficients introduced here take the place of 
the second virial coefficients in the equation of state, and the quantity which 
can be determined from the experimental data is the induced dipole moment 
rather than the intermolecular potential. The expressions for the binary 
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absorption coefficients have the same general validity as those for the second 
virial coefficients, the main assumption being that the electrons follow the 
motion of the nuclei adiabatically. The ultimate goal of the theory is to 
calculate the induced dipole moments in terms of the electronic structure 
of the molecules, and to obtain in this way in combination with the experi- 
mental results new information about the intermolecular interaction. 
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PREDISSOCIATION IN THE HNO MOLECULE! 


M. J. Y. CLEMENT? and D. A. RAMsAy 







ABSTRACT 


Twelve bands of HNO and 18 bands of DNO in the region 6,000 to 10,000 A 
have been photographed in emission during the reactions of hydrogen and 
deuterium atoms with nitric oxide. Two of the HNO bands and 3 of the DNO 
bands show a sharp breaking-off in the K-rotational structure, due to predis- 
sociation of the molecule in the excited state. Upper limits for the dissociation 
energies of HNO and DNO are 48.6 kcal/mole and 49.1 kcal/mole respectively. 










Cashion and Polanyi (1959) have shown that bands of HNO can be detected 
in emission during the reaction of hydrogen atoms with nitric oxide. We have 
recently studied the reactions H+ NO and D+NO and have observed several 
emission bands of HNO and DNO in the region 6,000-10,000 A using (i) a 
three-prism glass spectrograph with f/2 and f/10 cameras and (ii) an f/4 
grating spectrograph with a dispersion of 5 A/mm. The most interesting new 
result which has emerged from the present studies is that some of the HNO 
and DNO bands show a distinct breaking-off in the K-rotational structure, due 
to predissociation in the excited state. These results provide the first example 
of the breaking-off in the rotational structure in the spectrum of a polyatomic 
molecule and afford an upper limit for the energy of the reaction H+NO —> 
HNO. 

The apparatus consisted of a reaction tube 5 cm in diameter and 30 cm in 
length. Hydrogen atoms were pumped from Wood’s tubes through three 
short side-arms 2.5 cm in diameter and situated 7.5 cm apart. Nitric oxide 
was introduced through three smaller side-arms situated diametrically opposite. 
The radiation emitted by reaction H+ NO was not visible but was sufficiently 
intense that the (000)-(000) band of HNO near 7600 A could be photographed 
with the three-prism spectrograph and f/2 camera in 10 seconds using un- 
sensitized Kodak I-N plates. The intensity of the emission was a maximum 
with partial pressures of the reagents ~1 mm Hg. Final plates of HNO and 
DNO were taken with the {/10 camera using hypersensitized I-N and I-M 
plates. Reproductions of the spectra in the region 6000 to 9000 A are shown in 
Fig. 1. Some of the stronger bands were also photographed with the f/4 grating 
spectrograph but a discussion of the rotational analyses of these bands will 
be deferred to a later paper. 

The wavelengths and probable assignments of the HNO and DNO bands 
are given in Tables I and II. The values for »,1. were obtained using the 


following data: 
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1420.77 cm™ 
1562 cm 
1401.28 cm 


13 154.38 cm 
3 596 cm7! 
13 180.32 cm™ 


hieu 


nuda 


2 680 cm=! 


1550 cm7 





Aair(A) 
9580 +50 
9275+30 


9120+40 


8850 +40 
8650 +802 
8265 +40 
7965 +702 
7625 + 100° 
7379.2 


Intens 


Ww 


ity 


TABLE I 


Emission features of HNO 


Vyae (cm ) 


10 435+55 
10 780+35 


10 96050 


11 295+50 
11 560+105 
12 095+60 
12 550+110 
13 110+170 
13 547.9 

13 617.8 


| 


Assignment 


(000)-(011) 
(020)-(110)\ , 
(010)-(012)/* 
(010)-(100) | 
(000 )-(002) f 
(020 )-(030)? 
(000 )-(010) 
(000 )-(001) 
(100)-( 100) 
(000)-(000) 
R-head 7 —6 


Vobs(cm™?) 


Cashion and 
Polanyi 


10 580+30 


11 370+60 
12 060+30 


13 050+60 


Dalby 


Veale(cm™!) 


10 482¢ 
10 838° 
10 793° 
10 979° 
10 934° 
11 310° 
11 592 

12 044 


|R-head 8—7 

R-head 9—8 
R-head 10—9 
R-head 11—10 
R-head 12—11 
R-head 13 —12 


7341.3 
7303.2 
7266.3 
7230.1 
7195.5 
7162.2 


13 688.9 
13 758.4 
13 827.2 
13 893.7 
13 958.3 


7100+30 
6925 +60 


14 080+60 
14 4354125 


(001 )-(000) 
(020)-(010)) 
(010)-(000) f 


14 420+50 


14 135 
14 575 


14 434° 


14 707.4? 
14 764.4? 
14 824.0° 
14 886.8° 


14 707. (Pro 3-2 
14 763. |R-head 4—3 
14 823.5 R-head 5—4 
14 886. R-head 6—5 
14 953.‘ R-head 7 —6 
15019. Heed 8-7 


6797. 
6771. 
6744. 
6715. 
6685. 
6656. 
6627.8 

6598 .4 

6453425 vw 
6272+50 vw 


NNN wo, 


15 083. R-head 9—8 
15 151.0 R-head 10—9 
15 492+60 (011)-(000) 
15 940+125  (020)-(000) 


15 556° 
15 996° 


“Observed also with f/4 grating spectrograph (dispersion 5 A/mm). 
>These lines are the last lines observed by Dalby and lie close to the band heads. 
“Neglecting anharmonicity. 


The constants for the excited state are those derived by Dalby (1958) while 
those for the ground state are taken from the measurements of Harvey and 
Brown (1959) on the infrared spectrum of solid HNO and DNO (see also 
Brown and Pimentel 1958). The agreement between the observed and cal- 
culated frequencies is seen to be satisfactory and suggests that most of the 
assignments are probably correct. 

Our observations of the HNO bands agree fairly well with those of Cashion 
and Polanyi except that we have not so far been able to confirm the band which 
they reported at 16 200 cm-! (6171 A); moreover we observed a band of 
medium intensity at 7965 A which was not reported by these authors. The 
latter band has also been photographed under higher dispersion (5 A/mm) 
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000-010 
SQV3H ¥, 6-0! 
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Nair(A) 


9570435 
9255+60 
8990+30 
8915+30 
8840+30 
8715+30 
8620+30° 
8345+30° 
8100+20 
7820+50° 
7695+30° 
7595+60° 
7200+25° 
6970+20° 
6875+20° 
6820.7 
6806.2 
6789. 


i 


6699. 
6679. 
6663. 
6644. 
6627.3 
6608.9 
6693415 
6525 +20 
6476.0 
6461.7 
6446.0 
6428.8 
6410.1 
6391.2 
6370.5 
6291 +20 
6241.5 
6229.6 
6217.2 
6203.1 
6190.8 
6175.8 
6160.3 
6146.9 


oO 

=i 

es 

x 
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“From the absorption measurements of Dalby (1958). 
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Intensity 


Vw 
Ww 
Vw 
Vw 
Ww 
Ww 
m 
m 
Ww 
m 
m 


<< 


Vw 
Vw 


Vw 


TABLE II 
Emission features of DNO 


Vvac( cm!) 


10 445+40 
10 800+70 
11 120+35 
11 215+40 
11 310+40 
11 470+40 
11 600+40 
11 980+45 
12 340+30 
12 785+80 
12 990+50 
13 165+105 
13 885+50 
14 345440 
14 540+40 
14 657.2 
14 688. 
14 723. 
14 758. 
14 799. 
14 836. 
14 882. 


14 921. 


14 966. 
15 004. 
15 045. 
15 084. 
15 126. 


RK Obs Csr t 


9 
9 
9 


14 937435 
15 321445 
15 437. 
15 471. 
15 509. 
15 550. 
15 596. 
15 642. 
15 693.0 

15 891+50 
16 017.4 
16 048.0 
16 080.0 
16 116.5 
16 148.5 
16 187.8 
16 228.5 
16 263.9 


Ne NNO 


R-head 


Assignment 


(000)-(100) 
(000)-(011) 
(020)-(030) 
(010)-(020) 
(000)-(010) 
(010)-(100) 
(000 )—(001) 
(100)-(100) 
(010)-(010) 
(000 )—(000) 
(001 )-(000) 
(020)-(010) 
({(010)-(000) 
|R-head 3—2 
|R-head 4—3 





R-head 10-9 

R-head 11—10 
|R-head 12—11 
R-head 13 —12 
R-head 14—13 
R-head 15—14 


((011)-(000) 
R-head 
R-head 
ieee 


he 9-8 





R-head 
R-head 
R-head 
R-head 
(020)-(000) 
R-head 
R-head 
R-head 
R-head 
R-head 
| R-head 
R-head 





’Observed also with f/4 grating spectrograph (dispersion 5 A; mm). 
©These lines are the last lines observed by Dalby and lie close to the band heads. 
4Neglecting anharmonicity. 


Vobs( cm™!)# 


13 180 
13 936 


14 582 

14 658. 4° 
14 691.8° 
14 726.0°¢ 
14 762.6° 
14 801.1° 
14 841.1°¢ 
14 882.2 


207 


Veale( cm!) 
10 500 
10 810? 


11 3334 
11 482¢ 
11 630 
11 902 
12 360 


13 032 


14 4334 


15 3374 


15 9834 


and has a rotational fine structure very similar to that of the (000)-—(000) 
band of HNO. The assignment of this band is of particular interest since it 
would appear that the only reasonable assignment of the band is (100) > 
(100). If this is correct, we may deduce that vj — vj’ ~ —560 cm. For DNO 
the corresponding band is at 7820 A, and vi — 1) ~ —380 cm. 

The K-rotational structure of the bands is clearly visible on the spectra 
taken with the prism spectrograph and f/10 camera and the R-heads of the 
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subbands with AK = +1 appear as distinct linelike features. The measure- 
ments of the band heads agree with those of Dalby to within ~1 A, in regions 
of overlap, and permit an unambiguous assignment of the rotational quantum 
numbers. For the (000)—(000) band of HNO a series of band heads is observed 
with good intensity up to the R-head of the K’ = 13 — K” = 12 subband. 
The series then terminates abruptly and the R-head of the K’ = 14— K” = 
13 subband is absent (see Fig. 1a). For the (010)—(000) band of HNO the 
corresponding series of band heads is observed up to K’ = 10> K” = 9. 
The R-head of the K’ = 11 — K” = 10 subband may be obscured by the 
Ha line but the R-head of the K’ = 12— K” = 11 subband is definitely 
absent (see Fig. 1b). For the (010)—(000) band of DNO the last R-head ob- 
served before the series terminates is the R-head of the subband K’ = 15 > 
K” = 14 (see Fig. 1d). The total energies (electronic + vibrational + rota- 
tional) of the various levels in the excited state relative to ground states of 
HNO and DNO were calculated using the molecular constants given by 
Dalby and are as follows: 


HNO: (000) level K’ 
K' 


16 440 cm 
17 000 cm™ 
16 500 cm 


13 (observed) 
14 (absent) 


(010) level K’ = 10 (observed) 
Se 


ahhh ht || 
uu noua 


| 


11 (uncertain) 16 890 cm“ 

K’ = 12 (absent) 17 320 cm™ 

DNO: (010) level K’ = 15 (observed) 16 890 cm 
K’' = 16 (absent) 17 190 cm 


The consistency between the three sets of values leaves no doubt that the 
breaking-off in the rotational structure is a genuine phenomenon. The breaking- 
off energy for DNO is expected to be slightly higher than for HNO, due to 
the difference in zero-point energies (~600 cm) for the two molecules. The 
breaking-off in the rotational structure can also be seen in the 6525 A and 
6291 A bands of DNO (see Fig. 1d) but no evaluation of the appropriate 
energies can at present be made since no rotational analyses for these bands 
have yet been carried out. 

The phenomenon of breaking-off in the rotational structure of bands is 
generally due to dissociation or predissociation of the molecule in the excited 
state (see Herzberg 1950). It is extremely unlikely that for HNO the pheno- 
menon is due to dissociation since the breaking-off energy lies only 3600+250 
cm~! above the (000) level of the excited state. It is much more likely that 
the phenomenon is due to predissociation and that the potential curves 
representing the energy of the system as a function of the H—NO distance, 
are of the type shown in Fig. 2. A similar potential energy diagram has already 
been applied to the HCO molecule (Herzberg and Ramsay 1955) and in all 
probability a similar diagram applies for HOs. 

From Fig. 2 and the data given above, it is seen that for the dissociation of 
HNO and DNO into ground state products, 


Di) (HNO) < 17 000 cm“ (48.6 kcal/mole, 2.11 ev), 
D* (DNO) < 17 190 cm™ (49.1 kcal/mole, 2.13 ev). 
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V(r) 
(cm-') | 
| 
60000} H(#S)+ NO (#11) 
H(#S)+NO(#5*) | 
50000 
| 
40000} 
| 
30000] 
| 
| 
20000| 
| 
H(2S) + NO (#11) | 
| 
| } 
10000! | 
| 
0} 








Tye NO 
Fic. 2. Potential energy diagram for HNO. The combination H(?S)+NO (IT) yields four 
states viz. 14’, 14”, 8A’, 3A”, all of which are probably repulsive. There will be avoided 
crossings not indicated in the diagram, between the repulsive 'A’ and !A” states and the stable 
14’ and !A” states respectively. 
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NOTE ADDED IN PROOF 


A slight, but definite, diffuseness of some of the rotational lines of the 
(021)-(000) band of HNO near 5900 A in absorption has been found in 
recent flash photolysis experiments by Hollas and Ramsay (to be published). 
These new results confirm the predissociation limit established above. 





THE ABSORPTION SPECTRUM AND DISSOCIATION ENERGY 
OF SH! 


J. W. C. Jonns? AnD D. A. RAMSAY 


ABSTRACT 
The (2,0) bands of the A 22+—X?II system of SH and SD have been photo- 
graphed for the first time. More accurate values for the vibrational constants 
of the A 2+ state have been obtained. The dissociation energy of SH in the 
excited state is Dj = 8020+1000 cm™ from which it is possible to deduce that 
the ground state dissociation energy Dy (SH) is 28,480+1000 cm™ (81.442.9 
kcal/mole, 3.53+0.12 ev). 


INTRODUCTION 

It is well known from earlier work (Porter 1950; Ramsay 1952) that SH has 
a fairly large dissociation energy (D(’~29,000 cm-') in its *II ground state, 
but a much smaller dissociation energy (Do¢~8000 cm-') in its first excited 
2+ state. Since the dissociation products of the 72+ state are known with 
reasonable certainty [SH(??2+) — H(?S)+S(:D)], the dissociation energy for 
the ground state may be derived from the dissociation energy of the excited 
state using the relation 


(1) DY (7M) = DoCE*)+v00(?S* — 711) —vg('D— *P). 


The (0,0) and (1,0) bands of the 22+—?II system of SH and SD have been 
observed in absorption by Porter and by Ramsay and the vibrational constants 
w,’ and w,’x,’ for the excited state deduced with the aid of isotope relations. 
A value for D6 was then obtained from a modified Birge-Sponer extrapolation. 
In the present work we have observed the (2,0) bands of SH and SD in absorp- 
tion and have been able to determine the vibrational constants for the excited 
state without invoking isotope relations. Using a shorter and more reliable 
extrapolation, we have been able to derive a more accurate value for Do and 
hence, from equation (1), we obtain a more reliable value for the dissociation 
energy of the molecule in its ground state. 


EXPERIMENTAL 

The new bands of SH and SD were observed during the flash photolysis of 
H.S and D.S at pressures of ~200 mm Hg. The flash photolysis apparatus 
was similar to, though somewhat larger than, the apparatus described in 
earlier publications (for example, Callomon and Ramsay 1957). The quartz 
reaction tube was 2 m long and was fitted with multiple reflection mirrors of 
the type described by White (1942). Only the central half of the reaction tube 
was irradiated during the photolysis flash since sulphur is produced in the 

41Manuscript received October 11, 1960. 
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reaction, and the “dead space’”’ at each end of the tube helped to prevent 
deposition of the sulphur on the mirrors. The mirrors were coated with alumi- 
num and four traversals of the tube were used. 

The photolysis lamp was 1 m long and was constructed in the manner 
recommended by Claesson and Lindquist (1957). The lamp was filled with 
argon at 1-2 cm pressure and was fired by a 120-uf condenser bank charged 
to 9 kv. The half-life of the flash was ~30 usec. Absorption spectra were 
photographed using a quartz capillary flash lamp (8 uf, 15 kv) as a source of 
continuum. The time delay between the photolysis and “‘source”’ flashes was 
kept as short as possible (~5 usec peak to peak) so that the SH bands could 
be photographed before absorption by S. became troublesome. The spectra 
were photographed using a 21-ft concave grating spectrograph in the third and 
fourth orders and Eastman Kodak I-O plates. Approximately 40 flashes were 
needed for a satisfactory exposure. Reproductions of the (1,0) and (2,0) bands 
of SH and SD are given in Figs. 1 and 2. The rotational lines are distinctly 
diffuse due to predissociation of the molecule in the excited state. 

An iron hollow cathode lamp was used to provide a reference spectrum. 
Standard wavelengths were taken from the M.I.T. wavelength tables (Harrison 
1939) and were combined with the vacuum corrections of Edlén (1953). The 
vacuum wavenumbers and rotational assignments for the (1,0) and (2,0) bands 
of SH and SD are given in Tables I-IV. The relative accuracies for the measure- 
ments of the four bands are: SH (1,0), 0.1 cm~!; SH (2,0), 0.3 cm=!; SD (1,0), 
0.05 cm—; SD (2,0), 0.2 cm—. 


TABLE II 


Vacuum wavenumbers and assignments of the rotational lines of the (2,0) SH band 


P, Os 





Q: 9 
a P; (and @P»;) R, RQ» SRo and PQ. (and @Ri2) 
1.5 34,206.0  34,220.9 34,249.2* 34,249.2* 34,293.2  33,823.2* 33,852.7 
2.5 175.2 203.9 246 .9* 246.9* 304.5 803 .5* 848.0 
3.5 139.6 182.4 239.6* 239.6* 311.6 778.8 838.3 
4.5 099.8 156.9 228.1* 228.1* 823 .2* 
5.5 056 .3* 127.4 213.9 212.1 803 .5* 
6.5 008 .7 094.1 194.1 192.2 
7.5 957.0 056 .3* 
8.5 013.7 


*Overlapped. 


ANALYSIS 
Rotational analyses of the SH and SD bands were carried out in the manner 
described previously (Ramsay 1952). The vibrational intervals AG; and 
A,G;, were obtained from combination relations between corresponding lines 
of the (0,0) and (1,0) bands and of the (0,0) and (2,0) bands respectively. Thus 
it may readily be shown that 


(2) Q1""° (J)—Q1'"" (J) = AG{— (Bi— Bt) (I-43) (J +3) 
+(Di~Di)(J-4)°(5-+4)9" 
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TABLE IV 
Vacuum wavenumbers and assignments of the rotational lines of the (2,0) SD band 





| 





0: R, Py . 
J P, (and @Po)) and ROo, SRo and POt. and QR 12) Ro 
0.5 33,125.0* 33,140.3* 
1.5 33,488.9* 33,497.3 33,512.1* 33,536.0 33,109.6 125.0* 148.5 
2.5 472.9 488 .9* §12.1* 543.3 100.3 125.0* 155.3 
3.5 454.7 478.4 509.6 548.6 089.2 121.0 159.6 
4.5 436.1* 466.3 505.1 552 .2T 075.8 116.1 161.4* 
5.5 413.4 452.6 498.4 552.2T 060.5 108.2 161.4* 
6.5 389.7 436.1* 490.7 552.2T 042.5 098.6 
7.5 364.6 419.0 480.2 552.2f 022.7 086.0 
8.5 337 .4 399.8 546.2 072.4 
9.5 308.4 378.3 540.2 
10.5 276.3 354.5 
11.5 245.4 
12.5 210.3 

*Overlapped. 


TBadly overlapped. 


and that similar relations hold for the other 11 branches. By plotting the left- 
hand side of (2) against (J—4)(J+ 4) the points were found to lie on a definite 
curve. By extrapolating to (J—43)(J+43) = 0, a value for AG; was obtained. 
The quantity (AG;—Q1'°(J) +Q1°°(J))/(J — 2) (J +2) was then plotted against 
(J—4)(J+4) and a value for (Bj—B}) obtained from the intercept of the best 
straight line. The scatter of the points was such that it was not possible to 
determine an accurate value for the slope of the line and hence for (Dj—D)}). 
A value for 6’ (= D{—Do) was therefore calculated from the equation (Herz- 
berg 1950, p. 108) 


SweX, 5a, a, w 
3 i DJ e 2 ine) 
(3) Be “0, 8, 248, 
and was found to be consistent with the experimental data. As a final check 
on the constants AG; and (Bj—B}), the quantity Qi%(J)—-Q,°(J)+ 
B(J—4)*(J +4)? was plotted against (J—43)(J+4), together with similar 
relations for the other branches, and the best straight line was determined. 
The molecular constants obtained from the various bands are summarized as 
follows (in cm! units): 





SH SD 





AG} 1784.5+0.1 1319.30+0.05 
Bi — Bi 0.5080 .002 0.1828+0.0005 
Dj — Ds (calc.) 0.6X10~ 6.1X10-4 

A,G} 3373.7+0.3 2540.9+0.2 
Bi — Bs 1.06+0.01 0.376+0.004 
D2—Da (calc.) 1.2X10~ 0.2X10-* 


Values for the molecular constants Bi, at, y:, Dt, Be, ri, wt, and wx were 
derived from the above data and the constants given earlier by Ramsay (1952); 
these are summarized in Table V. Attempts were made to obtain values for 
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TABLE V 
Summary of molecular constants for the A 23+ state of 
SH and SD 
SH SD Units 
B. 8.521 4.392 cm7! 
Qe 0.46, 0.172 cm7! 
Ye —0.022 —0.005 cm! 
D, 6.36X10-4 1.76X10-* cm7! 
B (calc.) 0.60X10-* 0.1010 cm7} 
fe 1.423 1.423; A 
We 1979.8 1417.5 cm 
WeXe 97.65 48.85 cm 





w,y. by invoking isotope relations, but it was found that no significant values 
could be obtained. 


DISSOCIATION ENERGY 
An upper limit for the ground state dissociation energy of SH (D¢' <32,477 
cm, 92.7 kcal/mole, 4.02 ev) has been established earlier (Ramsay 1952) 
from the predissociation observed in the (1,0) band. A lower limit may be 
established from the present work as follows. Since the v’= 2 level of the 
22+ state lies below the dissociation limit H(??S)+S(!D), we have 


(4) vo" < Di’+vs('D —*P) 


i.e. Dj >24,797 cm— (70.9 kcal/mole, 3.07 ev). 
From a linear extrapolation of the vibrational levels in the excited state, we 
obtain 


(5) Di = wh /Awx' 


Using the vibrational constants given in Table V, the values D¢= 10,035 cm~! 
for SH and 10,275 cm for SD are obtained. The two values are in satisfactory 
agreement and in subsequent calculations a mean value D? = 10,155 cm@ 
will be adopted. Now it is well known that for many molecules, though not for 
all, a linear extrapolation of the first few vibrational levels gives a value for 
the dissociation energy which is too high (Gaydon 1946). In particular for OH, 
for which the dissociation energy has been accurately determined by Barrow 
and Downie (1956), a linear extrapolation of the first few levels of the A 22+ 
state gives a value for D? which is 21% too high. If we assume that a similar 
correction may be applied for SH, then D? = 8020 cm~. From equation (1) 
we obtain Dj’ = 28,480 cm- (81.4 kcal/mole, 3.53 ev) for SH and Dj’ = 
28,850 cm! (82.5 kcal/mole, 3.57; ev) for SD. Since the dissociation limit for 
the excited state lies only 3700 cm~! above the highest observed vibrational 
level (v’ = 2 for SH) we consider that the values for the dissociation energies 
are probably accurate to +1000 cm! (2.9 kcal/mole, 0.12 ev). 
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DISCUSSION 


The intensity of absorption of the SH and SD bands in the present experi- 
ments is considerably greater than in the earlier work, the increase being due 
to the use of longer absorption paths and higher energies for the photolysis 
flash lamp. The intensity of absorption is now such that lines of the (1,0) 
band of the D*S molecule in natural abundance (starting with D.S) are 
observed (see Fig. 2c). The isotope shifts between corresponding lines of 
D®S and D*S agree reasonably well with the value of 1.7,.cm~ calculated 
from the vibrational constants and the atomic masses. The corresponding 
lines of H*S have not yet been detected presumably since the calculated shift 
is slightly smaller (1.1 cm~') and the lines of the (1,0) band are somewhat 
broader. 

It is of interest to consider how many bands of the (v’,0) progression may 
reasonably be expected to be observable in absorption. The Franck—Condon 
factors [Pow rdr|? for SH and SD were evaluated by Drs. Fraser and Nicholls 
using the Fraser-Jarmain approximation method (1953); the results are 
summarized in Table VI. It is seen that the (0,0) bands are expected to be 


TABLE VI 


Franck—Condon factors (|fyorwedr|?) 
for SH and SD* 





SH SD 








v’ y= Q v’=0 
0 0.749 0.687 
1 0.202 0.242 
2 0.042 0.058 
3 0.008 0.012 
4 0.001 0.002 


*See also Nicholls, Fraser, Jarmain, and Mc- 
Eachran (1960). 


from 2.8 to 3.7 times stronger than the (1,0) bands, which in turn should be 
approximately 4 to 5 times stronger than the (2,0) bands. These predictions 
are in qualitative agreement with observation. The (3,0) bands should be 
approximately 5 times weaker than the (2,0) bands and so far have not been 
detected.* It may be noted that since lines of the (1,0) band of D#S were 
observed weakly, and furthermore since the natural abundance of *S is 4.2%, 
it should be possible to observe bands with Franck—Condon factors >0.01. 
The (3,0) bands should therefore be on the limit of detection of the present 
apparatus. The failure to detect these bands* may be due to the fact that the 
lines are probably quite broad due to predissociation. It would appear un- 
likely that any significant improvement in the determination of the dissociation 
energy of SH will be possible from further studies of the A ?2+—X 2II system 
in absorption. It may be possible, however, to obtain a more precise value 


i broad weak lines of the (3,0) band of SD have now been observed in the region 2887- 
2890 A. 





a A ei at A la 


j 
i 
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spectroscopically from a study of other absorption systems at shorter wave- 
lengths, or alternatively by studying suitable systems in emission as was 
carried out by Barrow and Downie for OH. 


We wish to thank Drs. P. A. Fraser and R. W. Nicholls for carrying out the 
intensity calculations described above. 
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MACH’S PRINCIPLE AND SCALAR THEORIES OF GRAVITATION 
PETER RASTALL 


A number of theories of gravitation have recently been proposed in which 
the field is derived from a scalar potential (see references). In large part these 
theories can be written in generally covariant form, but they all contain some 
non-covariant element. There is always a preferred frame of reference in 
which the relation between the potential and the spacetime metric is par- 
ticularly simple. It is the purpose of this note to point out that the lack of 
complete covariance is essential. It will be shown that any scalar theory of 
gravitation which is completely covariant must contradict Mach’s principle. 

Mach’s principle is that the acceleration of a body in any frame of reference 
results entirely from its interactions with the universe (among which must be 
included its interactions with itself). The discovery of the correct interactions 
and the demonstration that the whole of a body’s acceleration may be cal- 
culated from them constitute Mach’s program. If for the purpose of the 
following argument we assume that Mach’s principle is correct, then we can 
define an inertial frame of reference to be one in which the gravitational 
interactions of a small body do not cause it to accelerate. In other words, an 
inertial frame is one in which the gravitational field vanishes. It may be 
impossible to find any finite region throughout which the field vanishes 
exactly ;* but by going out into space, far from massive bodies, one would be 
able to find a region where it is negligible. 

The discussion will be restricted to a class of theories in which the gravita- 
tional field is completely determined by a potential which is a scalar with 
respect to general transformations of co-ordinates. It will be assumed that a 
sufficient condition for the vanishing of the field in a spacetime region is that 
the potential should be constant in that region. 

Consider a frame of reference in which the gravitational potential is constant 
in some spacetime region. In this region the field vanishes and, by Mach’s 
principle, the frame is inertial. Take now a second frame of reference accelerat- 
ing in any manner with respect to the first. Because the potential is an invariant 
with respect to general co-ordinate transformations, it is constant also in the 
corresponding region of the accelerated frame; the field vanishes there, and 
the accelerated frame is inertial. But it is known that frames accelerated with 
respect to a local inertial frame are not themselves inertial. We have proved 
a contradiction. Thus the class of scalar gravitational theories considered is 
incompatible with Mach’s principle. 

*Even when the distribution of matter is perfectly uniform, many cosmological theories 


predict that freely falling bodies will be accelerated with respect to one another, the acceleration 
increasing with the separation of the bodies. 


Can. J. Phys. Vol. 39 (1961) 
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The possibility mentioned earlier, that the potential is not quite constant in 
the original frame of reference, does not alter the result of the argument. The 
deviations from constancy are exactly the same in the original and in the 
accelerated frame. One may easily arrange that the dimensions of the spacetime 
region considered be of the same order as measured in the two frames (it is 
only a question of keeping their relative speed much less than the speed of 
light). The field in the accelerated frame is then of the same order as in the 
other. If it is negligible in one it is negligible in both; and the accelerated frame 
is as close to being inertial as the original frame. 

In conclusion it should be emphasized that, although a covariant scalar 
theory is impossible to reconcile with Mach’s principle, yet a non-covariant 
one of the kind described in the references may be perfectly satisfactory. To 
prove its compatibility with Mach’s principle it would be necessary to show 
that the preferred frames of reference are determined in some way by the 
matter distribution of the universe. This has not yet been done. 


DickE, R. H. 1957. Revs. Modern Phys. 29, 363. 
PAPAPETROU, A. 1954. Z. Physik, 139, 518. 
RAsTALL, P. 1960. Can. J. Phys. 38, 975. 
Yitmaz, H. 1958. Phys. Rev. 111, 1417. 


RECEIVED AuGustT 13, 1960. 
DEPARTMENT OF PHysICcs, 
UNIVERSITY OF BRITISH COLUMBIA, 
VANCOUVER 8, B.C. 


ROCKET ELECTRON DENSITY MEASUREMENTS AT 
FORT CHURCHILL, CANADA 


A. W. ApEY AND W. J. HEIKKILA 


The Defence Research Telecommunications Establishment has instrumented 
an Aerobee-150 rocket (DRTE 01) for electron density measurements using 
the two-frequency, phase-comparison method of Seddon (1953) and Chapman 
et al. (1960). The rocket was fired during quiet ionospheric conditions at 1237 
C.S.T. on 17 September, 1959, at Fort Churchill, Canada. 

In the experiment the phases of two harmonically related signals from the 
rocket during flight are compared on the ground, and produce beat notes 
which are recorded. A different beat note is produced by each of the ordinary 
and extraordinary waves. 

The two transmissions from the rocket were made at frequencies of 7.775 
and 46.65 Mc/s respectively. At a second ground station the same antennas 
were arranged to receive linearly polarized signals so that the apparent spin 
rate of the rocket could be measured. The difference between this apparent 
spin rate and the true spin rate as determined by means of a solar aspect cell 
provided a measure of the Faraday rotation effect on the transmissions, and 
from this a further calculation of electron density was made. 


Can, J. Phys. Vol. 39 (1961) 
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The results obtained are presented in Fig. 1. The altitude scale may be in 
error by 1 or 2%, because of inaccurate tracking data. The Faraday rotation 
data are shown only for the lowest portion of the ascending part of the flight, 
because at higher altitudes and more oblique propagation angles multipath 
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Fic. 1. The electron density profile obtained from the rocket measurements. 


interference made this record unreliable. The two sets of phase-comparison 
data for the ascent leg differ slightly due to the neglect, in the calculation, of 
the variation with altitude of the magnetic field strength and the angle between 
the magnetic field lines and the direction of propagation. 

For the descent part of the flight only the ordinary beat note record was 
usable. The data based on this record were corrected for obliquity effects by 
use of the method of Jackson (1957). This correction for the ascent data was 
found to be negligible. 

The agreement between the ascent and descent data is close, except for the 
extremes of the altitude range considered. Application of a correction for ray 
bending (Jackson 1957) brought the two sets of data into closer agreement at 
the higher altitudes but did not affect the lower-altitude data. However, a 
sporadic-E condition existed during the flight, and this may have accounted 
for the lower-altitude discrepancy. In addition, because of the rocket’s hori- 
zontal component of velocity, approximately 100 km separated the regions of 
the E-layer traversed by the rocket on the upward and downward parts of the 
flight. 

During the flight the Canadian Department of Transport operated an 
ionospheric sounder continuously at a station about 12 km from the launcher. 
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Slight changes were noticed during the flight, particularly in F-region structure. 
One of the ionograms is reproduced in Fig. 2. A true height analysis (Wright and 
Norton 1959) of this ionogram has yielded a profile in good agreement with the 
rocket results, as shown in Fig. 1, but only after very careful scaling of the 
E-region traces. In particular, the subsidiary stratification shown near 130 km 
by the rocket results produces an apparent critical frequency of 3.3 Mc/s, 
while the E-region critical frequency is just over 3.0 Mc/s. The weak sporadic-E 
trace that extends up to 4.5 Mc/s may be related to the small cusp in the 
rocket profile at 100 km, or to the steep gradient just below 100 km. 


We wish to thank Mr. S. R. Penstone for the electrical design of the nose 
cone, and Mr. D. Burke for the mechanical design and trajectory calculations. 
We also wish to thank Mr. E. Moskal for his calculations of the results for the 
descent portion of the flight, and Mr. R. Maliphant for the reduction of the 
ionogram. We acknowledge the assistance of J. E. Jackson (formerly of N.R.L. 
and now of N.A.S.A.) and his staff in the design of the transmitter. They also 
provided, and helped to operate, the ground station. 
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THE SPECIFIC FLUORESCENCE OF PLASTIC SCINTILLATOR NE102 


J. R. Prescott AND A. S. RUPAAL 


1. INTRODUCTION 
Studies of crystalline organic materials (Birks 1951, 1952, 1953; Birks and 
Brooks 1956; Fowler and Roos 1955; Swartz et al. 1957; Taylor et al. 1951) 
have shown that the specific fluorescence dS/dx in response to the passage of 
ionizing particles can be well represented by the formula of Birks (1951): 


dS __A(dE/dx) 


dx 1+kB(dE/dx) 

where dE/dx is the specific energy loss and A and kB are constants for the 
material in question. The numerator represents the production of excited 
molecules and the second term in the denominator, the quenching of the light 
output by damaged molecules along the track of the particle, B(dE/dx) being 
the number of damaged molecules per undamaged molecule and & the relative 
probability that quenching rather than emission will occur. 


(1) 


Can, J. Phys. Vol. 39 (1961) 
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Birks’ formula has also been used to describe the response of plastic scintil- 
lators (Boreli and Grimeland 1955; Daehnick and Fowler 1958; Evans and 
Bellamy 1959). A value for kB of 0.010+0.001 g cm-? Mev— in NE102 plastic 
scintillator which has a polyvinyl—-toluene base, has been obtained by Evans 
and Bellamy (1959), using protons of energy 1-14 Mev. This value is consistent 
with the work of Gettner and Selove (1960), who used recoil protons from 
neutrons in the energy range 0.14 to 2.3 Mev. Daehnick and Fowler (1958), on 
the other hand, report values of 0.002 and 0.003+0.001 for kB. Boreli and 
Grimeland (1955) found a value of 0.011 g cm~? Mev for a polystyrene base 
plastic. 

In the present work, values for RB have been obtained for a number of 
different samples of plastic scintillator NE102* by comparing the response of 
the samples to gamma rays and alpha particles, and for one sample the result 
has been checked using recoil protons. 

Since gamma-ray detection in a plastic scintillator takes place by the pro- 
duction of Compton electrons, dE/dx is small for sufficiently large E and under 
these conditions Birks’ formula (1) becomes: 


(2) dS./dE = A 


where A can be expressed in any convenient units. 
For an alpha particle, dE/dx is sufficiently large that saturation occurs along 
the track and (1) becomes: 


(3) dS,/dx = A/kB. 


Since the alpha particles are incident on the crystal from outside, expression 
(3) must be modified to account for surface effects which are important when 
the residual range of the particle is less than about 1 cm air equivalent. This 
effect has been discussed by Birks and Brooks (1956) and interpreted in terms 
of escape and/or quenching of fluorescence excitation energy at the surface. 
For residual ranges less than about 1 cm air equivalent, the right-hand side of 
equation (3) is multiplied by a function that varies from 0.5 to 1; it remains 
valid, however, for residual ranges greater than about 1 cm air equivalent. 
The effect is not important for the gamma rays since the electrons are produced 
within the body of the scintillator itself. However, the presence of the kB term 
in (1) introduces a small non linearity for electron energies less than about 
100 kev. 

The value of RB may be determined by measurements with gamma rays and 
alpha particles in the same sample under similar conditions. Combining (2) 


and (3): 





_ £5, 7 aS, 
' dE dx ° 





(4) kB 


2. EXPERIMENTAL 


Polished cylindrical samples of NE102, 0.7 cm thick, 4 cm in diameter, were 
_ mounted on an RCA 6342 photomultiplier and the pulse height spectra dis- 


*Nuclear Enterprises, 1750 Pembina Highway, Winnipeg, Canada. Dated samples from 
different batches of scintillator were kindly supplied by Nuclear Enterprises. 
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played on a CDC 100-channel kicksorter. The samples were surrounded by a 
polished aluminum reflector. A hole in the reflector, 0.5 cm in diameter, 
admitted alpha particles to the crystal surface. Pulse height spectra were taken 
as a function of distance from the sample surface of a thin source of 5.3-Mev 
alpha particles. A typical curve of pulse height vs. residual range in air (reduced 
to 760 mm and 15° C, Jesse and Sadauskis 1950) is shown in Fig. 1. It is seen 


150 
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' 2 3 4 
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(cm air equiv.) 


Fic. 1. Pulse height as a function of residual range for alpha particles incident on NE102 
plastic scintillator. 


that the pulse height is a linear function of residual range for ranges greater 
than about 1 cm air equivalent. If the non linearity for small ranges is inter- 
preted as due to escape of excitation energy from the crystal, it implies an 
absorption length for this energy of about 5 mm air equivalent which may be 
compared with ranges of 3-4 mm air equivalent for anthracene, stilbene, and 
terpheny! found by Birks (1952). The measurements are not accurate enough 
to establish whether the figure for NE102 is significantly greater than that 
for the crystalline compounds. 

The gamma-ray response was determined with gamma rays of energy 279, 
511, and 662 kev. The Compton edge was taken at } of the maximum height 
of the Compton peak. It appears to be common practice to take the Compton 
edge at half height. However, a family of curves for which various Gaussian 
resolution functions were folded into theoretical Compton spectra showed that 
2 height coincides much better with the Compton edge (within about 1%) for 
a very wide range of gamma-ray energies and resolutions. Graphs of pulse 
height vs. gamma-ray energy were linear (as expected) but had an intercept 


on the energy axis of about 10 kev. 

Using relation (4) the values of kB shown in Table I were obtained. The 
table also shows relative values of A. With one exception, sample 159, the 
A values do not differ significantly. The first five entries are identified by 
manufacturer's batch number and date of manufacture. The last three were 
samples cut from the same batch but having different histories. Sample UBC 1 
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TABLE I 


kB values and relative A values in the formula 


dS A(dE/dx) a 
oS = _ “(C2/E%) for plastic NE102 
& Tuan 














kB 
Date of cm air equiv. Relative A 
Batch No. manufacture Mev?+4% +3% 
159 March 1, 1958 9.6 1.0 
176 July 7, 1958 8.9 0.86 
257 Feb. 12, 1959 9.8 0.82 
269 June 15, 1959 8.6 0.89 
294 April 4, 1960 8.8 0.87 
UBC 1 Early 1958 9.0 0.88 
UBC 2 Early 1958 9.8 0.82 
UBC 3 Early 1958 12.9 0.85 





had been maintained almost continuously in the dark since manufacture, 
sample UBC 2 had been exposed intermittently to light over a period of 23 
years; sample UBC 3 had been exposed almost continuously to light and at 
times to strong sunlight for an undetermined period. It is clear that, although 
its relative response appears unchanged, sample UBC 3 has a significantly 
larger value of RB. Since kB is a measure of damaged molecules, it is to be 
supposed that exposure to strong light has resulted in significant damage to 
the scintillator. Excluding the data for this sample, the average value of kB 
for all samples is 9.21+-0.17 cm air equivalent Mev—. 

This figure may be converted to cm plastic Mev by calculating the range 
of alpha particles in the plastic. This was done by using the method of Livesey 
(1956). In Livesey’s method, the specific energy loss as a function of velocity 
is represented by a power law for velocities much greater than the orbital 
velocity of the first electron in the K shell of the ion, departure from the power 
law at low ion velocities being attributed to a decreasing effective charge on 
the ion. The specific energy loss of protons in NE102 was computed as a 
function of velocity by combining the data for carbon and hydrogen given by 
Whaling (1958). The effective charge of a proton at low velocities was deduced 
from this curve using Livesey’s approximation and found to be in close agree- 
ment with the effective charge for protons in air given by Stier et al. (1954) and 
Allison and Warshaw (1953). Using effective charges for alpha particles 
obtained by averaging the data of Nikolaev et al. (1957), Whaling (1958, 
Table 2d), Stier et al. (1954), and Snitzer (1953), the specific energy loss of 
alpha particles was deduced and the range as a function of energy found by 
numerical integration in the usual way. Finally, comparison with the range- 
energy data for alpha particles in air (Jesse and Sadauskis 1950) showed that 
1 cm air is equivalent to 1.03X10-* (+7%) cm NE102. The estimated 7% 
error includes the uncertainties in the stopping power, effective charge, and the 
additive integration error due to the uncertainty of the behavior of the ion at 
low velocities. 





g 
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The value of RB may therefore be quoted as 
9.21+0.17 cm air equivalent Mev 


= 0.0095 +0.0008 cm plastic Mev 
= 0.0098+0.0008 g cm-* Mev—. 


A check on this figure was provided by a somewhat different method. 
Sample UBC 2 was exposed to collimated fluxes of monochromatic neutrons 
from the D-D reaction at energies from 2 to 4 Mev. In a scintillator sample of 
this size and at these energies, the probability of multiple neutron collisions is 
negligible and the differential energy spectrum of recoil protons from neutron 
collisions is rectangular from zero energy to the full neutron energy. The 
integral spectrum of such recoils should then be a straight line that (apart 
from the effect of finite photomultiplier resolution) extrapolates to cut the 
energy axis at the full neutron energy. In this proton energy range, however, 
dE/dx in relation (1) can neither be regarded as small nor large and the pulse 
height is a markedly non-linear function of proton energy. Because of this 
non-linear luminescence response, the observed pulse height spectrum is 
distorted and the integral curve is concave upwards, an excess of small pulses 
and a defect of large pulses being observed. The curved integral plot can be 
converted into a straight line by distorting the scale on the energy axis appro- 
priately, using equation (1) (Swartz et al. 1957). Values of dE/dx for protons 
in NE102 were obtained as described earlier in this paper and equation (1) 
integrated numerically to give S as a function of E with kB as a parameter. 
The constant A was found from a gamma-ray calibration. Differential neutron 
spectra were obtained at seven neutron energies in the region 2 to 4 Mev. 
From these, integral spectra were plotted. A value of kB was then sought by 
trial and error that: (a) converted the integral plot into a straight line (0) 
yielded the correct primary neutron energy on extrapolation. A typical plot 
before and after transformation is shown in Fig. 2. The conversion to a straight 
line is seen to be good except at low energies where the background correction 
becomes appreciable and at high energies where photomultiplier statistics 
produce a tail. The average value of kB for the seven neutron energies was 
0.0088+0.0002 cm plastic Mev- (sample standard error). Allowing 5% 
uncertainty for the specific energy loss figures and the integration, 


kB = 0.0088+0.0006 cm plastic Mev 
= 0.0091+0.0006 g cm~? Mev. 


Although, statistically speaking, this figure does not differ significantly from 
the value found using alpha particles, the two values may, in fact, be expected 
to differ. In the recoil proton method of measuring &B, the light is produced by 
protons and gamma rays within the body of the crystal which is completely 
surrounded by reflector. The optical geometry is thus substantially the same 
for both. In the alpha-particle method, however, the light from the alpha 
particles is produced very close to the surface of the crystal in the region of 
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Fic. 2. Integral pulse height spectra of recoil proton pulses from 3.66-Mev neutrons in 
NE102 plastic scintillator. Open circles: observed spectrum. Solid circles: spectrum corrected 
for non-linear luminescence response using kB = 0.0088 cm Mev~. Lines for kB = 0.010 and 
0.0080 are also shown for comparison. 


the window in the reflector. Some light from the alpha-particle pulse may 
therefore escape through the surface of the crystal without being returned by 
the reflector. The gamma-ray calibration under the same conditions produces 
light throughout the thickness of the crystal, and a relatively smaller fraction 
can escape through the window in the reflector. The effect of this is to depress 
the height of alpha-particle pulses with respect to gamma-ray pulses, leading 
to a high value of RB. In the present experiments the gamma rays were col- 
limated into the crystal at the same point as the alpha particles to try to 
compensate for this effect but a rough calculation suggests that the kB values 
for the alpha-particle method might be as much as 10% too high, which is of 
about the magnitude of the difference observed. Support for this view was 
provided by an experiment in which the pulse heights for alpha-particle and 
gamma-ray pulses were measured with and without reflector. The reduction 
in pulse height for the gamma rays on removal of the reflector was 7% larger 
than that for the alpha particles and, although not sufficient to account 
quantitatively for the difference between the two kB values, is in the right 
direction. 

For this reason we believe that the value of kB for NE102 is closer to the 
value 0.0091 -+0.0006 g cm~? Mev~ obtained using recoil protons than to the 
figure 0.0098+0.0008 g cm~? Mev— obtained using alpha particles. Either of 
these figures is in agreement with the determination of Evans and Bellamy 
(1959), but the low values obtained by Daehnick and Fowler (1958) remain 
unexplained. Possible variability from batch to batch of scintillator would 
appear to be ruled out by the data displayed in Table I. 
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LETTERS TO THE EDITOR 


Under this heading brief reports of important discoveries in physics may be published. These 
reports should not exceed 600 words and, for any issue, should be submitted not later than six weeks 
previous to the first day of the month of issue. No proof will be sent to the authors. 


Frequency Measurement of Standard Frequency Transmissions!:? 


Measurements are made at Ottawa, Canada, using N.R.C. caesium-beam frequency 
resonator as reference standard (with an assumed frequency of 9 192 631 770 c.p.s.). Frequency 
deviations from nominal are quoted in parts per 10". A negative sign indicates that the 


frequency is below nominal. 


GBR, 16 kc/s 


Date, —__ 
October MSF, 7-hour 24-hour 
1960 60 kc/s average* average 

1 —160 —156 —~ 157 

2 N.M. —159 — 156 

3 — 167 —161 —156 

4 N.M. —159 —155 

5 N.M. N.M. N.M. 

6 N.M. N.M. N.M. 

7 N.M. N.M. N.M. 

8 N.M. N.M. N.M. 

9 N.M. N.M. N.M. 

10 N.M. N.M. N.M. 

11 N.M. —160 —154 

12 — 160 — 162 — 163 

13 —149 — 162 —156 

14 —152 —160 —157 

15 —161 —157 — 158 
16 —158 —158 — 157 

17 —157 —155 —154 

18 —161 —165 — 157 

19 — 156 —158 — 154 
20 —155 —158 — 157 

21 — 166 —161 — 158 
22 —153 — 160 — 157 

23 — 153 — 164 — 160 
24 —155 — 166 — 159 
25 —171 — 162 — 160 

26 — 166 — 166 — 160 
27 N.M. — 167 —161 
28 —162 N.M. —161 
29 N.M. N.M. N.M. 
30 N.M. N.M. N.M. 
31 — 167 N.M. N.M. 

Midmonthly 
mean — 159 —161 — 158 
Midmonthly 


mean of WWV — 144 


Note: N.M. no measurement. 
*Time of observations: 00.00 to 05.30 and 22.36 to 24.00 U.T. 
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WWVB, 
60 kc/s 


N.M. 
—145 
— 146 
N.M. 
N.M. 
N.M. 


N.M. 
N.M. 


— 142 
—145 
—145 
— 146 
N.M. 
N.M. 
— 146 
— 148 
—145 
— 145 
— 145 
N.M. 
N.M. 
—147 
— 146 
— 148 
—149 
— 148 
N.M. 
N.M. 
— 150 


— 146 
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The Sudden Increase in the Photon Component of Cosmic Radiation on May 4, 1960 


Results obtained at four locations in Canada with both neutron and meson monitors during 
the solar flare of May 4, 1960, have recently been published (Rose 1960). The purpose of 
this letter is to report the observations made at a fifth location (Winnipeg, Man., geographic 
latitude 49.9° N., longitude 97.2° W., and altitude 236 meters) with a cosmic-ray monitor 
designed primarily to study the photon component of the cosmic radiation. 

The monitor used in these experiments is a large crystal total absorption spectrometer 
which has previously been described (Standil and Loveridge 1959). Essentially it is a large 
Nal(TI) crystal (over-all dimensions ~9 in.) which is completely surrounded by an efficient 
scintillating plastic anticoincidence shield. Events in the Nal crystal unaccompanied by 
events in the shield are thus initiated by neutral radiation, primarily the photon component. 

We have been simultaneously recording the integral counting rates from our Nal crystal 
with and without the anticoincidence shield at two integral discriminator settings, namely 
12 and 35 Mev. For each of these energy levels we therefore obtain the counting rates for the 
detected neutral radiation and (by subtraction of the two recorded rates) for the events due 
to charged and neutral but not completely absorbed particles. Calling these respectively the 
P and C events, the former are primarily due to the photon component and the latter primarily 
due to w-mesons. Our method of recording involves four scalers which are photographed 
every 15 minutes. The time resolution is therefore quite poor but this represents a compromise 
between the desirability of both reasonable counting statistics and time resoiution. Our 
observed results are given in Fig. 1. The counting rate is plotted as a percentage of the mean 
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Fic. 1. Counting rates (uncorrected for pressure changes) as a percentage of the average rates from 0500 to 
1300 hours May 4, 1960. The curves labelled C refer essentially to the u-meson component while the curves labelled 
P are due primarily to the photon component. The energies mentioned are the energies lost in the Nal detector 
by the ene concerned. Only in the case of the P curves are these the total energies of the particles (i.e. photons) 
concerned. 
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counting rate over the period from 0500 to 1300 hours and in each case the horizontal dashed 
lines represent the limits of the probable counting error. As the pressure remained fairly 
constant over this period no corrections have been made for pressure variations. The following 
preliminary comments may be made about these results: 

(1) The time at which the increases occur, 10:45:15 minutes, agrees with the times of 
increase noted by Rose (1960). 

(2) The magnitude of the increase for the C component at Winnipeg (essentially u-mesons), 
10-15%, is in general agreement with the reported meson telescope data for Churchill, Sulphur 
Mountain, and Ottawa. 

(3) The magnitude of the increases for the P component (essentially y-rays) is much smaller 
than the increases reported at the above three locations for the neutron component, the 
latter ranging from about 300 to 430%. Moreover with the energy discrimination available 
in this experiment it is interesting to note that the increase for those events above 35 Mev 
(~50-60%) is considerably greater than the increase for those events in the lower energy 
range from 12-35 Mev (~10-15%). The meaning of this may become clear with the collection 
of further data. 


This work was supported by the National Research Council of Canada and the Research 
Corporation. 


Rose, D. C. 1960. Can. J. Phys. 38, 1224. 
STANDIL, S. and LoveriIpGE, W. D. 1959. Rev. Sci. Instr. 30, 931. 
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The Nuclear Spin of Indium-115m!' 


The nuclear spin of the 4.5-hour metastable state of In™> has been measured using the 
“flop-in’’ method of atomic beam magnetic resonance (Zacharias 1942). Details of the con- 
struction of the atomic beam apparatus will be given at a later date. 

The indium isotope was produced in the McMaster reactor by neutron irradiation of 
cadmium foil. The cross section for thermal neutron capture in Cd" (natural abundance 
~29%) is approximately 1 barn. The resulting Cd!> decays with a 54-hour half-life into the 
desired metastable state of indium. Irradiation of 2-gram samples in a flux of 10!8 neutrons/cm? 
sec for 8 hours a day for a week resulted in about 100 millicuries of activity. 

Chemical separation of the indium was carried out 15 hours after the end of irradiation. 
Fifteen milligrams of indium carrier were added to the concentrated HCI-HNO; mixture in 
which the cadmium was dissolved. In an excess of ammonia, cadmium forms a soluble complex 
but the indium precipitates as hydroxide. After precipitation, the In(OH)3; was separated 
and dissolved in weak hydrochloric acid. Metallic indium was easily recovered from the acid 
solution by reduction with powdered magnesium. It was subsequently packed in a carbon 
crucible which fitted inside the tantalum oven of the atomic beam apparatus. A satisfactory 
beam of indium atoms, lasting 3 or 4 hours, was obtained at an oven temperature of 1100° C. 

The radioactive indium beam was detected by deposition on collector buttons placed at 
the exit slit of the magnet system. In order to improve the collection efficiency, the buttons 
were plated with copper immediately prior to use. After exposure to the beam, the buttons 
were removed from the vacuum and examined for radioactivity using 27-geometry scintillation 
spectrometers. The windows of the single-channel pulse height analyzers were set to accept 
pulses corresponding to the photopeak of 335-kev gamma rays. Ninety-five per cent of In'5" 
de-excites with the emission of such radiation. 

The magnetic field (C field) in which the r-f. transitions were effected was calibrated using 
the resonance in a caesium beam. This was obtained from an alternate oven at lower tempera- 
ture and detected using a surface ionization detector which could be placed at the exit slit 
instead of a button. This detector could also be used to monitor the over-all indium beam 
but, of course, it does not differentiate between radioactive and non-radioactive atoms. 

Spin searches, in which series of buttons were exposed at selected radio-frequencies, were 
conducted at several low values of C field. At each magnetic field a single low-frequency 
resonance, AF = 0, Amr = +1, was found corresponding to J = 3, I = }. The result of one 
of these runs is shown in Fig. 1. No serious attempt was made to observe resonances in the 
low-lying ?P3;2 atomic state of indium. The activity on the J = } buttons was followed for 
12 hours and found to decay with a half-life of 4.40.4 hours. This fact, together with con- 


1This work is based on the Ph.D. thesis of one of the authors (H.J.K.). 
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Fic. 1. Results of a spin search at a C field of 6.4 gauss. The experimental counting rates have been corrected 
for decay and for variations in beam intensity. Counter background has been subtracted but ‘‘machine back- 
ground” due to gas scattering, etc. remains. 


sideration of the mode of production of the radioactivity and of the method of radioactive 
detection, definitely establishes that J = 3 for In", 

This conclusion is in agreement with the assignment 1/4 (Varma and Mandeville 1955) for 
the gamma-ray transition between the metastable state and the J = 9/2 ground state (Millman 
et al. 1938). According to the shell model the metastable state arises when the hole in the 
9/2 proton level is filled leaving a hole in the p12 level instead. 

Work is being continued = measure the spins of the 1.1-hour ground state and the 1.9-hour 
metastable state of In", A determination of the magnetic moments of these isotopes and 
of In™5" js planned. 


R. H. Tomlinson and K. Fritze of the Department of Chemistry have given valuable help 
in developing the chemical procedure. 
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form of scholarships (1958-60) to J. A. Cameron. 
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